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A  TABLE  OF  FRESNEL  REFLECTION 
Bt  Pabbt  Moon 

The  well-known  Fresnel  formula*  gives  the  fraction  of  the  incident 
radiant  energy  that  is  reflected  at  the  boundary  between  two  homogene¬ 
ous,  isotropic  media  that  are  non-conductors  of  electricity.  A  number 
of  experimental  investigations  give  support  to  the  belief  that  the  Fresnel 
formula  is  an  accurate  representation  of  the  actual  facts,*  provided  the 
boundary  surface  is  highly  polished,  with  no  intermediate  layer  between 
the  two  media.  The  recent  experiments  of  K.  B.  Blodgett*  and  of 
Cartwright  and  Turner*  have  demonstrated  the  possibility  of  greatly 
decreasing  the  reflected  radiation  by  the  deposition  of  suitable  transition 
layers  on  glass  surfaces.  But  even  in  such  cases,  the  reflection  at  each 
of  the  individual  boundary  surfaces  can  be  calculated  by  the  Fresnel 
formula. 

Some  of  the  uses  of  the  Fresnel  equation  in  illuminating  engineering 
are  as  follows: 

Calculation  of  the  light  through  windows,  as  affected  by  the  glass. 

Calculation  of  the  brightness  of  images  reflected  in  store  windows, 
polished  building  fronts,  etc. 

Calculation  of  the  brightness  of  images  of  lamps  and  other  glare 
sources  reflected  in  polished  desk  tops. 

Calculation  of  the  transmission  of  lens  systems,  spectroradiometcrs, 
etc. 

Calculation  of  the  transmission  of  multilayer  glass  filters.* 

*  A.  Fresnel,  Note  sur  le  calcul  des  teintes  que  la  polarisation  d6veloppe  dans 
les  lames  cristallis^es. 

Ann.  chim.  phys.,  17, 1821,  pp.  194,  312.  Oeuvres  completes,  Paris,  1866,  Vol.  1, 
pp.  646,  7S6. 

*  Lord  Rayleigh,  On  the  Intensity  of  Light  Reflected  from  Certain  Surfaces 
at  Nearly  Perpendicular  Incidence.  Roy.  Soc.,  Proc.,  41,  1886,  p.  276.  On  the 
Intensity  of  Light  Reflected  from  Water  and  Mercury  at  Nearly  Perpendicular 
Incidence.  Phil.  Mag.,  34,  1892,  p.  309. 

*  G.  E.  Rev.,  42,  1939,  p.  94. 

*  Reducing  the  Reflection  from  Glass  by  Multilayer  Films,  a  paper  presented 
before  the  Am.  Phys.  Soc.,  Feb.  24,  1939. 

*  G.  G.  Stokes,  On  the  Intensity  of  Light  Reflected  from  or  Transmitted 
through  a  Pile  of  Plates.  Roy.  Soc.,  Proc.,  11,  1860,  p.  545. 
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Calculation  of  brightness  of  images  in  reflection  pools  and  other  water 
surfaces. 

Calculation  of  scattering  of  light  by  fog.*  Experiments  have  re¬ 
peatedly  shown  that  the  water  particles  in  fogs  are  ordinarily  so  large/ 
compared  with  wavelengths  in  the  visible  region,  that  the  reflection  at 
the  surface  of  droplets  takes  place  according  to  the  Fresnel  equation. 

In  view  of  the  importance  of  the  subject  to  optics  and  to  illuminating 
engineering,  it  is  rather  surprising  to  find  that  no  comprehensive  tables 
of  Fresnel  reflection  appear  to  be  available.  Values  for  a  single  index 
of  refraction  are  sometimes  given,*  but  in  general  the  investigator  must 
make  his  own  computations.  It  would  seem  that  convenient  tables  of 
specular  reflection  factor  would  provide  the  illuminating  engineer  with 
another  tool,  which  would  make  possible  a  quantitative  evaluation  of 
reflection  and  transmission  in  many  cases  that  are  now  treated  by 
guesswork. 

The  Fresnel  formulas  are  conveniently  used  in  the  following  form.* 
If  the  incident  radiation  is  plane-polarized  and  the  .B-vector  of  the 
electromagnetic  wave  is  perpendicular  to  the  plane  of  incidence,  the 
specular  reflection  factor  is 

tcos  6\  —  \/ wi*  —  sin*  fliT  ^  j 

cos  $i  +  \/m^  —  sin*  (?i  J 

where  pn  is  the  reflected  radiant  energy  divided  by  the  incident  radiant 
energy,  and 

m  =  n*/ni  =  relative  index  of  refraction  (m  >  1.00) 
rii  =  index  of  refraction  of  one  medium 
n*  =  index  of  refraction  of  the  other  medium 
0i  =  angle  between  light  ray  and  surface  normal  in  medium  having 
index  ni 


F.  Benford,  Reflection  and  Trsnsmisaion  by  Parallel  Plates.  J.  O.  S.  A.,  7, 
1923,  p.  1017. 

T.  Smith,  On  the  Light  Transmitted  and  Reflected  by  a  Pile  of  Plates.  Opt. 
Soc.  Trans.,  27,  1925-6,  p.  317. 

'  H.  Blumer,  Strahlungsdiagramme  kleiner  dielektrischer  Kugeln.  Zs.  f. 
Phys.,  32,  1925,  p.  119. 

W.  Schoulejkin,  Phil.  Mag.,  48,  1924,  p.  307. 

^  H.  G.  Houghton,  The  Size  and  Size  Distribution  of  Fog  Particles.  Physics, 
2,  1932,  p.  467. 

*  Smithsonian  Physical  Tables,  Washington,  1923,  p.  297. 

*  G.  W.  Pierce,  Electric  Oscillations  and  Electric  Waves.  McGraw-Hill  Book 
Co.,  N.  Y.,  1920,  p.  407. 
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If  the  ^-vector  is  in  the  plane  of  incidence, 

[m*  cos  0i  —  %/m^  —  sin- 
m  cos  $1  +  —  sin* 

For  unpolarized  light,  the  specular  reflection  factor  is 

PT  =  i(p||  +  P-1-)  (3) 

Computation  was  carried  out  to  ten  figures,  electrically  driven  com¬ 
puting  machines  being  used.  All  values  were  checked  by  the  use  of 
fifth  differences.*®  The  numbers  were  then  rounded  off  to  eight  figures. 
The  final  table  contains  these  values  of  p\\,  p^,  and  px  and  also  first 
differences  A,  which  may  be  used  in  calculating  reflection  factors  at 
intermediate  angles.  The  table  is  computed  for  angles  from  0  to  t  in 
steps  of  0.02  radian  and  for  relative  refractive  indices  of  m  =  1.1,  1.2, 
1.3,  4/3, 1.4,  1.5, 1.6, 1.7,  1.8,  1.9.  The  value  of  4/3  is  for  the  boundary 
between  water  and  air,  the  values  of  1.4  to  1.9  are  for  various  glasses 
and  other  insulating  materials  in  air,  while  the  values  of  1.1  to  1.3 
apply  to  solids  immersed  in  water  or  other  liquids. 

The  table  was  make  possible  by  the  support  of  the  National  Youth  Admin¬ 
istration.  I  wish  to  thank  Messrs.  M.  S.  Cettei,  M.  N.  De  Angelis,  M.^E.  Flynn, 
J.  J.  Renner,  D.  L.  Shapiro,  W.  P.  Warner,  and  T.  Wroblewski  for  their  pains¬ 
taking  care  in  computing  and  checking  the  results  and  Miss  Edythe  Baker  for 
her  work  in  typing  the  entire. table. 
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m  -  1.10 


A 

Px 

A 

Pt 

A 

0.00 

0.02 

0.04 

0.06 

0.08 

0.10 

0.12 

0.14 

0.16 

0.18 

0.20 

0.22 

0.24 

0.26 

0.28 

0.30 

0.32 

0.34 

0.36 

0.38 

0.40 

0.42 

0.44 

0.46 

0.48 

0.60 

0.62 

0.54 

0.56 

0.68 

0.60 

0.62 

0.64 

0.66 

0.68 

0.70 

0.72 

0.74 

0.76 

0.78 

0.80 

•22675  737 
22692  235 
22741  812 
22824  713 
22941  352 

23092  312 
23278  364 
23500  419 
23759  642 
24057  362 

24395  133 
24774  739 
25198  215 
25667  864 
26186  282 

26756  386 
27381  446 
28065  116 
28811  478 
29625  090 

*30511  034 
31474  982 
32523  261 
33662  933 
34901  886 

36248  941 
37713  964 
39308  012 
41043  484 
42934  310 

44996  156 
47246  675 
49706  786 
52396  009 
55342  847 

58675  236 
62126  073 
66032  836 
70338  305 
75091  419 

80348  289 

+  16  498 
49  577  i 
82  901  { 
116  639 
150  960  1 

186  042  { 
222  065  1 
259  223  1 
297  720 
337  771 

379  606 
423  476 
469  649 
518  418  i 
570  104  1 

625  060 
683  670  1 
746  362  1 
813  612  1 
885  944  1 

+963  948  i 
1048  279 
1139  672  i 
1238  953  { 
1347  055 

1465  023 
1594  048 
1735  472 
1890  826 
2061  846 

2250  519 
2459  111 
2690  223 
2946  838 
3232  <  389 

3560  837 
3906  763 
4305  469 
4753  114 
5256  870 

•22676  737 
!  22659  245 
;  22609  758 

1  22527  246 

1  22411  661 

1  1 
!  22262  936 

1  22080  988 

1  21865  719 
'  21617  024 
21334  787 

21018  893 
20669  228 
20285  689 
19868  191 
19416  675 

18931  121 
18411  561 
17858  091 
17270  895 
16650  261 

*15996  606 
15310  513 
14592  756 
13844  347 
13066  584 

12261  103 
11429  955 
10575  676 
*9701  386 
8810  901 

7908  866 
7000  906 
6093  823 
5195  811 
4316  722 

3468  387 
2664  990 
1923  526 
1264  343 
*711  794 

295  032 

-16  492  ; 
49  487 
82  512 
115  585  ' 
148  725 

181  948 
215  269 
248  695 
282  237 
315  894 

349  665 
383  539 
417 '498 
451  516 
485  554 

519  560 
553  470 
587  196 
620  634 
653  655 

-686  093 
717  757 
748  409 
777  763 
805  481 

831  148 
854  279 
874  290 
890  485 
902  035 

907  960 
907  083 
898  012 
879  089 
848  335 

803  397 
741  464 
659  183 
552  549 
416  762 

1*22675  737 
!  22675  740 

1  22675  785 
'  22675  980 
!  22676  507 

22677  624 
i  22679  671 
22683  069 
22688  333 
22696  075 

22707  013 
j  22721  983 

I  22741  952 

1  22768  027 
'  22801  478 

1 

22843  754 
22896  503 

I  22961  604 
;  23041  187 

1  23137  675 

*23253  820 

1  23392  748 

1  23558  009 
;  23753  640 
;  23984  235 

24255  022 

1  24571  959 
24941  844 
25372  435 

1  25872  606 

!  26452  511 
!  27123  791 

1  27899  805 

1  28795  910 
29829  784 

31021  811 
32395  532 
33978  181 
35801  324 
37901  607 

40321  660 

+3‘ 

45 

195 

527 

1  117 

2  047 

3  398 

5  264 

7  742 

10  938 

14  970 
19  969 
26  075 
33  451 
42  276 

52  749 
65  101 
79  583 
96  488 
116  145 

+  138  928 
165  261 
195  631 
230  595 
270  787 

316  937 
369  885 
430  591 
500  171 
579  905 

671  280 
776  014 
896  105 
1033  874 
1192  027 

1373  721 
1582  649 
1823  143 
2100  283 
2420  053 

Note :  Supenoripte  refer  to  the  number  of  leros  after  the  decimal  point.  Thusi 
*22676787  -  0.0(^76787. 
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e 

(i»- 

dians) 

'•I 

A 

m  »  1.3 

Pj. 

10 

A 

Pt 

A 

0.80 

0.82 

0.84 

0.86 

0.88 

0.90 

0.02 

0.94 

0.06 

0.98 

1.00 

1.02 

1.04 

1.06 

1.08 

1.10 

1.12 

1.14 

1.16 

1.18 

1.20 

1.22 

1.24 

1.26 

1.28 

1.30 

1.32 

1.34 

1.36 

1.38 

1.40 

1.42 

1.44 

1.46 

1.48 

1.60 

>80348  289 
86173  391 
92640  984 
99836  796 
‘10786  003 

11682  578 
12686  787 
13814  234 
16083  154 
16614  917 

18134  628 
19971  857 
22061  521 
24444  958 
27171  231 

30298  715 
33897  032 
38049  413 
42856  577 
48435  248 

>54932  443 
62520  704 
71409  467 
81851  792 
94163  741 

*10868  569 
12589  595 
14632  699 
17063  478 
19961  153 

23421  226 
27558  550 
32510  829 
38442  571 
45549  450 

54063  072 

+6826  102 
6467  593 
7195  812 
8023  238 
896  575 

1004  209 
1127  447 
1268  920 
1431  763 
1619  711 

1837  229 
2089  664 
2383  437 
2726  273 
3127  484 

3598  317 
4162  381 
4806  164 
5679  671 
6497  195 

+7588  261 
8888  763 
10442  325 
12301  949 
14531  953 

1721  026 
2043  104 
2430  779 
2897  675 
3460  073 

4137  324 
4952  279 
5931  742 
7106  879 
8513  622 

«295  032 
‘48  962 
15  349 
*244  300 
795  860 

•1742  113 
3169  669 
5182  725 
7906  791 
>11493  279 

16125  120 
22023  687 
29457  334 
38751  938 
50303  952 

64596  584 
82219  887 
>10389  574 
13050  894 
16314  596 

‘20314  330 
26214  774 
31219  164 
38578  684 
47604  180 

58680  750 
72285  916 
89012  185 
•10959  503 
13494  753 

16620  301 
20476  763 
25238  476 
31121  369 
38392  677 

47382  107 

-246  080 

+228  951 
551  560 
946  253 

1427  566 
2013  056 
2724  066 
3586  488 
4631  841 

5898  567 
7433  647 
9294  604 
11552  014 
14292  632 

17623  303 
21675  851 
2661  320 
3263  702 
3999  734 

+4900  444 
6004  390 
7359  520 
9025  496 
11076  670 

13605  166 
16726  269 
20582  850 
2535  250 
3125  548 

3856  462 
4761  712 
5882  894 
7271  208 
8989  530 

>40321  660 
53111  172 
46328  166 
50040  548 
54327  947 

59283  947 
66018  771 
71662  530 
79369  164 
88321  224 

98736  701 
‘11087  113 
12503  627 
14160  076 
16100  813 

18379  187 
21059  510 
24219  493 
27953  235 
32374  922 

>37623  386 
43867  739 
61314  315 
60215  238 
70878  960 

83683  223 
99090  934 
•11766  969 
14011  491 
16727  953 

20020  764 
24017  656 
28874  652 
34781  970 
41971  013 

50722  589 

+2789  512 
3216  994 
3712  382 
4287  399 
4956  000 

5734  824 
6643  759 
7706  634 
8952  060 
10414  477 

12135  428 
1416  514 
1656  449 
1940  737 
2278  374 

2680  323 
3159  983 
3733  742 
4421  687 
6248  464 

+6244  353 
7446  576 
8900  923 
10663  722 
12804  263 

15407  711 
18578  654 
2244  532 
2716  462 
3292  811 

3996  892 
4856  996 
5907  318 
7189  043 
8751  576 

6 


PARRY  MOON 


m  -  1.10 


1.550 

1.555! 

1.560, 

1.565 

1.670! 


Mo'  2977 
3112 

339  3264 

3402 
3666 

05?:  3717 

RAQ  «XVVI 

^  4058 

S:  4240 


JJJl+2661 

996'  2701 
2848 
3003 
'^1  3167 


589 

004 

927 

595 

543 


ir/2  ;i. 00000  000, 
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m  -  1.20 


e 


(n- 

diiuia) 


0.00 

0.02 

0.04 

0.06 

0.08 


>82644 

82699 

82865 

83142 

83531 


A 


628 

745 

340 

149 

404 


+55 

165 

276 

389 

503 


117 

595 

809 

255 

442! 


0.10 

0.12 

0.14 

0.16 

0.18 


84034  846 
84654  736 
85393  874 
86255  623 
87243  937 


619  890! 
739  138 
861  749 
988  314 
1119  456 


0.20 

0.22 

0.24 

0.26 

0.28 


88363 

89619 

91017 

92564 

94268 


0.30 

0.32 

0.34 

0.36 

0.38 


96137 

98180 

•10040 

10283 

10546 


0.40 

0.42 

0.44 

0.46 

0.48 


•10832 

11141 

11476 

11839 

12231 


0.50 

0.52 

0.54 

0.56 

0.58 


12656 

13115 

13611 

14149 

14730 


0.60 

0.62 

0.64 

0.66 

0.68 


15360 

16042 

16782 

17585 

18457 


0.70 

0.72 

0.74 

0.76 

0.78 


19404 

20435 

21557 

22781 

24117 


0.80 


25577 


393 
230 
395 
590  ! 
336 

036 

054 

780 

181 

490 

124 

650 

805 

510 

888 


293 

328 

881 

151 

692 

447 

801 

636 

387 

116 

592 

379 

942 

767 

493 

069 


1255 

1398 

1547 

1703 

1868 

2043 

222 

242 

263 

285 

+309 

335 

362 

392 

424 

459 

496 

537 

581 

629 

682 

739 

802 

871 

947 

1030 

1122 

1223 

1335 

1459 


837 

165 

1951 

746i 

700 

018 

743 

401 

309 

634 

I 

526 

156 

705 

378 

405 

035 

553 

270 

541 

765 

354 

835 

761 

729 

476 

787 

563 

825 

726 

576 


>82644  628 
82589  529 
82424  206 
82148  576 
81762  506 

81265  814 
80658  275 
79939  628  , 
79109  584 
78167  837 

77114  079 
75948  012 
74669  368 
73277  934 
71773  570 

70156  248 
68426  078 
66583  357 
64628  608 
62562  642 

>60386  616 
58102  111 
55711  217 
53216  634 
50621  786 

47930  958 
45149  452 
42283  774 
39341  842 
36333  234 

33269  481 
30164  403 
27034  497 
23899  400 
20782  425 

17711  186 

14718  329 
11842  394 
>9128  815 
6631  106 

4412  239 


A 


-55  0991 
165  323! 
275  630 ! 
386  0701 
496  692! 

607  539! 
718  647i 
830  044! 
941  747 
1053  7581 

I 

1166  067 j 
1278  6441 
1391  434 
1504  364 
1617  322 

1730  170^ 
1842  721 1 
1954  749 
2065  966' 
2176  026| 

-2284  505ij 
2390  8941 
2494  5831 
2594  848; 
2690  828 

2781  506' 
2865  678 
2941  932! 
3008  608' 
3063  753 

3105  073! 
3129  906^ 
3135  097| 
3116  975' 
3071  239 

2992  857 
2875  935, 
2713  579, 
2497  709; 
2218  867 


Pt 


>82644  628 
82644  637 

82644  773  ; 

82645  362  ' 

82646  955  I 

82650  330  | 
82656  505  I 
82666  751  | 
82682  603 
82705  887  | 

82738  736  1 
82783  621  I 
82843  381  I 
82921  262  I 
83020  953  j 

I 

83146  642  ! 
833a3  066 
83495  577 
83730  211 
84013  771 

>84353  925  I 
84759  306 
85239  636 
85805  866 
86470  334 

87246  942 
88151  366 
89201  291 
90416  678 
91820  076 

93436  974 
95296  208 
97430  428 
99876  633  j 
•10267  679 

10587  855  j 
10953  606 
11371  091 
11847  325  ' 
12390  302  I 

13009  146  I 


A 


+9 
136 
589 
1  593 
3  375 

6  175 
10  246 
15  852 
23  284 
32  849 

44  885 
59  760 
77  881 
99  691 
125  689 

156  424 
192  511 
234  634 
283  560 
340  154 

+405  381 
480  330 
566  230 
664  468 
776  608 

904  424 
1049  925 
1215  387 
1403  398 
1616  898 

1859  234 
2134  220 
2446  205 
2800  159 
320  176 

365  751 
417  485 
476  234 
542  977 
618  844 


TABLK  OF  FRESNEL  REFLECTION 


9 


(»- 

diuia) 

l.fiOO 

l.fiOS 

1.510 

1.515 

1.520! 

1.525 

1.530 

1.535 

1.540 

1.545 

1.550 

1.555 

1.560 

1.565 

1.570 

»/2 


m  -  i.ao 


^1 


•65327 

67311 

69358 

71469 

73647 


A 


Pa. 


•54031 

56438 

58951 

61574 

64313 


75892  902 
78208  788 
80596  956 
83059  509 
85598  508! 


2315  886 
2388  168 
2462  553, 
2539  089i 
2617  8281 


67173 

70158 

73275 

76529 

79928 


88216  426 
90915  246i 
93697  361 
96565  126 
99520  948' 


2698  820| 
2782  115i 
2867  765 
2955  8221 


83476 

87181 

91050 

95091 

99310 


,.00000  000 


A 


Pt 


007 

8211 

344{ 

791 

388! 


•59679 

61875 

64155 

66522 

68980 


022 

393 

383 

885 

068 


2985  371 
3116  990 
3254  502 
3398  183 
3548  317 


71532 

74183 

76936 

79794 

82763 


385 

590 

752 

271 

893 


3705  205!  i 
3869  162|| 
4040  5191 
4219  622! 


85846 

89048 

92374 

95828 

99415 


000 


jl. 00000 


A 


589 

254: 

071 

327 

439' 


+2195  665 
2279  817 
2367  256 
2458  112 
2552  523 


962, 

591 

169! 

6971 

333 


2650  629 
2752  578 
2858  528 
2968  636 
3083  073 


4061 

418 

057 

198| 

920 

oool 


3202  012 
3325  639 
3454  141 
3587  722 


0.00  1 

>17013 

233 

0.02  1 

17023 

706 

0.04 ; 

17055 

167 

0.06  i 

17107 

743 

0.08  ! 

17181 

645 

0.10  ! 

17277 

170 

0.12 

17394 

705 

0.14 

17534 

729 

0.16 

17697 

813 

0.18 

17884 

631 

0.20 

18095 

958 

0.22 

18332 

680 

0.24 

18595 

798 

0.26 

18886 

439 

0.28 

19205 

859 

0.30  1 

19555 

459 

0.32  1 

19936 

791 

0.34  i 

20351 

571 

0.36  I 

20801 

696 

0.38  1 

21289 

253 

0.40  ! 

>21816 

543 

0.42  1 

22386 

095 

0.44 

23000 

690 

0.46 

23663 

381 

0.48  1 

24377 

525 

0.50 

25146 

807 

0.52 

25975 

278 

0.54 

!  26867 

385 

0.56 

'  27828 

021 

0.58 

'  28862 

562 

0.60 

29976 

922 

0.62 

31177 

613 

0.64 

32471 

801 

0.66 

33867 

386 

0.68 

35373 

077 

0.70 

36998 

480 

0.72 

38754 

203 

0.74 

40651 

964 

0.76 

42704 

716 

0.78 

44926 

792 

+10 

31 

52 

73 

95 

117 

140 

163 

186 

211 

236 

263 

290 

319 

349 

381 

414 

450 

487 

527 

+569 

614 

662 

714 

769 

828 

892 

960 

1034 

1114 

1200 

1294 

1395 

1505 

1625 

t 

1755 

1897 

2052 

2222 

2407 


10918 

16845 


9(e 
525| 

MRii  16751 
16635 
^il  16499 
^'1  16341 
32711 


722 

iisl 

641 

420^ 

600; 


15962 

15741 

15498 

15234 

14949 


1142( 

1093f 

1042( 


14642 
^1'  1'1313 

13964 
13593 
gjl;  13201 

552'i  *12788 

Ss  12364 

11900 

691  I 
144i 
282| 

1 

471  !i 
107 
636> 

541i! 

3601 

69li 
188 
585 
691!; 

403 

I 

723’ I 
7611 
752 
076' 

264 


7611 

7010 

6400 

5785 

5169 

4554 

3945 

3349 

2771 

2219 


233 

762 

348 
975 
621 

257 

844 

340 

696 

861 

784 

414 

707 

625 

144 

256 

977 

349 
452 
410 

401 
667 
530 

402 
807 

397 

975 

523 

226 

515 

099 

013 

673 

929 

145  j 

270 
936 
565  I 
490  I 
101  I 


-10 

31 

52 

73 

94 

115 

136 

157 

178 

200 

221 

242 

264 

285 

306 

328 

349 

370 

392 

413 


-433 

454 

474 

493 

512 

530 

547 

563 

577 
590 

601 

609 

614 

616 

614 

608 

596 

578 
552 
518 


471 

414 

373 

354 

3641 


>17013 

17013 

17013 

17013 

17013 


233 

234 
257 
359 
633 


+  1 
23 
102 
274 
580 


4131 

504 

644 

835 

077 


17014  213 

17015  275 
17017  034 
17019  755 
17023  746 


1  062 

1  759 

2  721 

3  991 
5  625 


370 

707 

082 

481 

888 


17029  371 
17037  047 
17047  252 
17060  532 
17077  502 


7  676 
10  205 
13  280 
16  970 
21  356 


279 

628 

897 

042 

009 


17098  858 
17125  384 
17157  960 
17197  574 
17245  332 


26  526 
32  576 
39  614 
47  758 
57  140 


734 

137 

128 

595 

410 


>17302 

17370 

17450 

17544 

17655 


472 

381 

610 

892 

166 


+67  909 
80  229 
94  282 
no  274 
128  436 


1 

422! 

4521 

297 

711 

416| 


17783  602 
17932  627 
18104  954 
18303  624 
18532  038 


149  025 
172  327 
198  670 
228  414 
261  973 


086 

340 

744 

784 

875 


18794  on 
19093  813 
19436  237 
19826  658 
20271  111 


299  802 
342  424 
390  421 
444  453 
505  264 


334! 

371 

075' 

389 

091 


20776  375 
21350  070 
22000  764 
22738  103 
23572  946 


573  695 
650  694 
737  339 
834  843 
944  587 


0.80 


47334  056 


1701  010 


24517  533 
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9 

(n- 

owns) 


0.80 

0.82 

0.84 

0.86 

0.88 

0.90 

0.92 

0.94 

0.96 

0.98 

1.00 

1.02 

1.04 

1.06 

1.08 

1.10 

1.12 

1.14 

1.16 

1.18 

1.20 

1.22 

1.24 

1.26 

1.28 

1.30 

1.32 

1.34 

1.36 

1.38 

1.40 

1.42 

1.44 

1.46 

1.48 

1.50 


m  -  1.30 


•47334 

49944 

52776 

55852 

59196 

62834 

66797 

71117 

75830 

80977 

86604 

92762 

99506 

•10689 

11501 

12391 

13371 

14448 

15634 

16940 

•18381 

19970 

21725 

23663 

25804 

28172 

30790 

33686 

36890 

40435 

44358 

48698 

53499 

58808 

64677 


^■+2610 
^  2832 

3076 

I7J'  3343 
3638 


935 

491 

049 

220 

744 


3962 

4319 

4713 

5147 

5627 


980  j 
173  1 
347  ! 
244  I 
822  ! 

379  i 
699 
203 
111 
621 

097  I 
261  ! 
407  ; 
613  i 
966  I 

788  I 
866  ' 
681  ! 
631  I 
242 


Pt 


4SI 

^1  6743 
7392 

*30 '  890 


979 

1077 

1185 

1306 

1440 

+  1589 
1754 
1937 
2141 
2367 

2618 

2896 

3204 

3545 

3922 

4340 

4800 

5308 

5868 

6484 


028 

274 

133 

979 

465' 

556^ 

558 

171|! 

524'! 

228: 

432 
884'l 
996i 
192  I 
86O; 

193! 

174 

897i 

578! 

5571 

320! 

504! 

9081 

510! 

476! 

I64I 

146 

206 

353 

822' 

I 

078: 

815 

950 

6III 

135 


71161  377 


*1701 

1227 

*809 

461 

198 

‘38 

‘4 

•119 

412 

916 

*1670 

2718 

4112 

5913 

8190 

>11024 

14510 

18757 

23892 

30065 

•37446 

46237 

56672 

69023 

83609 

•10080 

12103 

14481 

17274 

20550 

24393 

28897 

34177 

40365 

47619 


010  I 
243  I 
463 
225  ! 
278  ; 

909 

346 

228 

142 

260 

072 

241 

600 

317 

247 

520 

389 

396 

902 

061 


-473 

417 

348 

262 

-159 


+  114 
292 
504 
753 

1048 

1394 

1800 

2276 

2834 

3485 

4247 

51.35 

6172 

7381 


-ft-  >24517 
LZ  25585 
26792 
M7I  281“ 
^9!  29697 

I  31436 
aaoi  83400 
914 i  35618 
i  38121 
III  40947 


169 

359 

717 

930 

273 


378 

m  !  10434 

^  I  12351 

Boi  14586 

I  17192 

IS'  2023 
“8  I  2378 
Sli  2792 
TOT  3276 
!  3842 


205 

613 

176 

279 

443 


4504 

5279 

6188 

7254 

8506 


II 

869, 

0071 

506' 

1591 

232|i 

085! 

8771 

426 

210 

584 

321 

1761 

507, 

548' 

406 

408' 

563! 

103; 

1641 

6141 


56126  057 


44137 

47740 

51809 

56406 

61600 

67472 

74111 

81620 

90117 

99736 

•11063 

12297 

13696 

15282 

17082 

19126 

21446 

24084 

27082 

30493 

34375 

38798 

43838 

49586 

56148 


533 

663 

911 

858 

374 

922 

918 

138 

181 

002 

522 

322 

444 

300 

723 

162  I 
060 
432 
673 
641 

004 

219 

214 

739 

805 

172 

915 

076 

432 

383 

997 

240 

429 

955 

342 


63643  717 


+1068  130 
1207  248 
1363  947 
1540  516 
1739  548 

1963  996 
2217  220 
2503  043 
2825  821 
3190  520 

3602  800 
4069  122 
4596  856 
5194  423 
5871  439 

6638  898 
7509  372 
8497  241 
9618  968 
1089  402 

+  1234  215 
1398  995 
1586  525 
1800  066 
2043  367 

2320  743 
2637  161 
2998  356 
3410  951 
3882  614 

4422  243 
5040  189 
5748  526 
6561  387 
7495  375 
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PARRY  MOON 


m  -  l.W 


e 

1 

(r^ 

diana) 

#1  A 

Px 

i - 1 

A 

l.£C0|  *71161 
1.505  72885 
1.510  74652 
1.615*  76464 
1.520|  78321 

1.525,  80224 
1.530  82175 
1.535|  84173 
1.540i  86222 
1.545  88321 


OCU,  jygy 


952| 

5S0! 

410| 

545! 

029| 

944 

839 

4o6| 


1811 

1856 

1903 

1950 

1998 

2048 

2099 

2150 


183 

392| 

^1 

8501 

135' 


•56126 

58473 

60916 

63459 

66106 


4S4' 

915 

445 

096 

88? 


68861 

71729 

74714 

77822 

81058 


463+2347 
45rf,  2443 


571 

414 

161 

179' 
029 
481 1 
516! 
345 


2542 

2646 

2755 

2867 

2985 

3108 

3235 

3369 


396* 
118' 
843!  I 
7471 

013:! 


3^11 

452 

035 

829 

069 


•63643 

65679 

67784 

69961 

72213 

74542 

76952 

79444 

82022 

84689 


717i 

507| 

762 

937 

735 


862 

029 

212 

452 

915 


A 


-1-2035  790 
2105  255 
2177  225 
2251  798 
2329  077 

2409  167 
2492  183 
2578  240 
2667  463 
2759  978 


l.S50! 

90472 

372 

1.5551 

92676 

20S 

i.seol 

94934 

166 

1.^! 

97247 

448 

1.570i 

99617 

268 

W2  1 

.00000 

COO 

2203  834 
2257 

2313  ^2 
2369  820 


84427  414! 
87935  4201 
91588  322! 
95392  353! 
99354  038| 


1.00000  OOOi 


3508  006 
3652  602 
3804  031 
3961  685 


87449 

90305 

93261 

96319 

99485 


1.00000 


393 

813 

244 

9(^ 

653 

000 


2855  920 
2955  431 
3058  656 
3165  753 
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m  —  V8 


e 

diani) 

A 

Px 

- 

A 

0.00 

1^)408 

163 

+12 

36 

61 

86 

111 

249 

794 

482 

410 

673 

>20408 

163 

-12 

36 

61 

85 

no 

245 

741 

253 

789 

359 

>20408 

163 

0.02 

20420 

412 

20395 

918 

20408 

165 

0.04 

20457 

206 

20359 

177 

20408 

191 

0.06 

20518 

688 

20297 

924 

20408 

306 

0.08 

20605 

098 

20212 

135 

20408 

616 

0.10 

20716 

771 

137 

163 

190 

218 

246 

375 

617 

507 

155 

679 

20101 

776 

134 

159 

184 

209 

233 

974 

636 

354 

130 

965 

20409 

273 

0.12 

20854 

146 

19966 

802 

20410 

474 

0.14 

21017 

763 

19807 

166 

20412 

465 

0.16 

21208 

270 

19622 

812 

20415 

541 

0.18 

21426 

425 

19413 

682 

20420 

053 

0.20 

21673 

104 

276 

306 

338 

372 

407 

201 

853 

771 

101 

005 

19179 

717 

258 

283 

308 

333 

358 

858 

802 

791 

808 

837 

20426 

410 

0.22 

21949 

305 

18920 

859 

20435 

082 

0.24 

22256 

158 

18637 

057 

20446 

607 

0.26 

22594 

929 

18328 

266 

20461 

597 

0.28 

22967 

030 

17994 

458 

20480 

744 

0.30 

23374 

035 

443 

482 

522 

565 

611 

647 

211 

896 

910 

488 

17635 

621 

383 

408 

433 

458 

483 

853 

824 

710 

463 

025 

20504 

828 

0.32 

23817 

682 

17251 

768 

20534 

725 

0.34 

24299 

893 

16842 

944 

20571 

419 

0.36 

24822 

789 

16409 

234 

20616 

on 

0.38 

25388 

699 

15950 

771 

20669 

735 

0.40 

>26000 

187 

+659 

711 

766 

824 

887 

878 

355 

214 

785 

421 

‘15467 

746 

-507 

531 

554 

577 

599 

322 

271 

769 

699 

918 

>20733 

967 

0.42 

26660 

065 

14960 

424 

20810 

245 

0.44 

27371 

420 

14429 

153 

20900 

287 

0.46 

28137 

634 

13874 

384 

21006 

009 

0.48 

28962 

419 

13296 

685 

21129 

552 

0.50 

29849 

840 

954 

1026 

1103 

1187 

1276 

514 

492 

825 

033 

684 

12696 

767 

621 

641 

660 

677 

693 

264 

542 

530 

965 

547 

21273 

303 

0.52 

30804 

354 

12075 

503 

21439 

928 

0.54 

31830 

846 

11433 

961 

21632 

403 

0.56 

32934 

671 

10773 

431 

21854 

051 

0.58 

34121 

704 

10095 

466 

22108 

585 

0.60 

0.62 

35398 

36771 

388 

793 

1373 

1477 

1590 

1713 

1845 

405 

892 

906 

294 

989 

•9401 

8694 

919 

995 

706 

717 

725 

729 

729 

924 

690 

374 

434 

242 

22400 

22733 

153 

394 

0.64 

0.66 

0.68 

38249 

39840 

41553 

685 

591 

885 

7977 

7251 

6522 

305 

931 

497 

23113 

23546 

24038 

495 

261 

191 

0.70 

43399 

874 

1990 

2146 

2316 

2502 

2704 

024 

543 

813 

237 

372 

5793 

255 

724 

713 

695 

669 

634 

073 

093 

334 

684 

859 

24596 

565 

0.72 

45389 

898 

5069 

182 

25229 

540 

0.74 

47536 

441 

4356 

089 

25946 

265 

0.76 

0.78 

49853 

52355 

254 

491 

3660 

2991 

755 

071 

26757 

27673 

005 

281 

0.80 

55059 

863 

2356 

212 

28708 

037 

A 


+2 
•  26 
115 
310 
667 

1  201 
1  991 

3  076 

4  512 
6  367 

8  672 
11  525 
14  990 
19  147 
24  084 

29  897 
36  694 
44  592 
53  724 
64  232 

+76  278 
90  042 
106  722 
123  543 
143  751 

166  625 
192  475 
221  648 
254  534 
291  568 

333  241 
380  101 
432  766 
491  930 
568  374 

632  975 
716  726 
810  740 
916  276 
1034  756 
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m  ■•  4/s 


>55059 

57984 

61150 

64579 

68297 

!  72330 
76709 
!  81468 
!  86644 
i  92278 

i>^16 

•10510 

11240 

12038 

12909 

13862 

14905 

16048 

17300 

18673 

!*20180 

21834 

23652 

25649 

27844 

30258 

32914 

35835 

39049 

42586 

46477 

50757 

55465 

60641 

66330 


863 

807 

677 

951 

469 

689  I 
981  I 
946  ; 
767 

612  I 

065  I 
761 
916 
265  , 
666  ! 
I 

717 

828 

306 

450 

648 

485 

856 

093 

094 

464 

660 

143 

540 

804 

384 

386 

746 

385 
375 
076 


+2924  944 
3165  870 
3429  274 
3717  518 
4033  2201 


4379 

4758 

5175 

5633 

6137 

6691 

730 

797 

871 

953 

1043 

1142 

1252 

1373 

1506 

+  1654 
1817 
1997 
2195 
2414 

2655 

2921 

3214 

3536 

3891 

4280 

4707 

5175 

5688 

6249* 


292 

966| 

821 

845 

453 

544 

1551 

349 

401 

051 

111 

478 

144 

198 

837 


•2356 

1766 

1235 

•775 

405 

142 

•10 

34 

*244 

676 

•1366 

2363 

3721 

5500 

7774 

10623 

14146 

18452 

23671 

29953 


>37471 
46427 
Sli  57064 
^*1  69625 

84458 

196| 


4831 

397i 

264 

580| 

002 


•10192 

12244 

14652 

17476 

20782 


24653 
^1  29182 

^  40677 

m  \ 


212 
835 
308 
971 
441  I 

964  I 
820  I 

799  1 
742  I 
172  I 

034 

542 

168 

793 

047 

862 

292 

626 

869 

627 

498 

039 

426 

930 

376 

076 

323 

780 

102 

907 

581 

445 

367 

852 

950 


-689 

531 

459 

370 

262 


377 

627 

337 

530 

477 


pt 


■132  144 


+209 

430 

690 

997 

1367 

1779 

2273 

2849 

3522 

4306 

5219 

6281 

7517 

+8955 

10627 

12671 

14832 

17462 

2052 

2408 

2823 

3306 

3870 

4528 

5297 

6197 

7251 

8486 


943 

430 

862 


871 

541 


1.60  I  72579  276 


66415  791 


1 - 

>28708 

037  1 

29875 

821  , 

31192 

993  1 

32677 

961  i 

34351 

455 

j!  36236 

826  1 

!'  38360 

401 

1!  40751 

873 

||  43444 

754 

!  46476 

892  , 

I  49891 

050  , 

53735 

576  1 

58065 

163 

62941 

719 

68435 

355 

1  74625 

517 

81602 

284 

1  89467 

841 

98338 

183 

•10834 

505 

•11963 

817 

13238 

780 

14678 

768 

16305 

844 

:  18145 

151 

,  20225 

368 

i  22579 

233 

,  25244 

160 

:|  28262 

953 

[|  31684 

645 

J!  35565 

483 

il  39970 

095 

J'  l  44972 

871 

1  50659 

613 

‘|  57129 

513 

;i  64497 

533 

1317  172 
1484  968 
1673  494 
1885  371 

2123  575 
2391  472 
2692  881 
3032  138 
3414  158 

3844  526 
4329  587 
4876  656 
5493  636 
6190  162 

6976  767 
7866  567 
8870  342 
10006  870 
1129  312 

+  1274  963 
1439  988 
1627  076 
1839  307 
2080  217 

2353  865 
2664  927 
3018  793 
3421  692 
3880  838 

4404  612 
5002  776 
5686  742 
6469  900 
7368  020 
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m  —  4/8 


e 

{rm- 

dwiu) 

A 

Pi 

A 

pt 

A 

1.600 

1.505 

1.510 

1.515 

1.520 

1.525 

1.530 

1.535 

1.540 

1.545 

1.550 

1.556 

1.660 

1.565 

1.570 

ir/2 

•72579  275 
74235  088 
75929  960 
77664  742 
79440  300 

81257  515 
83117  281 
;  85020  508 

1  86968  120 
88961  055 

91000  268 
93086  726 
95221  411 
i  97405  323 
99639  472 

1.00000  000 

+1655  813 
1694  872 
1734  782 
1775  558 
1817  215 

1859  766 

1  1903  227 
1947  612 
1992  935 
2039  213 

2086  458 
2134  685 
2183  912 
:  2234  149 

1 

•56416  791 
58755  054 
61188  591 
63720  311 
66354  297 

69094  814 
71946  320 
74913  471 
78001  136 
81214  406 

84558  603 
88039  295 
91662  308 
95433  736 
99359  959 

1.00000  000 

■- 

+2339  263 
2433  537 
2531  720 
2633  986 
2740  517 

2851  506 
2967  151 
3087  665 
3213  269 
3344  198 

3480  692 
3623  013 
3771  428 
3926  223 

•64497  533 
66495  071 
68559  275 
70692  527 
72897  299 

75176  165 
77531  800 
79966  989 
82484  628 
85087  730 

87779  435 
90563  010 
93441  860 
96419  529 
99499  715 

1.00000  000 

+1997  538 
2064  204 
2133  252 
2204  772 
2278  866 

2355  635 
2435  189 
2517  639 
2603  102 
2691  705 

2783  575 
2878  850 
2977  669 
3080  186 

ai 
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m  -  1.40 


e 

(r»- 

P| 

A 

Px 

A 

Pt 

diana) 

I 

0.00 

•27777 

778 

+15 

47 

79 

111 

144 

877 

692 

679 

957 

646 

•27777 

778 

-15 

47 

79 

111 

143 

874 
627  : 
400 
204 
051  ! 

•27777 

778  1 

0.02 

27793 

655 

27761 

904 

27777 

780  ' 

0.04 

27841 

347 

27714 

277 

27777 

812  1 

0.06 

27921 

026 

27634 

877 

27777 

951 

0.08 

28032 

983 

27523 

673 

27778 

328 

0.10 

28177 

629 

177 

211 

246 

281 

318 

866 

743 

405 

987 

630 

27380 

622 

174 

206 

238 

271 

303 

952  ' 
914 
946  1 
051  1 
231  1 

27779 

125  1 

0.12 

28355 

495 

27205 

670 

27780 

582  1 

0.14 

28667 

238 

26908 

756 

27782 

997  1 

0.16 

28813 

643 

26759 

810 

27786 

727  1 

0.18 

29095 

630 

26488 

759 

27792 

195  ; 

0.20 

29414 

260 

356 

395 

436 

478 

523 

478 

689 

424 

857 

175 

26185 

528 

335 

367 

400 

432 

465 

486  ' 
808 
191  1 
616  1 
065  I 

27799 

894  j 

0.22 

29770 

738 

25850 

042 

27810 

390  i 

0.24 

30166 

427 

25482 

234 

27824 

330  1 

0.26 

30602 

851 

25082 

043 

27842 

447  1 

0.28 

31081 

708 

24649 

427 

27865 

567  1 

0.30 

31604 

883 

569 

618 

669 

723 

780 

574 

266 

479 

458 

466 

24184 

362 

497 

529 

562 

594 

626 

507 
909 ; 
224  i 
397  1 
359 

^894 

623  i 

0.32 

32174 

467 

23686 

855 

27930 

656  1 

0.34 

32792 

723 

23156 

946 

27974 

835  I 

0.36 

33462 

202 

22594 

722 

28028 

462 

0.38 

34185 

660 

22000 

325 

28092 

993 

0.40 

0.42 

>34966 

35806 

126 

917 

+840 

904 

972 

1044 

1121 

791 

740 

651 

888 

847 

•21373 

20715 

966 

934 

-658 

689 

720 

750 

779 

1 

032 
315 
094 
236 
578  1 

•28170 

28261 

046  i 
426  i 

0.44 

36711 

657 

20026 

619 

28369 

138 

0.46 

37684 

308 

19306 

525 

28495 

416 

0.48 

38729 

196 

18556 

289 

28642 

743 

0.50 

39851 

043 

1203 

1291 

1385 

1486 

1594 

962 

701 

583 

167 

067 

17776 

711 

807 

835 

860 

884 

906 

935 

091 

795 

752 

627 

28813 

877 

0.52 

41055 

005 

16968 

776 

29011 

890 

0.54 

42346 

706 

16133 

685 

29240 

196 

0.56 

43732 

289 

15272 

890 

29502 

590 

0.58 

45218 

456 

14388 

138 

29803 

297 

0.60 

46812 

523 

1709 

1834 

1968 

2113 

2269 

958 

576 

727 

297 

259 

13481 

511 

926 

942 

955 

964 

968 

028 

504 

538 

530 

793 

30147 

017 

0.62 

48522 

481 

12555 

483 

30538 

982 

0.64 

50357 

057 

11612 

979 

30985 

018 

0.66 

52325 

784 

10657 

441 

31491 

612 

0.68 

54439 

081 

*9692 

911 

32065 

996 

0.70 

0.72 

56708 

69146 

340 

017 

2437 

2619 

2816 

3029 

3261 

677 

722 

682 

969 

137 

8724 

7756 

118 

583 

967 

959 

944 

920 

886 

535 

848 
686 

849 
958 

32716 

33451 

229 

300 

0.74 

61765 

739 

6796 

735 

34281 

237 

0.76 

0.78 

64582 

67612 

421 

390 

5852 

4931 

049 

200 

35217 

36271 

235 

795 

0.80 

70873 

527 

4044 

242 

37458 

885 

+2 

32 

139 

377 

797 


1  467 

2  415 

3  730 

6  468 

7  699 


10  496 
13  940 
18  117 
23  120 
29  056 


36  033 
44  179 
53  627 
64  531 
77  063 


+91  380 
107  712 
126  278 
147  327 
171  134 


198  013 
228  306 
262  394 
300  707 
343  720 


391  965 
446  036 
506  594 
574  384 
650  233 


735  071 
829  937 
935  998 
1054  560 
1187  090 


f 
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17 


e 


(r*- 

duuM) 

0.80 

1 

‘70S73 

527 

0.82 

1  74385 

420 

0.84 

:  78169 

536 

0.86 

82249 

406 

0.88 

86650 

832 

0.90 

91402 

111 

0.92 

96534 

281 

0.94 

•10208 

140 

0.96 

1  10808 

083 

0.98 

1  11457 

357 

1.00 

12160 

462 

1.02 

12922 

334 

1.04 

!  13748 

389 

1.06 

14644 

570 

1.08 

15617 

391 

1.10 

16673 

997 

1.12 

17822 

215 

1.14 

19070 

620 

1.16 

20428 

600 

1.18 

21906 

425 

1.20 

•23515 

319 

1.22 

25267 

545 

1.24 

27176 

482 

1.26 

29256 

713 

1.28 

31524 

116 

1.30  1 

33995 

952 

1.32  1 

36690 

965 

1.34  I 

39629 

476 

1.36  i 

42833 

474 

1.38  1 

46326 

721 

1.40 

50134 

835 

1.42 

54285 

388 

1.44 

58807 

985 

1.46 

63734 

346 

1.48 

69098 

370 

1.50 

74936 

197 
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!/ 


m  -  1.60 


e 

diuu) 

A 

Px 

A 

pt 

A 

0.00 

0.02 

0.04 

0.06 

0.08 

0.10 

0.12 

0.14 

0.16 

0.18 

0.20 

0.22 

0.24 

0.26 

0.28 

0.30 

0.32 

0.34 

0.36 

0.38 

0.40 

0.42 

0.44 

0.46 

0.48 

0.50 

0.52 

0.54 

0.56 

0.58 

0.60 

0.62 

0.64 

0.66 

0.68 

0.70 

0.72 

0.74 

0.76 

0.78 

0.80 

>40000  000 
40021  330 
40085  428 
40192  481 
40342  855 

40537  054 
40775  732 
41059  692 
41389  898 
41767  474 

42193  713 
42670  085 
43198  244 
43780  041 
44417  528 

45112  976 
45868  888 
46688  010 
47573  352 
48528  203 

>49556  151 
50661  108 
51847  332 
53119  453 
54482  504 

55941  951 
57503  729 
59174  281 
60960  599 
62870  268 

64911  520 
67093  286 
69425  254 
71917  940 
74582  753 

77432  075 
80479  346 
83739  157 
87227  347 
90961  116 

94959  141 

+21  339 
64  089, 
107  053' 
150  374 
194  199' 

238  678 
283  960: 
330  206! 
377  576! 
426  239 

476  372 
528  159 
581  797 
637  487 
695  448 

755  912 
819  122 
885  342 
954  851 
1027  948 

+  1104  957 
1186  224 
1272  121 
1363  051 
1459  447 

1561  778 
1670  552 
1786  318 
1909  669 
2041  252 

2181  766 
2331  968 
2492  686 
2664  813 
2849  322 

3047  271 
3259  811 
3488  190 
3733  769 
3998  025 

>40000  000 
39978  666 
39914  655 
39807  943 
39658  487 

39466  230 
39231  103 
38953  021 
38631  892 
38267  616 

37860  088 
37409  205 
36914  867 
36376  982 
35795  478 

35170  301 
34501  430 
33788  885 
33032  733 
32233  105 

>31390  208 
30504  339 
29575  906 
28605  442 
27593  637 

26541  355 
25449  669 
24319  894 
23153  623 
21952  774 

20719  636 
19456  930 
18167  870 
16856  236 
15526  461 

14183  722 
12834  054 
11484  469 
10143  097 
>8819  354 

7524  119 

-21  334 
64  Oil! 
106  712 
149  456, 
192  2571 

235  127 
278  082 
321  129, 
364  276' 
407  528| 

450  883| 
494  338 
537  885 
581  504 
625  177j 

668  871' 
712  545, 
756  152 
799  628' 
842  897| 

-885  869 
928  433 
970  464 
1011  805! 
1052  282| 

1091  686' 
1129  775' 
1166  27ll 
1200  8491 
1233  138 

1262  706* 
1289  060! 
1311  634; 
1329  775' 
1342  739 

1349  668 
1349  585 
1341  372 
1323  743! 
-1295  235 

>40000  000 
40000  003 
40000  042 
40000  212 

40000  671 

40001  642 
40003  417 
40006  357 
40010  895 
40017  546 

40026  901 
40039  645 
40056  556 
40078  511 
40106  503 

40141  639 
40185  159 
40238  448 
40303  043 
40380  654 

>40473  180 
40582  724 
40711  619 
40862  448 
41038  070 

41241  653 
41476  899 
41747  088 
42057  111 
42411  521 

42815  578 
43275  108 
43796  562 
44387  088 
45064  607 

45807  899 
46656  700 
47611  813 
48685  222 
49890  235 

51241  630 

+3 

39 

170 

459 

971 

1  775 

2  940 
4  538 
6  650 
9  356 

12  744 
16  911 
21  955 
27  992 
35  136 

43  520 
53  289 
64  595 
77  611 
92  526 

+  109  544 
128  895 
150  829 
175  622 
203  583 

235  046 
270  389 
310  023 
354  410 
404  057 

459  530 
521  454 
590  526 
667  519 
753  292 

848  801 
955  113 
1073  409 
1205  013 
1351  395 
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151241  630 
52766  827, 
54451  078| 
56347  685! 
58468  2301 


>94959  141 1 
99241  706 
•10383  084: 
10875  048! 
11402  6611 


+1514  197 
I  1695  251 
1896  607 
2120  545 
2369  628 


+4282  565i; 

4589  1351 
i  491  9641 

527  613| 

'  KAO.  nOA' 


60837  8581 
63484  571! 
66439  5741 
69737  662 
73417  653 


77522  88L 
82101  753i 
87208  378 
92903  285 
99254  234 


15493  328 
16364  7121 
17302  4231 
18311  907| 
19399  0671 


6971  299 
>10148  990 
14167  on 
19159  005 
25278  864 


•10633  7141 
11423  7151 
12304  9791 
13288  244' 
14385  5841 


20570  299 
21832  530' 
23193  2571 
24660  5881 
26243  2831 


3177  691  ! 
4018  021:1 
4991  9941  j 
6119  859;! 
+7425  089' 

ti 

8934  9211 1 
10681  028! 
12700  292:1 
15035  766  1 
17737  7891 


•27950  800' 
29793  3441 
31781  9061 
33928  3191 
36245  301 1 


•15610  598| 
16978  6161 
18506  9481 
20215  169! 
22125  449| 


>32703  9531 
41638  874 
52319  902 
65020  194 
80055  960 


+  1368  018 
1528  332 
I  1708  221 
1910  280 
2137  492 


+  1842  544 
!  1988  562' 
I  2146  413! 
!  2316  982 
2501  205 


24262  9411 
26656  242' 
29337  930' 
32345  204 
35720  6481 


97793  749| 
•11865  912 
14314  6961 
17183  384: 
20539  281 1 


38746  5061 
41446  5721 
44361  1631 
47507  025' 
50902  0161 


20865  370  ' 
2448  784  I 
2868  688;| 
3355  897ll 
3921  843' 


24461  124l 
29041  240! 
34388  165| 
40629  841! 
47917  532: 


39513  139 
43778  948 
48583  062 
54000  794 
60119  755 


54565  155; 
58516  657! 
62777  9581 
67371  746! 
72321  978! 


77653  888! 


56430  6521 


67042  2701 
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21 


m  -  1.60 


9 


1.600 

1.606 

1.610 

1.616 

1.620 

1.625 

1.630 

1.636 

1.640 

1.646 

1.660 

1.656 

1.660 

1.666 

1.670 


•77663 

79049 

80471 

81919 

83393 

84896 

86426 

87983 

89670 

91186 

92830 

94606 

96211 

97947 

99716 


1421  626! 
1447  991 1 1 
1474  792 J 
1602  034' 


0261 

7481 

611| 

0711 

688! 

I 

629i 

663! 

1661 

618, 

603i 


1629  723 
1667  863 
1686  460 
1616  617 
1646  041 

1676  034 
1706  603 
1736  462 
1767  8861 


r/2  |1. 00000  000 


II2I+I396  694,1 
2081 
199 

991!  A^Tii 


•66430 

68774 

61211 

63746 

66382 

69124 

71976 

74942 

78028 

81239 

84680 

88067 

91676 

96441 

99361 


662 

6821 

967 

660j 

761 

476 

281 

818 

960 

809 

710 

266 

347 

112 

019 


1.00000  000 


+2343 

1 

930 

2437 

376 

2634 

703 

2636 

091 

2741 

726; 

2861 

8061 

2966 

637 

3086 

142; 

3210 

8491 

3340 

901 1 

3476 

666| 

3618 

062 

3766 

766 

3919 

907 

•67042 

68912 

70841 

72832 

74888 

77010 

79201 

81463 

83799 

86212 

88706 

91281 

93943 

96694 

99638 


^5+1869  812 
6831 

930' 

371! 


1929  601 
1991  347 
2066  441 
2121  879 


260: 

014; 

216 

616; 

699I 

6691 

464' 

2661 

366| 

2611 


2190  764 
2262  201 
2336  301 
2413  183 
2492  970 

2676  796 
2661  792 
2761  109 
2843  896 


1.00000  0001 


1 


PARRY  MOON 


^1+1352 
253  1449 

1551 
1658 

JUU 

MS 

^  2018 
^  2152 
St  2294 
2445 

874  [ 

020  ^ 

535  2958 
3152 
3358 


256  g2j 

onn 

051  1033 

780  11“ 

048  1207 

1450 
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m  -  1.60 


B 

(r*- 

diana) 


0.80 

0.82 

0.84 

0.86 

0.88 

0.90 

0.92 

0.94 

0.96 

0.98 

1.00 

1.02 

1.04 

1.06 

1.08 

1.10 

1.12 

1.14 

1.16 

1.18 

1.20 

1.22 

1.24 

1.26 

1.28 

1.30 

1.32 

1.34 

1.36 

1.38 

1.40 

1.42 

1.44 

1.46 

1.48 

1.50 


•11892 
12385 
12911 
13472 
*  14071 

14711 

15394 

16123 

16903 

17737 

18628 

19581 

20601 

21692 

22860 

24111 

25450 

26884 

28420 

30066 

•31829 

33718 

35743 

37913 

40238 

42730 

45399 

48260 

51324 

54605 

58119 

61881 

65906 

70212 

74816 


576 

520 

405 

582 

581 

132 
178 
886 
671 
209 

458 

676 

443 

682 

686 

133 
119 
181 
3211 
035 


+492 

525 

561 

598 

639 

683 

729 

779 

833 

891 

953 

1019 

1091 

1168 

1250 

1338 

1434 

1536 

1645 

1763 


^:+1889 
M7I  2024 
«il  2169 

M6i  2325 
aoOj  2491 

98?!  2869 
^  2860 
•Jftl  owt 

3281 

3513 

3761 

3^1  ^ 
M2  ^305 

4921 


944 

885' 

177 

999' 

551 

0461 

7081 

78511 

538 


218jl 

767 

239 

004' 

447' 

986 

062! 

140| 

714 

305 

4611 

756 

794 

205 

643 

788 

343 

034 

601 

804 

414 

208 

971 

4821 

515l 


79738  3591 


A  j 

pt 

>12091 

953 

-1687 

1639 

1575 

1490 

1383 

545 

946 

138i 

567 

273' 

<65508 

856 

10404 

408 

67129 

802 

•8764 

462 

68939 

257 

7189 

324 

70957 

671 

1  5698 

767 

73207 

289 

1  4315 

494 

1249 

1086 

889 

652 

-370 

939! 

730| 
271 ' 
554 
845' 

75713 

409 

i  3065 

556 

78503 

665 

I  1978 

825 

81608 

841 

1  1089 

554 

85063 

131 

1  *437 

000 

88904 

545 

1  >66 

155 

93175 

366 

28 

•383 

583 

388 

+354 

814 

1352 

1979 

805; 

943; 

795 

816 

97922 

•10319 

669 

891 

I  »1198 

331 

10906 

258 

2551 

126 

11557 

899 

4530 

942 

2709 

3556 

4538 

5676 

6993 

205| 

194! 

385! 

1521 

123j 

12282 

113 

7240 

147 

13087 

067 

>10796 

341 

13981 

908 

15334 

726 

14976 

897 

21010 

878 

16083 

562 

i  <28004 

1  36520 
;  46799 

001 

740 

686 

+8516 

10278 

12317 

14674 

17402 

739: 

946 

006 

480 

420 

•17314 

18685 

20211 

870 

437 

763 

59116 

73791 

692 

172 

21912 

23808 

510 

837 

91193 

•11175 

592 

441 

20560 

2422 

2846 

3339 

3912 

815 

035 

455 

245 

188; 

25924 

28287 

779 

714 

13597 

476 

30928 

903 

16443 

931 

33884 

147 

19783 

176 

37194 

571 

23695 

364 

4579 

5357 

6267 

7332 

8583 

345i 

577 

171 

651! 

803| 

40907 

567 

28274 

709 

45077 

946 

1  33632 

286 

49769 

339 

39899 

457 

55055 

909 

47232 

108 

61024 

476 

55815 

911 

._J 

67777 

135 

+1620  946 
1809  455 
2018  314 
2249  718 
2506  120 

2790  256 
3105  176 
3454  290 
3841  414 
4270  821 

4747  303 
5276  237 
586  367 
651  641 
724  214 

804  954 
894  841 
994  989 
1106  665 
1231  308 

+  1370  567 
1526  326 
1700  747 
1896  327 
2115  942 

2362  935 
2641  189 
2955  244 
3310  424 
3712  996 

4170  379 
4691  393 
5286  570 
5968  567 
6752  659 


24 


PARRY  MOON 


m  -  1.00 


e 

{n^■ 

dimna) 


I.5IOI 

1.515; 

1.5201 

l.iS5i 

1.530! 

1.535! 

1.5401 

1.545, 

1.550 

1.555 

1.530 

1.585 

1.570 


•79738 

81020 

82324 

83649 

84996 

86365 

87757 

89172 

90610 

92071 

93557 

95067 

96601 

98160 

99745 


s^i+lg.5 

mi 

93I  *347 
1369 


529 

455 

291 

362 

998 

527 

285 

607 

830 

296 


1391 

1414 

1438 

1461 

1485 

1509 

1534 

1559 

1584 


159 

484 

119 

072 

336 

1| 

926  ! 
838!I 
071  I 
636|i 
529|i 

758!! 

3221 

223|i 

466!| 


•55815 

58182 

60644 

63206 

65872 

68647 

71535 

74540 

77669 

80927 

84318 

87850 

91528 

95358 

99349 


^  +2366 
2462 

S97I  ^ 


458 

153 

867 

724 

098 

629| 

238 

1351 

854 

253 


2887 

3005 

3128 

3257 

3391 

3531 

3677 

3830 

3990 


553 

282' 

C83| 

ossi 

561 

695 

714 

§57 

374 

531 

607 

899 

719 

399 


t/2  il. 00000  000 


1.00000  COO 


1  Pt 

1  *67777 

135 

I  69601 

491 

71484 

374 

73427 

^5 

75434 

544 

77506 

494 

79646 

304 

81856 

579 

84140 

643 

86499 

548 

88938 

078 

91458 

761 

94064 

871 

96759 

842 

99547 

275 

1.00000 

OCO 

+  1824  356 
1882  883 
1943  591 
2006  579 
2071  950 

2139  810 
2210  275 
2283  464 
2359  505 
2438  530 

2520  683 

2606  no 

2694  971 
2787  433 
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m  -  1.70 


& 

^1 

A 

Pj. 

A 

At 

A 

0.00 

0.02 

0.04 

0.06 

0.08 

0.10 

0.12 

0.14 

0.16 

0.18 

0.20 

0.22 

0.24 

0.26 

0.28 

0.30 

0.32 

0.34 

0.36 

0.38 

0.40 

0.42 

0.44 

0.46 

0.48 

0.60 

0.62 

0.54 

0.66 

0.58 

0.60 

0.62 

0.64 

0.66 

0.68 

0.70 

0.72 

0.74 

0.76 

0.78 

0.80 

>67215  363 
67247  002 
67342  008 
67600  847 
67723  376 

68010  827 
68363  821 
68783  370 
69270  679 
69827  164 

70464  408 
71164  268 
71928  777 
72780  222 
73711  124 

74724  269 
75822  673 
77009  689 
78288  931 
79664  333 

>81140  166 
82721  060 
84411  981 
86218  363 
88146  988 

90201  156 
92390  611 
94721  623 
97202  on 
99840  184 

•10264  618 
10662  671 
10879  520 
11216  185 
11573  869 

11953  862 
12367  661 
12786  420 
13242  066 
13726  197 

14240  660 

+31  636 
96  004 
168  641 
222  729 
287  461 

362  994 
419  649 
487  309 
556  476 
627  254 

699  868 
774  511 
861  445 
930 

1013  136 

1098  414 
1187  016 
1279  242 
1375  402 
1475  833 

+  1680  884 
1690  931 
1806  372 
1927  636 
'  2066  168 

2189  465 
2331  012 
2480  388 
2638  173 
2804  996 

298  153 
316  846 
336  666 
357  684 
379  993 

403  689 
428  889 
466  646 
484  131 
614  4s3 

>67216  363 
67183  732 
67088  823 
66930  597 
66708  989 

66423 

66076  243 
65662  866 
65186  597 
64646  298 

64041  778 
63372  851 
62639  327 
61841  023 
60977  763 

60049  393 
59066  784 
57996  846 
56872  640 
55682  886 

>54427  987 
53108  036 
51723  342 
50274  364 
48761  676 

47186  107 
45648  683 
43860  621 
42093  665 
40279  384 

38410  425 
36489  463 
34619  767 
32506  269 
30460  561 

28360  990 
26242  866 
24103  438 
21961  331 
19796  2^ 

17649  5G0 

-31  631 
94  6(» 
158  ^ 
221  eK)8| 
285  080! 

1 

348  666 
412  387 
476  269 
640  299 
604  620 

668  927 
733  624 
798  304! 
863  260 
928  370 

993  £09 
1058  9.38 
1124  306 
1189  664 
1264  S99l 

-1319  952! 
1384  6931 
1448  988 
1612  6781 
1675  669| 

1637  444I 
1698  042i 
1767  088: 
1814  17l| 
1868  969| 

1920  9721 
1969  68&I 
2014  498 
2054  718 
2089  561 

2118  124 
2139  380 
2162  155 
2156  111 
2146  720 

>67215  363 
67216  367 
67215  414 

67215  622 

67216  182 

67217  368 
67219  532 
67223  113 
67228  638 
67236  726 

67248  093 
67263  658 
67284  062 
67310  622 
67344  444 

67386  826 
67439  228 
67603  268 
67580  736 
67673  610 

>67784  076 
67914  642 
68067  662 
68246  364 
68453  832 

68693  631 
68969  637 
69286  122 
69647  783 
70069  784 

70627  802 
71068  080 
71657  482 
72333  559 
73094  620 

73949  807 
74909  187 
75983  846 
77186  994 
78629  098 

80027  999 

+4 

47 

208 

560 

1  186 

2  164 

3  581 
5  525 
8  088 

11  367 

15  465 
20  494 
26  570 
33  822 
42  382 

62  402 
64  040 
77  467 
92  876 
no  466 

+130  466 
163  120 
178  692 
207  478 
239  799 

276  006 
316  486 
361  661 
412  001 
468  018 

1  630  278 

!  599  402 

676  077 

1  761  061 

1  856  187 

969  380 
1074  668 
1202  149 
1343  104 
1498  901 

SSSS8  S8SSS  g? 
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PARRY  MOON 


m  -  1.70 


$ 


A 

Pi. 

A 

Pt 

A 

•14240  650 
14787  389 
15368  525 
15986  315 
16643  181 

+546  739, 
581  136 
617  790' 
656  866 
698  535' 

■17649  500 
15524  259 
13435  571 
11400  778 
•9439  806 

-2125  241 
2088  688 
2034  793 
1960  972 
1864  272 

•80027  999 
81699  077 
83560  409 
85631  964 
87935  809 

+1671  078 
1861  332 
2071  555 
2303  845 
2560  539 

1.40 

1.42 

1.44 

1.46 

1.48 


17341  716! 
18084  697| 
18875  096! 
19716  093] 
20611  090' 

21563  7251 
22577  882 
23657  714! 
24807  650! 
26032  417| 

27337  050! 
28726  9171 
30207  7261 
31785  5521 
33466  845l 


742  981! 
790  3991 
840  997|| 
894  997, 
952  635|| 

1014  157il 
1079  832 1 
1149  936 
1224  767il 
1304  633! 

1389  867  { 
1480  809 
1577  826 
1681  293! 
1791  606, 


7575 

5834 

4245 

2845 

1671 

•770 

193 

•259 

*1048 

2458 

4591 

7565 

>11518 

16606 


534 

211| 

938, 

2191 

598! 

386| 
5091 
483 
538| 
931 1 

464! 

258 

816 

442 

074 


1741 

1588 

1400 

1173 

901 

-576 

+259 

789 

1409 

2132 

2974 

3952 

5087 

6403 


323' 
2731 
719! 
621 1 
212| 

8771 


055, 

393! 

533! 


794 

558 

626 

632 

548 


90496  348i 
93340  590! 
96498  448! 
•10000  307! 
10389  1251 

10820  382! 
11298  6171 
11828  881 1 
12416  802' 
13068  655 

13791  4481 
14593  021 1 
15482  154! 
16468  698; 
17563  726 


2844  242 
3157  858 
3504  626 
388  818 
431  257 

478  235 
530  264 
587  921 
651  853 
722  793 

801  573 
889  133 
986  544 
1095  028 
1215  981 


•35258 

37167 

39202 

41369 

43679 

46140 

48762 

51554 

54527 

57692 

61062 

64647 

68460 

72515 

76826 


451 

630 

069 

899 

710! 

5611 

000 

065! 

299 

757! 

004! 

123! 

707; 

860 

180! 


+  1909  179 
20.34  439 
2167  830 
2309  811! 
2460  85ll 

2621  439; 

2792  065 
2973  234 
3165  458 
3369  247| 

3585  119' 
3813  584' 
4055  153' 
4310  320 
4579  571' 


•23009 

30937 

40632 

52372 

66481 

83336 

•10337 

12711 

15513 

18816 


622 

888 

219 

013 

279 


+7928  266 
9694  331 
11739  794 
14109  266, 
16855  179! 


4581 
581 ! 
070! 
921 1 
269 


20039  353I 
2373  489 
2802  851 
3302  348 
3884  319 


22700  588 
27264  161 ! 
32622  110 
38911  151 
46294  272| 


4563  573 
5357  949 
6289  041 
7383  121 
8672  301 


•18779 

20130 

21632 

23303 

25163 


707 

709 

646 

550 

919 


+  1351 
1501 
1670 
1860 
2073 


002 

937 

904 

369 

185 


27237  1041 
29549  790 
32132  567 
35020  610 
38254  513 


2312  686 
2582  777 
2888  043 
3233  903 
3626  783 


41881  296 
45955  642 
50541  408 
55713  506 
61560  226' 


4074  346 
4585  766 
5172  098 
5846  720 
6625  936 


81405  751  [ 


54966  573! 


68186  162 


1.50 
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m  -  1.70 


& 

1.500 

1.506, 

1.510| 

1.515! 

1.520; 

1.525 

1.530 

1.535 

1.540 

1.545 

1.560 

1.555 

1.560 

1.565 

1.670 


•81405 

82504 

83801 

85025 

86269 

87531 

88811 

90111 

91431 

92770 

94129 

95508 

96907 

98327 

99768 


J5J'+1188 

J206 


035 

8611 

122 

066 
901 ; 
897i 
285 
309^ 

213 

243, 

647: 

673i 

571 


1224 

1243 

1261 

1280 

1299 

1319 

1339 

1358 

1379 

1399 

1420 

1440 


658 
6% 
826 
261 1 
934 

845 

996 

388 

024 

904 

030 

404 

026 

898 


•54966 

57362 

69857 

62456 

65162 

67981 

70918 

73978 

77165 

80487 

83950 

87558 

91320 

95242 

99332 


S»+2396 

2495 

2598 

2706 

2819 

Jg  2936 
019 

9  7i  2187 
^  3321 

3462 

3608 

6091  2761 
HIS!  3922 
SI  4089 


010 

111 

516 

436: 

090 


992 

145 

666 

889l 

163! 

860 


r/2  11.00000  000 


1.00000  000 


— 

•68186 

1 

162i 

69978 

496 

71829 

364 

73741 

036 

1  75715 

884 

77756 

3961 

79865 

177 

82044 

958 

84298 

601 

:  86629 

109 

89039 

633 

91533 

482 

94114 

128 

96785 

222 

99550 

602 

1.00000 

000 

+  1792  334 
1850  868 
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AN  APPLICATION  OF  POLYNOMIAL  APPROXIMATION  TO 
THE  SOLUTION  OF  INTEGRAL  EQUATIONS  ARISING 
IN  PHYSICAL  PROBLEMS 

Bt  Prbscott  D.  Grout 

1.  Introduction.  Many  physical  problems  can  be  expressed  simply 
and  naturally  by  means  of  integral  equations.^  Such  equations  arise 
in  applying  the  principle  of  superposition,  and  hence  are  met  in  con¬ 
sidering  any  phjrsical  system  wherein  this  principle  is  valid.  For¬ 
tunately  such  systems  are  the  rule  rather  than  the  exception  in  most 
branches  of  engineering;  whence  it  follows  that  a  great  variety  of 
problems  can  be  formulated  by  means  of  integral  equations.  Examples 
of  such  problems  are  electric  circuit  and  field  problems,  elastic  stability 
and  foundation  problems,  mechanical  vibration  problems,  fluid  flow 
problems,  various  problems  in  optics,  and  so  on.  It  seems,  therefore, 
that  the  integral  equation  should  be  a  powerful  tool  at  least  comparable 
in  importance  with  the  differential  equation,  and  one  in  common  every¬ 
day  use  in  solving  engineering  problems.  Such  would  be  the  case  if 
there  were  any  way  to  obtain  within  a  reasonable  time  solutions  having 
engineering  accuracy. 

The  purpose  of  this  paper  is  to  show  how  algebraic  polynomials  can 
be  used  to  obtain  approximate  solutions  of  integral  equations.  We 
shall  see  that  certain  tables  recently  computed  specifically  for  Lagran- 
gean  interpolation  are  peculiarly  adapted  to  use  in  connection  with  this 
problem. 

The  following  exposition  is  divided  roughly  into  three  parts.  The 
first  is  a  brief  discussion  of  polynomial  approximation,  the  purpose 
being  to  outline  the  underlying  theory,  to  show  how  to  use  the  tables, 
and  to  illustrate  and  give  confidence  in  the  accuracy  of  such  approxima¬ 
tion.  The  second  consists  of  the  formulation  and  solution  of  the  int^al 
equations  arising  in  three  specific  problems:  a  stability  problem,  a 
foundation  problem,  and  a  potential  problem.  The  purpose  is  to  show 
how  easily  the  integral  equations  are  set  up,  and  to  illustrate  the  method 
of  solution.  The  exact  solutions  of  these  problems  are  known,  and 
Compare  very  well  with  the  solutions  obtained  by  the  method  described. 

*  Frank  and  Mises,  “Die  Differential  und  Integralgleichungen  der  Mechanik 
und  Physik,”  vol.  1,  p.  471. 
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The  third  part  contains  a  discussion  of  the  theory,  a  consideration  of  the 
error  of  approximation,  and  certain  general  comments,  together  with  an 
indication  of  possible  extensions  of  the  method. 

At  this  point  it  will  be  mentioned  only  that  in  solving  a  specific 
problem,  a  large  part  of  the  work  is  concerned  not  with  the  problem  at 
hand  but  with  the  type  of  problem.  For  many  important  types  of 
problems  it  thus,  becomes  possible  to  tabulate  once  and  for  all,  in  the 
form  of  matrices  or  otherwise,  data  which  constitute  a  large  part  of  the 
solutions  of  all  problems  of  those  types.  Other  characteristics  of  the 
method  are  listed  in  Section  8. 

2.  Approximation  by  Poljmomials.  I^t  us  consider  the  algebraic 
polynomial 

y  =  Oo  +  oix  -I-  o*x*  +  . . .  +  (1) 

Choosing  any  2n  +  1  equally  spaced  points  on  the  x  axis,  the  midpoint 
being  zo  and  the  spacing  being  h,  let  the  corresponding  values  of  y  be 
y_,  ,  •  •  •  ,  y-i ,  yo ,  yi ,  •  •  •  ,  y»  •  The  graph  of  the  polynomial  thus 
passes  through  the  points  (lo  —  nh,  y-,),  •  •  •  ,  (xo  —  2h,  y_j),  (xo  —  h, 
y_i),  (xo ,  yo),  (xo  +  h,  yO,  (xo  +  2h,  y*),  •  •  •  ,  (xo  +  nh,  y,).  For  con¬ 
venience  we  place 

*  X  =  Xo  +  XA,  or  X  =  ^  ^  ;  (2) 

0  ’  h 

hence  substituting  in  (1)  we  obtain  a  polynomial  of  the  same  d^ree  in 
X;  thus 

y  =  Ao  +  AiX  -H  AtX*  +  •  •  •  +  Aj»X*",  (3) 

where  the  A’s  are  new  constant  coefficients.  This  pol3momial  is  evi¬ 
dently  satisfied  by  the  following  pairs  of  values  of  X  and  y: 

(-n,  y_0,  •  •  •,  (-2,  y_t),  (-1,  y_i),  (0,  yo),  (1,  yi),  (2,  y*),  •  •  -,  (n,  y,). 

Substituting  each  of  these  in  (3)  we  obtain  a  set  of  2n  -H  1  linear  equa¬ 
tions,  thus 

y<  =  Ao  +  Ai  t  +  Aji*  +  •  •  •  +  Atni*",  i  =  —  n,  •  •  •  ,  n.  (4) 

These  equations  completely  determine  the  A’s  as  linear  combinations 
of  the  y’s;  thus 

Ao  *  Bo.-nV-n  +  •  •  •  +  4*  Bo.oyo 

+  iSo.lVl  +  •  •  •  +  Bt.nJ/n 
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+  •  •  •  +  fii.-iy-i  +  Bifij/o 

+  Bi,iyi  +  •  •  •  +  Bi^nVn  (5) 


^lii  =  Bin.-nif-n  + 


+  Btn.-iH-l  +  Bin.oVo 

+  Btn,iyi  + 


“t"  Bin.nUn  t 


where  the  B’s  are  constants.  Tables  of  these  constants  for  n  —  1,  2,  3 
are  given  on  page  91. 

Multiplying  the  relations  (6)  by  1,  X,  X*,  •••  ,  X*",  respectively, 
adding,  and  comparing  the  sum  of  the  left  hand  sides  with  (3),  W'e 
obtain  the  polynomial  expressed  in  the  form 

y  =  K-ny-n  +  •  •  •  +  K-iy-i  +  Kayo  +  Kiyi  +  •  •  •  +  K^n  •  (6) 
Here  the  K’ft  are  polynomials  of  degree  2n  in  X;  thus 

K-n  =  Bo,-n  +  i^l.-nX  +  +  •  •  •  +  fij«,_»X*" 

Ko  =  Bo,o  +  Bi,oK  +  Bi.oX*  +  •  •  •  +  B»«,oX*"  (7) 

Kn  =  Bo.n  +  Bi,n\  +  fll.«X*  +  *  *  •  “h  fl|».iiX*". 

Tables  of  the  K’s  for  —  n  <  X  <  n  by  tenths  and  n  =  1,  2,  3  are  given 

on  page  84. 

Differentiating  (6)  successively  with  respect  to  x,  noting  from  (2) 

that  =  r  -^1  we  have 
dx  AdX 


dy  1  tvrf 

_  1  „  . 
dx* 

dx*  + 


+  K-\y-i  -|-  Koyo  +  Kiyi  +  •  •  •  +  (8) 

■  +  K-iy-i  Kayn  A-  K\yi  •  •  •  +  K^yi^,  (9) 
1 

•  +  /v_i2/_i 


(10) 


+  Ko'yo  A-  Ki  yi  +  •  •  •  +  y^, 


where  the  primes  indicate  differentiation  with  respect  to  X.  Tables 
of  the  iC'’8,  K"'&,  and  K'"'»  are  given  for  integral  values  of  X  between 
—  n  and  n,  and  n  =  1,  2,  3  on  page  88. 

By  means  of  (6),  (8),  (9),  (10),  and  the  tables,  we  can  evidently  ob¬ 
tain  the  value  ofy,^,  or  ^  corresponding  to  any  tabulated  value 
dx  dx*  dx* 
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of  X  if  only  we  are  given  the  values  of  y  at  any  2n  +  1  equally  spaced 
points.  It  should  be  noted  that  the  position  of  the  midpoint  relative 
to  the  origin  is  of  no  consequence.  If  a  derivative  of  y  is  desired  for 
a  value  of  X  not  an  integer,  it  can  be  computed  for  each  of  the  2n  -|-  1 
integral  values  of  X,  and  then  (6)  applied,  since  the  derivative  is  itself 
a  poljmomial  of  degree  less  than  2n.  In  such  an  application  the  com¬ 
puted  values  of  the  derivative  play  the  rdle  of  the  y’s.  Similarly,  once 
the  values  of  y  or  any  of  its  derivatives  have  been  computed  for  values 
of  X  spaced  at  .10,  2n  +  1  consecutive  computed  values  can  be  taken 
and  (6)  again  applied,  h  being  one-tenth  its  former  value.  Values  of 
y  or  its  derivatives  can  thus  be  obtained  corresponding  to  a  spacing 
of  .01  for  the  original  X.  This  process  can  be  continued  indefinitely, 
the  results  coinciding  with  those  which  would  be  obtained  using  a  more 
extensive  table. 

Integrating  (6)  we  obtain  the  expression 

/Sf+nA  mn 

ydx^h  yd\  =  hlC-ny-n  +  •  ‘ 

»-«*  J-n  (11) 

+  C_iy_i  -|-  Coi/o  +  Ciyi  +  •  •  •  +  Cny*], 

where 

Ci  =  f  Kidk,  i  =  — n,  •  •  • ,  —1,  0,  1,  •  • . ,  n. 

H 

Tables  of  the  C's  are  given  on  page  83. 

If  the  expressions  (6),  (8),  (9),  (10),  and  (11)  are  applied  to  a  function 
not  a  polynomial  of  degree  2n  or  less,  they  become  formulas  of  inter¬ 
polation,  approximate  differentiation,  and  approximate  integration,  the 
approximating  function  being  the  polynomial  of  degree  2n  which  coin¬ 
cides  with  the  given  function  at  2n  +  1  equally  spaced  jwints.  In 
fact  (6)  is  a  standard  formula  for  Lagrangean  interpolation,  and  (11) 
is  the  corresponding  Cotes  formula  for  approximate  integration.  The 
simplest  of  these  formulas  (n  =  1)  used  repeatedly  over  adjacent  pairs 
of  equal  intervals  gives  Simpson’s  rule. 

Since  we  shall  later  use  polynomials  to  approximate  unknown  func¬ 
tions,  it  is  important  to  verify  that  polynomials  as  a  class  are  capable 
of  performing  such  approximation.  Thus  we  must  know  that  poly¬ 
nomials  can  be  determined  which  are  sufficiently  well  behaved  to  make 
their  use  as  approximating  functions  feasible.  That  such  is  the  case 
follows  from  the  fact  that  polynomials  determined  in  certain  specific 
wajns  serve  very  well  as  approximating  functions.  As  examples  we  have 
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those  pol3rnoinials  determined  by  the  method  of  least  squares,  and  also 
the  Lagrange  interpolation  polynomials  determined  to  coincide  with  the 
given  function  at  2n  +  1  equally  spaced  points.  Of  these  we  shall 
consider  only  the  latter,  and  shall  now  give  reasons  why  we  conclude 
that  the  interpolation  polynomials  are  not  erratic,  but  are  smooth  and 
consistent,  and  make  good  approximating  functions. 

First,  there  exists  an  error  formula  which  places  a  definite  upper 
bound  on  the  error  of  approximation.*  This  formula  can  be  applied 
if  the  function  approximated  has  a  known  analytic  expression.  Used 


Fio.  1 


in  connection  with'  various  common  functions  such  as  the  sine,  loga¬ 
rithm,  exponential,  probability  integral,  etc.  it  guararUees  an  accuracy 
that  is  astounding.  For  example  Fig.  1  shows  one  quarter  cycle  of 
/(x)  =  sin  X  together  with  the  second  degree  polynomial  which  coincides 

with  this  function  at  x  =*  0,  j ,  5 .  If  drawn,  neither  the  fourth  degree 

4  A 

*  Rutledge  and  Grout,  “Tables  and  Methods  of  Extending  Tables  for  Inter¬ 
polation  Without  Differences,”  this  Journal,  vol.  9,  p.  166. 
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polynomial  coinciding  at  x  =  0,  5 ^ s  the  sixth  degree  poly- 

o  4  0  2 

nomial  coinciding  at  0,  ^ j  ^ ^ ^  could  be  distinguished  by  eye 

12  u  4  u  12  2 

from  the  sine  curve,  for  at  all  points  of  the  interval  the  error  of  approxi¬ 
mation  is  known  to  be  less  than  .00030  for  the  first  and  less  than  .0000017 
for  the  second  of  these  polynomials. 

The  second  reason  for  having  confidence  in  interpolation  polynomials 
is  that  they  have  given  very  good  results  when  applied  to  functions 
having  reasonably  smooth  curves,  but  either  complicated  analytical 
expressions  or  no  such  expressions  (as  in  the  case  of  experimental  data). 

The  third  reason  is  the  inherent  smoothness  of  the  interpolation 
polynomial.  Since  all  derivatives  beyond  the  2n’th  vanish  identically, 
this  polynomial  gives  in  a  sense  the  smoothest  curve  which  can  be 
drawn  through  the  given  2n  -|-  1  points.*  Also  we  see  that  (6)  gives 
the  polynomial  as  a  sum  of  contributions  proportional  to  the  various 
y’s,  the  K's  pla3dng  the  r61e  of  influence  functions.  Ki  is  evidently  the 
polynomial  of  degree  2n  in  X  which  takes  the  value  one  at  X  =  t  and 
vanishes  at  the  other  2n  integral  values  of  X.  From  the  tables  we  see 
that  in  the  interval  —  n  <  X  <  n  Kt  ia  generally  much  smaller  than 
one  numerically,  and  nowhere  exceeds  one  by  more  than  a  small  amount. 
It  thus  follows  that  a  small  change  Ay,-  in  y,-  cannot  throw  the  polynomial 
curve  into  violent  oscillation,  but  can  only  cause  alterations  smaller 
than  or  at  most  slightly  greater  than  Ay,- . 

It  should  be  emphasized  that  the  above  statements  apply  only  to  the 
interval  —  n  <  X  <  n.  Outside  of  this  interval  the  K’a  all  increase 
in  magnitude  without  limit  as  X  is  increased  in  either  the  positive  or 
negative  direction,  since  they  are  themselves  polynomials  of  degree  2n. 

The  above  considerations  indicate  that  the  interpolation  polynomial 
can  be  depended  upon  to  give  a  good  approximation  to  any  reasonably 
smooth  curve  in  the  interval  bounded  by  the  outer  two  ordinates.* 

*  This  fact  has  a  particular  significance  in  cases  where  it  is  necessary  to  differ¬ 
entiate  the  approximating  function.  For  example,  in  obtaining  bending  and 
shear  stresses  in  plates  and  beams,  second  and  third  derivatives  are  required. 
An  approximating  function  can  easily  be  visualized  which,  though  apparently 
smooth  and  capable  of  giving  a  good  approximation  of  a  function  itself,  neverthe¬ 
less  contains  discontinuities  in  the  curvature,  and  hence  the  second  derivative. 

*  The  difference  between  two  curves  having  the  same  interpolation  polynomial 
is  evidently  one  which  oscillates  through  2n  1  equally  spaced  points  on  the 


We  have  thus  shown  that  approximation  by  polynomials  is  feasible,  and 
have  obtained  certain  useful  properties  of  the  interpolation  polynomial. 


3.  The  Solution  of  Integral  Equations  by  Polynomial  Approximation. 
A  method  for  obtaining  approximate  solutions  of  integral  equations  will 
now  be  described  in  connection  with  three  specific  problems.  The 
exact  solutions  of  these  problems  are  known  and  are  compared  with 
the  solutions  obtained.  This  comparison  permits  an  appraisal  of  the 
accuracy  of  the  method.* 

Problem  1.  A  beam  of  constant  flexural  rigidity  El  and  length  L  is 
hinged  at  the  ends  and  subjected  to  a  compressive  force  P.  Find  the  critical 
value  of  P  and  the  first  mode  of  buckling.  First  we  set  up  the  problem 


(C) 


*  I- 

Fio.  2 


in  the  form  of  an  integral  equation.  Placing  coordinate  axes  as  shown 
in  Fig.  2a,  we  consider  the  beam  in  a  slightly  deflected  position  during 
buckling.  Noting  that  the  bending  moment  M{x)  at  any  point  x  is 
proportional  to  the  deflection  s{x)  at  that  point,  we  see  that  the  corre¬ 
sponding  curve  of  A/(x)  is  of  the  form  shown  dotted  in  Fig.  2b.  Let 
us  consider  a  bending  moment  distribution  which  coincides  with  M{x) 
in  the  interval  i  <  x  <  ^  +  d^  and  vanishes  for  all  other  values  of  x. 
This  “elementary  di.stribution”  is  shown  by  full  lines  in  Fig.  2b.  We 

*  The  data  ((iven  here  (except  where  exact)  is  obtained  by  omitting  a  certain 
number  of  decimal  places  from  the  corresponding  original  data,  which  was  ob¬ 
tained  using  a  ten  bank  computing  machine  retaining  ten  decimal  places  through¬ 
out.  Although  the  error  introduced  by  the  computation  was  not  separately 
considered,  it  seems  evident  that  the  number  of  significant  figures  obtained  is 
more  than  sufficient  for  our  purposes. 
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shall  now  obtain  the  deflection  curve  due  to  such  an  elementary  dis¬ 
tribution. 

Since  the  curvature  of  a  beam  is  times  the  bending  moment,  this 

til 

curve  evidently  consists  of  two  straight  lines  which  meet  at  a  corner 

and  differ  in  direction  by  the  angle  .  The  “corner”  occupies 

til 

the  interval  d^,  Fig.  2c.  Noting  that  the  angles  are  small,  we  see  that 
the  ordinate  at  x  =  {  is  either  {o  or  (L  —  {)/3;  hence  since  o  +  /3  =  7 

= 

(L-  OP,  Lfi  =  Oct  +  /3)  =  {7, 

,  _  miOd^  _  a  -  k)M{Odi 

^  »  similarly  a  =  - — - . 


The  deflection  at  any  point  x,  which  wc  denote  by  d«,  is  thus 

ds  =  G(x,  OMiOdi,  (12) 

where  the  “influence  function”  or  “Green’s  function”  6'(x,  {)  is  given 
by  the  expressions 


G'Cx,  {)  -  ^ *  X  <^, 

(Kx,  0  =  .  x>^. 


(13) 


The  Green’s  function  evidently  gives  the  deflection  that  would  be  ob¬ 
tained  in  the  limit  if  Af(f)  were  magnified  and  were  contracted  in¬ 
definitely,  the  product  being  held  equal  to  1.  Such  a  limiting  process 
is  closely  similar  to  that  which  gives  rise  to  the  concept  of  a  concentrated 
load,  or  a  dipiole.  G{x,  ()  is  evidently  the  deflection  due  to  a  “concen¬ 
trated  bending  moment”  of  value  1.  From  this  viewpoint  ds,  the 
contribution  of  the  elementary  bending  moment  distribution  to  the  final 

deflection  curve,  is  of  the  Green’s  function,  which  fact  gives  a 

.simple  interpretation  of  (12).  Integrating  (12)  we  add  the  contributions 
of  all  the  elementary  distributions  which  compose  the  complete  bending 
moment  distribution;  hence  noting  that  M(0  =  PaiO,  we  have 

«(x)  =  ^  j[  Oix,  0»iOd^ , 


(14) 
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a  “homogeneous  integral  equation  of  the  second  kind.”'  In  deriving 
it  we  considered  the  bending  moment  distribution  merely  because  it 
affords  a  convenient  way  of  obtaining  the  effect  of  the  deflection  at  any 
point  (  on  the  deflection  curve  as  a  whole.  It  should  be  noted  that  the 
end  conditions  are  taken  account  of  in  deriving  the  Green’s  function, 
and  are  hence  satisfied  by  each  of  the  “elementary  deflection  curves” 
which  compose  the  integral  (14).  The  integral  equation  therefore 
automatically  contains  the  boundary  conditions,  which  property  stands 
in  sharp  contrast  to  the  behavior  of  differential  equations.  The  next 
step  is  to  solve  the  integral  equation  for  8(x). 

It  seems  physically  evident  that  the  deflection  curve  for  the  first 
mode  of  buckling  is  smooth  enough  to  permit  good  approximation  by 
a  fourth  degree  polynomial  y(x)  passing  through  the  fixed  end  points. 
Let  x_f  =  0,  x-i  =  \L,  Xo  =  ^L,  Xi  =  fL,  =  L,  and  let  the  values 
of  y{x)  at  these  points  be  y-t  =  0,  y_i ,  yo ,  yi ,  yt  ==  0,  respectively; 
then  from  (2)  and  (6)  we  have  (approximation  being  indicated  by 


«(x)  ^  yix)  =  £  Ki{\)yi , 


(15) 


where  X  =  4  y  —  2  and  h  =  JL.  Placing  (15)  in  (14),  it  follows  that 

ij 


yix)  [  (fix,  I)  2  Kii\)yi  , 
Jo  <— 1 

yix)^P  t,  yi  C  Gix,^)Kii\)di, 

<.i_l  Jo 


(16) 

(17) 


where  X  *=  4  y  —  2.  Since  yix)  and  Cr(x,  {)  both  vanish  at  z  =  0  and 

Ij 

X  =  L,  we  see  that  the  approximation  sign  becomes  an  equahty  at  these 
two  end  points.*  We  next  require  the  two  sides  of  (17)  to  be  equal  at 
X  =  x_i ,  X  =  Xo,^  and  x  =  Xi  ;  and  thus  obtain  the  following  three 
linear,  homogeneous,  algebraic  equations 


Vk 


EyJ 

i^l  Jq 


Gixk,i)Kii\)di,  *=-1,0,1,  (18) 


which  determine  P  and,  except  for  an  arbitrary  constant  factor,  y_i , 
yo ,  and  yi .  It  is  entirely  possible  to  evaluate  the  integrals  appearing 
in  (18);  however,  it  is  simpler  to  proceed  as  follows. 


*  Equating  the  two  sides  of  (17)  for  z  «  0  and  z  L,  we  obtain  the  equations 
y-t  ~  0  and  yi  ~  0;  hence  it  was  not  necessary  initially  to  place  y_i  yi  ■■  0 
because  of  end  conditions. 
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The  right  hand  side  of  (18)  is  a  rearrangement  of  P  G(xi,  d(. 

Jo 

Since  y({)  is  a  smooth  curve  and  since  G(xk,  0  is  smooth  on  either  side 
of  the  corner  at  {  Xk,  the  integrand  Gixk ,  ()y(i)  is  smooth  on  each 
side  of  this  point,  at  which  it  too  has  a  comer.  Approximate  inte¬ 
gration  using  (11)  should  therefore  give  good  results  for  this  integral 
and  hence  the  right  side  of  (18)  if  applied  separately  on  each  side  of 
(  »  Xft ,  so  that  no  one  interpolation  polynomial  is  required  to  approxi¬ 
mate  both  sides  of  the  corner. 

Let  us  divide  the  interval  0  <  {  <  L  into  eight  equal  subintervals, 
and  apply  Simpson’s  rule,  which  is  (11)  with  n  =  1  applied  to  consecu¬ 
tive  pairs  of  subintervals.  Each  of  the  intervals  0  <  f  <  JL,  JL 
<  {  <  jL,  iL  <  (  <  \L,  \L  <  ^  <  LSa  hence  approximated  by  a  second 
degree  polynonual.  Simpson’s  rule  is  used  so  that  we  can  apply  the 
same  integration  formula  regardless  of  whether  Xk  =  \L,  ^L,  or  |L. 
This  formula  is 

f  (19) 

>'0  4 


where  the  nine  values  of  j  refer  to  the  nine  points  bounding  the  eight 
equal  subintervals,  and  the  /’s  are  the  ordinates  at  these  points;  also 


D-4 


A 


Z)_i  =  Do  —  Di 


24' 


(20) 


Applying  (19)  to  (18)  we  have 

15^  =  i:  y,  E  (21) 

rL  i—i  I 

where  the  range  of  values  of  j  is  shortened  because  G(x*  ,  0)  =  G{xk  ,  L) 

“  0.  Here  X/  =  4  y  —  2.  The  matrix  of  the  coefficients  of  the  y’s 
Lj 

on  the  right  hand  side  of  (21)  may  be  written  as  the  (row  times  colunrn) 
product  of  two  matrices;’^  thus 

||G(x*,{,)l|.||Ai^<(X#)||.  (22) 


^  A  matrix  ||  a,-^  ||  is  a  rectangular  array  of  numbers,  or  ‘‘elements,”  ai/ , 
where  t  and  j  are  row  and  column  indices,  respectively.  By  definition 
c  1 1  Oi/I  I  “  1 1  ca»7  1 1 »  1 1  “</  1 1  +  1 1  1 1  “  1 1  +  fc</  1 1 ;  and  1 1  o<y  1 1  •  1 1  hi*  1 1  - 
1 aijbik  II,  where  in  the  (row  times  column)  product  matrix  the  row  and  column 
indices  are  i  and  k,  respectively.  Matrix  multiplication  is  associative  but  not 
commutative. 
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The  first  matrix  has  three  rows  and  seven  columns,  the  row  and  column 
indices  being  k  and  j,  respectively;  the  second  has  seven  rows  and  three 
columns,  the  row  and  column  indices  being  j  and  t,  respectively.  It  is 
interesting  to  note  that  the  fir^  matrix  depends  only  on  the  Green’s  func¬ 
tion,  and  hence  contains  the  physical  data  for  this  particular  problem.  The 
second  matrix  depends  only  on  the  method  of  solution,  and  can  be  computed 
once  and  for  all  and  used  on  a  variety  of  problems. 

It  may  be  objected  that  although  the  above  approximate  integration 

process  should  give  good  results  for  /  G(xk ,  and  hence  the  right 

side  of  (18)  as  a  whole,  the  same  accuracy  could  not  be  anticipated  for 

the  integrals  /  G(xk ,  ()Ki(X)di.  (See  page  39.)  However,  even  if  these 
Jo 

computed  coefficients  of  the  y’a  were  not  accurate,  still  the  accuracy 
of  the  complete  sums  assures  the  validity  of  the  equality  signs  in  (18); 
hence  the  resulting  system  of  linear  equations  is  correct,  together  with 
its  solution. 

Again  it  may  be  objected  that  since  the  linear  equations  (18)  require 
the  two  sides  of  (17)  to  be  equal  at  only  five  points  (including  the  end 
points),  there  is  no  assurance  that  these  two  sides  are  even  approxi¬ 
mately  equal  at  other  points;  however,  such  is  not  the  case.  The  right 
hand  side  of  (17)  is  an  expression  for  the  deflection  curve  due  to  a 
bending  moment  distribution  Py(().  Since  y(x)  is  a  smooth  curve, 
this  deflection  curve  is  also  smooth,  and  can  be  closely  approximated 
by  a  fourth  degree  polynomial  which  coincides  with  it  at  five  equally 
spaced  points.  But  y(x)  is  this  polynomial;  hence  the  approximation 
indicated  in  (17)  should  be  close  over  the  entire  interval  0  <  x  <  L. 

Returning  to  (22),  the  product  there  indicated  is 


L 

16  El 


4.375 

-2.1875 

.875 

2 

0 

0 

1.5 

3 

2.5 

2 

1.5 

1 

i::- 

1.875 

2.8125 

-.626 

1 

2 

3 

4 

3 

2 

0 

2 

0 

.5 

1 

1.5 

2 

2.5 

3 

-.625 

2.8125 

1.875 

0 

0 

2 

.875 

-2.1875 

4.375 

I. 

II 

16.750 

10.875 

6.750  1 

=  — 13.000  20.500  13.000  , 
384  ^  jQ  jg  7gQ 


0 


(23) 


INTEGRAL  EQUATIONS  AND  PHYSICAL  PROBLEMS 


45 


wherein  the  first  matrix  is  obtained  from  (13),  the  second  from  (20) 
and  Table  3,  and  the  third  by  carrying  out  the  multiplication.  The 
system  of  equations  (21)  is  thus 


Xy_i  =  16.760  y_i  +  10.875  yo  +  6.760  yi 

Xyo  =  13.000  y_i  -f-  20.500  yo  "f*  13.000  yi 

Xyi  =  6.750  y_i  +  10.875  yo  +  16.750  yi , 

where 

384.  El  _  384.  El 

*=-^.  or  P--^- 


(24) 


(25) 


These  equations  are  easiest  solved  by  taking  advantage  of  symmetry;' 
however,  in  order  to  show  the  general  procedure  better,  we  proceed  as 
follows.  Transposing  the  left  hand  sides  we  obtain  a  system  of  homo¬ 
geneous  linear  equations,  whose  solution  is  y-i  —  yo  =  yi  ^  0  (no  buck¬ 
ling)  unless  X  is  a  root  of  the  equation 


or 


16.750  -  X  10.875 
13.000  20.500  -  X 

6.750  10.875 


6.750 

13.000 


=  0, 


16.750  -  x| 


(26) 


X*  -  54X*  +  639X  -  1990  =»  0.  (27) 


Noting  (25)  we  obtain  the.  largest  of  the  three  roots  of  this  equation. 
This  root  is  x  =  38.88194,  which  in  (25)  gives  the  critical  load 


P  = 


FT 

9.87605 


(28) 


To  obtain  the  corresponding  mode  of  buckling  we  place  the  numerical 
value  of  X  in  the  determinant  (26),  and  compute  the  cofactors  of  the 
elements  lying  in  any  row — say  the  second;  thus  An  =  314.091,  An 
=  444.260,  An  =  314.091.  The  y’s  are  proportional  to  these  cofactors, 

the  proportionality  factor  being  arbitrary.*  Letting  this  be  — ,  where 

An 

*  Placing  y_i  —  yi  for  the  first  mode  of  buckling,  the  third  equation  becomes 
identical  with  the  first,  and  may  be  omitted.  We  then  obtain  a  quadratic  instead 
of  a  cubic  equation  in  x. 

*  In  general  the  cofactors  of  the  row  tried  will  not  all  vanish.  If  they  do, 
another  row  should  be  tried.  Unless  the  rank  of  the  determinant  differs  from 
its  order  by  more  than  one,  there  are  at  least  two  rows  which  have  a  nonvanishing 
cofactor.  See  Pascal,  “Die  Determinanten,”  p.  197;  also  BAcher,  “Higher 
Algebra,”  p.  43. 
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n  is  any  constant,  we  have  finally 

j/_,  =  0,  y-i  =  .706998/i,  yo  =  m,  Vi  -  .706998m,  Vt  =  0.  (29) 

These  five  values  alone  give  a  good  enough  picture  of  y(x)  to  show 
the  mode  of  buckling.  If  desired,  however,  they  can  be  used  in  con¬ 
nection  with  (6)  and  Table  3  to  determine  y(x)  for  other  values  of  x, 
for  example  those  in  the  following  table. 


xfL 

±x 

y(x)/M  |sin(Tx/L)| 

i  1 

:tX 

y(.x)/n 

sin(irx/L) 

.50 

0 

1.00000 

1.00000 

.20, 

.80 

1.2 

.58716 

.58779 

.45,  .55 

.2 

.98773 

.98769 

.15, 

.85 

1.4 

.45269 

.45399 

.40,  .60 

.4 

.95119 

.95106 

.10, 

.90 

1.6 

.30716 

.30902 

.35,  .65 

.6 

.89122 

.89101 

.05, 

.95 

1.8 

.15471 

.15643 

.30,  .70 

.8 

.80918 

.80902 

0, 

1.00 

2.0 

0 

0 

.25,  .75 

1.0 

.70700 

.70711 

The  exact  solution  of  this  problem,  given  by  Euler’s  formula,  differs 
from  (28)  only  in  that  the  numerical  factor  is  r*  instead  of  9.87605. 

9  87605 

Since  — - —  =  1.00065,  we  see  that  (28)  gives  a  very  good  approxi- 

mation  to  the  critical  load.  The  shape  of  the  beam  during  buckling 
is  given  exactly  by  a  sine  curve  of  arbitrary  amplitude.  Ordinates  of 
such  a  curve  are  given  together  with  those  of  y{x)  in  the  above  table. 
A  table  is  used  because  the  differences  are  too  small  to  be  seen  on  a 
full  page  curve  sheet. 

In  the  above  problem  we  could  have  made  use  of  symmetry  from  the 
start  and  considered  only  half  the  beam,  in  which  case  the  Green’s 
function  would  be  the  expression  for  the  deflection  due  to  two  concen¬ 
trated  bending  moments  symmetrically  placed  about  the  center,  each 
of  value  1.  This  type  of  procedure  is  illustrated  in  the  following 
problem. 

Although  it  would  evidently  be  unreasonable  to  expect  a  fourth  degree 
polynomial  to  approximate  the  deflection  curve  for  a  higher  mode  of  buckling 
over  the  entire  interval  0  <  z  ^  L;  still  it  was  found  that  the  other  two  roots  of 
(27)  gave  values  of  P  whose  ratios  to  the  exact  critical  loads  for  the  second  and 
third  modes  of  buckling  are  .97  and  .84,  respectively.  The  corresponding  modes 
of  buckling  were  found  to  be  «  0,  »  —i*,  yt  *  0,  yi  «  Vi  ~  0;  and 

y_»  -  0,  y_i  -  —  .50p,  y»  -  m,  yi  “  —  M/i,  yt  0,  respectively. 

The  higher  modes  of  buckling  and  the  corresponding  critical  loads  can  evi¬ 
dently  be  obtained  directly  from  (28)  and  (29)  merely  by  letting  L  be  the  dis¬ 
tance  between  two  adjacent  points  of  zero  deflection  instead  of  the  length  of 
the  entire  beam. 
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Problem  2.  Two  long  right  circular  cylinders  are  placed  in  contact 
with  their  axes  parallel,  and  are  then  pressed  together  hy  a  force  of  magni¬ 
tude  F  per  unit  axial  length.  Find  the  width  of  the  region  of  contact,  the 
pressure  distribution  over  this  region,  and  the  amount  by  which  the  cylinders 
approach  each  other  due  to  the  force.  We  consider  a  unit  axial  length 
of  the  cylinders  and  loading  (not  too  near  the  ends).  Placing  coordinate 
axes  as  shown  in  Fig.  3a,  we  have  for  the  first  cylinder  before  the  load 
is  applied 


using  the  binomial  theorem  or  expansion  in  series.  Denoting  the  width 
of  the  region  of  contact  under  load  by  2a,  it  follows  that  the  initial 


Fiq.  3 

separation  of  the  cylinders  for  —  a  <  x  <  a  is  closely  given  by  the 
expression 

+  =  +  (30) 

We  now  choose  two  points.  Pi  and  Pt ,  one  in  each  cylinder  on  the 
line  of  centers,  their  initial  distances  from  the  point  of  contact  being 
di  and  dt ,  respectively,  both  large  compared  with  a  but  (for  the  present) 
small  compared  with  Ri  and  Rt .  Applying  the  load  let  a  denote  the 
decrease  in  the  distance  PiPt ,  and  let  wi{x)  and  t0i(x)  be  the  deflections 
relative  to  Pi  and  Pt  of  the  surfaces  of  the  cylinders  over  the  region  of 
contact  measured  positive  in  the  directions  Zi  and  zt ,  respectively. 
Then  the  decrease  in  the  separation  of  the  cylinders  is  o  —  uh(x)  —  u^(x), 
and  over  the  region  of  contact  this  must  equal  Zi  +  Zi ;  hence  from  (30) 
we  have 


Wi(x)  +  u>i(x)  ”  a  —  j8x*. 


(31) 
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Noting  symmetry  our  problem  is  evidently  to  determine  the  pressure 
distribution  q{x)  so  that  q{a)  0  and  so  that  the  resulting  deflections 
satisfy  (31)  in  the  interval  0  <  a:  <  a.  Obviously  qi—x)  =  q(x). 

Let  us  consider  that  part  of  cylinder  fti  1  which  lies  in  the  vicinity 
of  the  region  of  contact,  the  surface  being  very  closely  plane,  Fig.  3b. 
In  order  to  obtain  tci(x)  from  q{x)  we  superimpose  the  deflections  due 
to  a  number  of  elementary  loadings.  Such  a  loading  coincides  with 
q{x)  for  +  d$)  <  X  <  and  {  <  x  <  ({  +  d{),  and  vanishes 
everywhere  else.  If  Gi{x,  0  denote  the  deflection  at  x  due  to  two  unit 
loads  concentrated  on  knife  edges  one  at  x  {  and  the  other  at 
X  =  {,  then  the  deflection  dwi(x)  due  to  an  elementary  loading  is 

dwi{x)  =  Gi(x, 

Adding  the  contributions  of  all  the  elementary  loadings  which  compose 
q{x),  we  have 

u;i(x)  =  r  Giix,^)q{^)di.  (32) 

Jo 

In  order  to  proceed  further  we  must  obtain  the  Green’s  function  Gi(x,  (). 
The  deflection  due  to  a  unit  load  concentrated  at  the  origin  is” 

'-TST  ('  -  r^)  - 

where  E  and  v  are  Young’s  modulus  and  Poisson’s  ratio,  respectively, 
and  the  subscript  denotes  cylinder  H 1.  Using  this  expression  and 
superposition,  we  can  easily  write  down  Gi(x,  {)»  fhus 

-  p  [log  (x  -  {)  +  log  (x  +  {)],  {  <  X , 

-  [log  ({  -  x)  +  log  (x  +  I)],  i  >  X . 

**  For  data  from  the  theory  of  elaaticity  relevant  to  this  problem  see  Timo* 
shenko,  “Theory  of  Elasticity,"  pages  23,  88,  340,  349.  Equation  (33)  for  plane 

E  p 

deformation  was  obtained  simply  by  replacing  E  by  ^  and  »  by  ^  ■  in  the 

corresponding  expression  for  plane  stress. 
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Adding  and  subtracting 


4(1  -  y\) 

vEi 


venient  form 


log  a  we  obtain  Gi{x,  ()  in  the  con- 


where 


Gi(x,  {)  »  -  mi  log  ^  ^  , 

-  X* 

Gi(x,  f)  =  li  -  mi  log  ^  , 


(  <  X, 
X, 


h 


mi 


2(1  -  V?) 

tEi 


2(1  -  »?) 

rEi 


(34) 


(35) 


To  obtain  t»i(x)  we  proceed  exactly  as  above  with  cylinder  $2,  and 
thus  arrive  at  results  which  differ  from  (32),  (34),  and  (35)  only  in  that 
the  subscripts  are  changed  from  1  to  2  throughout.  The  relation  (31) 
now  becomes 


a  —  fix*  —  f  [Gi(x,  {)  d-  Gi(x,  {)]  qiO 

"'0 

=  ih  +  W  /  ?({)  df  +  (mi  +  m»)  f  G{x,  i)qi^)  d{, 

Jo  Jo 


or  hnally 

a  —  fix'  =  (mi  =f  mj)  / 

Jo 

G(x,  {)?({)  d{. 

(36) 

where 

G(x,  {)  *  -  log  , 

{  <  X, 

G(x,  ^)  =  -  log  , 

{  >  X, 

(37) 

a  =  a  -  mil  +  «  . 

Equation  (36)  is  an  integral  equation  of  the  “first  kind,”‘  which  we  shall 
now  solve  for  q(x). 

It  seems  physically  evident  that  the  pressure  distribution  q{x)  is 

smooth  enough  to  be  well  approximated  by  a  fourth  degree  polynomial 
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y(x).  Let  x_f  =  0,  x_i  =  ia,  xo  =  ia,  Xi  =  }a,  x*  =  a;  and  let  the 
corresponding  values  of  y{x)  be  i/_i ,  y-i ,  •  •  •  ,  j/i ,  respectively;  then 
from  (2)  and  (6)  we  have 

q{x)  ^  y(x)  =  23  Kii\)yi ,  (38) 

<— t 


where  X  =*  4 - 2  and  h  —  Jo.  Placing  (38)  in  (36)  it  follows  that 

a 

a  -  jSx*  ^  (mi  +  m*)  /  G(x,  {)  ^  K<(X)j/<  d$ , 

Jo  <— * 


or 


a 

mi  +  m* 


—  g—  X* 

mi  -f  wji 


G(x,  df  » 


(39) 


where  X  =  4|  —  2.  We  now  place  |/f  =  0  because  the  pressure  at  the 

edge  of  the  region  of  contact  vanishes;  then  we  determine  the  five 
unknowns  a,  y_j ,  y-i ,  yo ,  yi  by  requiring  the  two  sides  of  (39)  to  be 
equal  at  the  five  points  x  =  x_i ,  x_i ,  •  •  •  ,  xi ;  thus 


mi  tth  mi  +  mt 


h*  =  ^  Vi  f  G(x*,  , 

»— 1  Jo 


(40) 


k=  -  2,  -  1,  0,  1,  2, 


which  is  a  system  of  linear  algebraic  equations.  The  next  problem  is 
to  evaluate  the  integrals  which  appear  as  coefficients  of  the  y’s. 

Since  G(x* ,  {)  becomes  infinite  at  the  point  {  =  x*  in  the  interval 
of  integration,  we  shall  not  attempt  to  approximate  the  integrals,  but 
shall  actually  carry  out  the  integration.  Also  since  the  K'%  are  poly¬ 
nomials  in  (,  it  is  evident  that  the  work  involved  in  the  integration  will 
be  reduced  to  about  one-fourth  if  the  integrals 

rrG(x*,0d{,  0,1, 2, 3, 4  (41) 

Jo 


are  first  evaluated,  and  then  combined  so  as  to  give  the  desired  coeffi¬ 
cients.  This  process  can  be  greatly  simplified  as  follows.  The  K’% 
can  be  written  in  the  form 


(42) 


0 

* 
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where  the  c’s  are  constants.  The  coefficient  of  yi  in  the  ib**’  equation 
of  (40)  thus  becomes 


r  Gix, ,  i)Ki('K)  di  =  r  G{xt ,  i)  Z  4*c...  fiY  df 
Jo  Jo  .-0  \a/ 

.-0  o*  Jo 


We  now  see  that  the  mairix  of  the  coefficients  of  the  y’s  in  (40)  can  be 
expressed  as  the  {row  times  column)  product  of  two  matrices^  thus 


-[“mxjt.odi  . 

a*  Vo 


4*c... 


(43) 


The  first  matrix  has  five  rows  and  five  columns;  the  second,  five  rows 
and  four  columns.  For  the  first  matrix  the  row  and  column  indices 
are  k  and  s;  lor  the  second  they  are  s  and  i,  respectively.  The  next 
step  is  to  determine  the  integrals  (41)  and  the  coefficients  c<.«  so  that 
we  can  actually  set  up  these  matrices. 

Since  G(xt ,  ()  has  different  analytic  expressions  on  the  two  sides  of 
the  point  f  =  i* ,  it  is  necessary  to  write  each  integral  as  the  sum  of 
two  integrals;  thus 


£Mog(r--Q 


d( 


(44) 


where  r  =  —  .  The  evaluation  of  these  integrals  is  not  difficult.  A 
a 

single  integration  by  parts  replaces  each  integral  of  (44)  by  an  integral 
of  a  rational  fraction.  In  applying  the  limits,  use  is  made  of  the  usual 
methods  of  handling  indeterminate  forms  (L’Hospital’s  rule).  Pro¬ 
ceeding  as  outlined,  we  obtain  the  following  results: 

h  =  o[2  -  (1  -  r)log(l  -  r)  -  (1  -1-  r)log(l  -|-  r)] 
h  =  ia*[l  -  2r*log  r  -  (1  -  r*)log(l  -  r*)] 

It  =  io*l!  +  2r*  -  (1  -  r*)log(l  -  r)  -  (1  -b  r*)log(l  +  r)]  (45) 

I*  =  +  r*  -  2rVg  r  -  (1  -  r*)log(l  -  r*)] 

/«  =  Ml  +  ir*  -b  2r‘  -  (1  -  r‘)log(l  -  r)  -  (1  +  r‘) log (1+ r)]. 

For  X*  =  0  or  a,  one  of  the  two  integrals  in  (44)  drops  out,  and  the 
expressions  (45)  become  indeterminate.  It  was  verified,  however,  that 
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the  limitH  which  thene  cxpreenions  approach  as  x*  — ♦  0  or  x*  — » a  coincide 
with  the  values  obtained  by  placing  x*  =  0  or  a  before  integrating. 
For  xt  =  0  (r  =  0),  we  have 

/o  =  2a,  1 1  =  ja*,  It  =  fa*,  /a  =  I*  =  A®*-  (^6) 

For  Xk  =  a  (r  =  1),  we  have 

lo  =  2a(l  -  log  2),  /,  =  Ja*,  /,  =  |a*(f  -  log  2), 

/,  =  fa*,  /a  =  fa‘(f|  -  log  2). 


Placing  r  =  J,  f,  and  J  in  (45),  and  using  (46)  and  (47),  we  obtain  for 
the  first  matrix  in  (43)* 


(48) 


We  shall  next  determine  the  coefficients  c,-.,,  which  arise  in  (42)  and 
appear  in  the  second  matrix  of  (43).  These  are  obtained  by  placing 

X  =  I  —  2  in  the  expression  (7) 
h 


2.00000 

.50000 

.22222 

.12500 

.08000 

1.93683 

.61690 

.28274 

.15940 

.10270 

1.73838 

.78117 

.43901 

.27659 

.18900 

1.36725 

.84266 

.59914 

.45242 

.35454 

.61371 

.50000 

.42679 

.37500 

.33607 

Ki{\)  =  i:  B...x‘  =  i:  b,,A\  -  2Y, 

1-0  »-«  \n  / 


(49) 


writing  out  the  powers  of 


(I-) 


and  collecting  terms  involving  the 


same  power  of  | .  Instead  of  doing  this  directly  it  is  .somewhat  easier 
h 


to  proceed  as  follows.  Placing 


(60) 


where  the  d’s  are  the  coefficients  appearing  in  the  binomial  expansions, 
(49)  becomes 


KA\)  =  Z  fii,.  Z  d... 

1-0  *-0 


EBud,... 

1-0 


It  thus  follows  that 


1*0 


0 
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hence  the  second  matrix  in  (43)  can  itself  be  expressed  as  the  {row  times 
column)  product  of  two  matrices]  thus'^ 

1I4V.II  =  ||4‘rfo||-l|fiMl|.  (51) 

Here  the  row  and  column  indices  are  s  and  t  for  the  first  matrix  factor, 
and  t  and  i  for  the  second,  respectively.  The  first  can  be  obtained  by 
picking  out  the  coefficients  in  the  binomial  expansions  (50),  whereas 
the  second  can  be  taken  directly  from  Table  14.  The  product  (51) 
thus  becomes 


1 

-2 

4 

-8 

16 

0 

0 

24 

0 

0 

4 

-16 

48 

-128 

2 

-16 

0 

16 

0 

0 

16 

-96 

384 

1 

16 

-30 

16 

0 

0 

0 

64 

-512 

- 

2 

4 

0 

-4 

0 

0 

0 

0 

256 

1 

-4 

6 

-4 

3 

0 

0 

0 

-25 

48 

-36 

16 

=  i 

70 

-208 

228 

— 

112 

-80 

288 

-384 

224 

32 

-128 

192 

- 

128 

which  is  the  second  factor  in  (43).  Multipl3dng  this  matrix  by  (48) 
as  required  by  (43),  we  obtain  a  matrix  composed  of  the  first  four 
columns  of  (53).  This  is  the  matrix  of  the  coefficients  of  the  y’s  in  (40). 

Placing  :  =  a'  and  —  =  0',  the  five  linear  equations 

a{mi  +  nit)  wii  + 

(40)  may  be  written  in  the  abbreviated  form 


y-t 

y-i 

yo 

yt  a' 

=  0' 

.53852 

1.17926 

.0088889 

.29037  1 

0 

.23806 

1 . 18772 

.25488 

.25459  1 

-.0625 

.11255 

.54898 

.68372 

.36425  1 

-.2500  (53) 

.042383 

.24695 

.20424 

.77950  1 

-.5625 

-  .0097155 

.069996 

-.055136 

.39397  1 

-1.0000. 

The  equation  corresponding  to  any  row  is  obtained  by  multiplying  the 
elements  of  that  row  by  the  quantities  indicated  at  the  top,  and  equating 
the  sum  of  the  first  five  products  to  the  sixth.  Since  the  process  of 
solving  a  s}r8tem  of  linear  equations  is  of  primary  importance  in  using 

Because  of  (51)  we  could  evidently  express  (43)  as  a  product  of  three  ma¬ 
trices,  after  which,  since  the  multiplication  is  associative,  we  could  multiply  the 
last  matrix  by  the  product  of  the  first  two;  however,  this  procedure  would  involve 
considerably  more  work  than  that  used  above. 
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the  methods  here  described,  and  since  this  process  can  be  either  simple 
and  rapid  or  extremely  slow  and  awkward  depending  upon  tl-e  method 
used,**  the  solution  of  (53)  will  be  outlined. 

Subtracting  the  first  equation  from  each  of  the  others,  we  eliminate  a' 
and  have 

= 


y-i 

-.30046 

-  .42597 

-  .49614 
-.54823 


y-i 

.0084624 

-.63028 

-.93231 

-1.10926 


yo 

.24599 

.67483 

.19535 

-.064025 


yi 

-.035776 

.073881 

.48913 

.10360 


-.0625 

-.25C0 

-.5625 

-1.0000. 


(54) 


To  eliminate  y_j  we  first  compute  the  ratios 


-.42597 

-.30046 


=  1.41770, 


—  40614  —  *>4823 

~  1-65124,  — ~  1.82463;  and  then  subtract  from  the 

—  .30046  —  .30046 

second,  third,  and  fourth  equations  the  first  multiplied  by  the  cor¬ 
responding  ratios,  respectively;  thus 


(55) 


The  determination  of  any  coefficient  in  (55)  requires  but  one  operation 
on  a  modern  computing  machine  (sum  of  products).  To  eliminate  y-i 

we  repeat  the  above  process,  the  ratios  now  Ijeing  — =  1.4733, 

— “  .04«!60 

-1.12470 
-.64228 


y-i 

yo 

yi  = 

P' 

-.64228 

.32609 

.12460 

-.16139 

-.94629 

-.21084 

.54820 

-.45930 

-1.12470 

-.51287 

.16888 

-.88596. 

=  1.7511;  thus 


yo  y\  = 

-.69127  .  36463  -.22151 

-1.08389  -.049314  -.60;134. 


(56) 


-1.08389 
-.69127 

-.25602. 


=  1.5680;  thus 


We  finally  eliminate  yo ,  the  ratio  being 

Vi 

-  .62103 

Dividing  by  —.62103  we  obtain  the  first  result,  yi  =  .41225  P'.  This 
in  an  equation  (the  first)  of  (56)  gives  yo  =  .53789  P'  in  one  machine 
operation  (sum  of  products  with  a  final  division).  These  values  of  yo 

For  example,  the  work  involved  using  determinants  would  be  about  five 
times  that  involved  here. 
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and  yi  in  an  equation  (the  first)  of  (55)  give  y_i  =  .60435  /9'  in  one 
machine  operation.  Continuing  in  this  way  we  obtain  the  results 


The  values  just  obtained  for  j/_i ,  y-\ ,  yo ,  and  yi  together  with  the 
value  yt  —  0  give  a  rough  picture  of  the  pressure  distribution  y(x). 
These  may  be  used  in  connection  with  (6)  and  Table  3  to  compute 
values  of  y(x)  for  other  values  of  x.  The  resulting  curve  is  shown  in 
Fig.  4,  wherein  a  is  given  by  (58). 

To  obtain  a  in  terms  of  F,  we  note  that 

iF  ^  jf  yix)  dx  =  ~  [7y-t  +  32y_i  +  12yo  +  32yi], 

wherein  the  integration  formula  (11)  gives  the  exact  value  of  the  integral 
since  y(x)  is  a  fourth  degree  polynomial.  Inserting  the  values  of  the 
y’s  and  /3',  this  gives 


F  =  .96222  , 

mi  +  m. 

(67) 

a  =  1.01944  a/ {mi  +  mi)  f . 

(58) 
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We  shall  finally  determine  a.  From  (37)  we  have 

a  =  a  +  iF(h  + It);  (59) 

but  o'  =  -1.16907  0',  or  o  =  1.16907  /3  o*  =  1.21497  F(m,  +  m,); 
hence  (59)  becomes** 


a  =  F<  1.21497(mi  -|-  m*)  +  mi  log  - 
I  a 


.  ,  dt  mi  mj  \ 


Arbitrarily  placing  di  =  dj  =  10a  and  I'l  =  I'j  =  .3  this  gives 


o  =  1.62400 


The  exact  solution  of  this  problem  was  obtained  by  Hertz.  The 
exact  expression  for  a  differs  from  (58)  only  in  that  the  numerical  factor 
is  1.00000  instead  of  1.01944.  The  exact  pressure  distribution  is  given 
by  one  quadrant  of  an  ellipse.  This  (for  the  same  F)  is  labelled  g(x) 
in  Fig.  4,  wherein  a  is  given  by  (58).  It  is  evident  that  the  results 
obtained  by  polynomial  approximation  compare  quite  favorably  with 
the  exact  solution  of  the  problem. 

Problem  3.  A  long,  uncharged,  perfectly  conducting  cylinder  of  radius 
R  is  placed  in  a  uniform  electrostatic  field  of  intensity  E.  Find  the  dis¬ 
tribution  of  the  induced  charge.  I.«t  us  consider  a  unit  axial  length  of  the 
cylinder  and  field,  Fig.  5a,  and  let  a(x)  denote  the  induced  charge 
density,  x  being  the  distance  measured  on  the  circumference  counter¬ 
clockwise  from  A,  the  point  where  <r  is  a  maximum.  From  symmetry 
we  see  that  a{  —  x)  =  <r(x)  and  a{irR  —  x)  =  hence  <r(x)  is  com¬ 

pletely  determined  by  its  values  in  the  first  quadrant  AB. 

In  this  problem  we  shall  use  approximations  which  are  much  less 
accurate  than  those  used  in  Problems  1  and  2,  the  object  being  to  see 
whether  such  simplifications  cause  an  undue  loss  of  accuracy  in  the 
final  results.  Accordingly  let  us  approximate  ff(x)  in  the  quadrant 

This  expression  infers  that  the  external  forces  applied  to  the  rollers,  which 
give  rise  to  the  force  F,  are  the  surface  stresses  corresponding  to  a  radial  stress 
distribution;  however,  if  di  and  dt  are  small  compared  with  Ri  and  Rt  as  stated 
above,  then  a  is  practically  independent  of  the  manner  in  which  F  is  applied. 
Since  y(x)  is  known,  the  deformations  (or  stresses)  of  the  whole  cylinders  can  be 
obtained  for  any  given  manner  of  application  of  F  merely  by  superimposing  the 
strains  (or  stresses)  due  to  a  number  of  known  radial  stress  distributions  and 
those  due  to  a  simple  tension.  Sec  Timoshenko,  “Theory  of  Elasticity,”  p.  107. 
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/IB  by  a  polynomial  y{x)  of  only  second  degree,  the  values  at  x_i  =  0, 
Xo  =  J  B,  and  Xi  =  ^  B  being  j/_i ,  yo ,  and  yi ,  respectively.  From 

4  A 

sjrmmetry  we  see  that  in  the  other  quadrants  (r(x)  is  automatically 
approximated  by  separate  but  corresponding  polynomials,  the  values  of 

which  at  intervals  of  j  B  are  given  in  Fig.  5a.  Let  y(x)  denote  this 
4 


composite  approximating  function,  yi  being  placed  equal  to  zero  to 
avoid  discontinuities  at  x  =  B;  then  from  (6)  we  have 

A 

yU)  =  21  Ki(\)yi,  (62) 

t— 1 

where  in  picking  the  K’a  from  the  table  it  is  necessary  to  note  which 

quadrant  contains  x;  and  where  h  —  ^  R,  and  X  is  the  distance  in  h 

4 

units  by  which  x  lies  off  the  center  of  its  quadrant. 

We  shall  now  obtain  the  potential  ^(x)  at  any  point  x  due  to  the 
induced  charges  alone.  The  potential  at  a  point  distant  r  from  an 
infinite  wire  carrying  a  uniform  charge  of  density  q  per  unit  length  is 

2q  log  p  where  d  is  the  distance  between  the  wire  and  the  arbitrarily 

chosen  point  of  zero  potential.  Letting  this  point  be  on  the  axis  of  the 
cylinder,  we  place  d  =  B;  hence  the  potential  at  x  due  to  the  charge 

jR 

lying  in  the  interval  f  <  x  <  f  is  2ff({)  log  -p  -  v  d^,  where  r(x,  {) 

is  the  length  of  the  chord  joining  points  x  and  The  potential  due  to 
the  whole  charge  distribution  is  hence 

-  -2  [log  ,(«)<«. 


(63) 
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If,  now,  we  place  equal  to  the  negative  of  the  potential  at  ix>int  x 
due  to  all  except  the  induced  charges,  (63)  l)ecomes  the  condition  which 
must  be  satisfied  in  order  that  the  cylinder  be  an  equipotential  surface. 
Supposing  the  presence  of  the  cylinder  to  have  but  a  negligible  effect 
on  the  distribution  of  the  charges  causing  the  original  field,  it  follows 
that  —^(x)  is  the  potential  which  point  x  would  have  if  the  cylinder 
were  removed.  Since  0(x)  is  known,  (63)  is  an  integral  equation  of  the 
first  kind*  for  determining  <r{x),  the  Green’s  function  being  the  logarithm. 

Proceeding  as  before,  we  replace  a{x)  by  y(x)  and  determine  y-i  and  yo 
so  that  the  resulting  integral  equation  is  satisfied  at  the  two  points 

X  —  0,^R;  thus 
4 

^(xt)  =  -2(log  10)  £'*[^log.o’^^^^^]y({)di,  A  =  -1,0.  (64) 

From  symmetry  and  the  fact  that  the  center  of  the  cylinder  was  chosen 
as  the  point  of  zero  potential,  we  see  that  the  axial  plane  BD  is  a  plane 
of  zero  potential  both  with  and  without  the  cylinder;  hence,  since 

y ft  +  =  —  y  ft  —  it  follows  that  (64)  is  also  satisfied  for 

*»  =  =  X  ft  in  spite  of  the  fact  that  we  placed  yi  =  0  to  avoid  a  dis- 

A 

continuity  in  y(x)  at  this  point. 

We  shall  next  devise  a  method  for  evaluating  approximately  the 
integrals  in  (64),  first  obtaining  the  potential  at  x^i  =  0  due  to  the 
induced  charges.  We  divide  the  circumference  into  seven  regions  as 
shown  in  Fig.  5b,  and  apply  the  three  point  formula  (11)  to  each  of 
these  except  the  one  which  contains  the  point  X-i  »  0.  The  contribu¬ 
tion  of  this  re^on  may  be  found  by  direct  integration  if  we  suppose  that 
in  it  r(0,  {)  is  practically  equal  to  |  {  |  .  To  simplify  this  integration 
we  also  suppose  that  in  this  region  y(x)  differs  but  little  from  y_i  ;  hence 

“  ^  /. '  *  ****  -  4y-i  ^  log  ^ 

“1*0-''’*^)''- 
=  I  ftdog  10)  (logxo  y.i .  (65) 
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All  points  at  which  the  value  of  y{x)  is  required  in  order  to  carry  out  the 
approximate  integration  are  shown  numbered  in  Fig.  5b.  The  result  of 
this  process  is 

14 

^(0)  =  (66) 

»-i 

where  the  subscript  —  1  refers  to  x*  =  x_i  =  0  and  Fig.  5b,  and  where  the 
coeflScients  a,,_i  are  obtained  from  (65),  the  three  point  integration 

formula,  and  the  values  of  logio  at  the  numbered  points. 

K 

Similarly  the  potential  at  x*  =  xo  »  ^  due  to  the  induced  charges  is 

=  Ea..oy..o.  (67) 

In  obtaining  this  expression  the  contribution  of  each  of  the  eight  inter¬ 
vals  shown  in  Fig.  5c  is  found  by  the  three  point  integration  formula 

except  the  one  containing  the  point  Xo  =  -^R,  which  is  handled  directly  as 

before.  In  so  doing  it  is  assumed  that  y{x)  is  given  with  sufficient 


accuracy  in  this  interval  by  the  expression  yo  + 


the  contribution  of  the 


however. 


term  over  half  the  interval  cancels 


its  contribution  over  the  other  half ;  and  the  result  is  an  expression  which 
differs  from  (65)  only  in  that  y_i  is  replaced  by  yo . 

Ivet  all  points  involved  in  the  above  integration  processes  be  placed 
on  the  circumference  and  numbered,  the  corresponding  index  being  j, 
Fig.  5d;  then  (66)  and  (67)  are  both  included  in  the  expression 


1-1 


k  -  -1,0.  (68) 


But 


V/  “  Ki{\i)yi 

i— 1 

due  to  (62) ;  hence  (68)  becomes 

It  0 

^(xk)  =  2®/.*  £  Ki(\f)yi, 

j-i  I — 1 
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or 

0  It 

^(Xk)  =  23  Villfh.kKii'Ki),  k=  -1,0.  (69) 

•—1  i-i 

The  matrix  of  the  coefficients  of  the  y’a  in  this  system  of  linear  equations 
can  hence  be  expressed  as  the  (row  times  column)  product  of  two 
matrices/  thus 

||a(..||.l|X<(X,)||.  (70) 

Here  the  row  and  column  indices  are  k  and  j  for  the  first  matrix,  and 
j  and  i  for  the  second,  respectively. 

Each  element  a,-.*  of  the  first  matrix  consists  of  the  product  of  a 
number  of  factors,  thus 

o,.*  =  2(log  10)G(x* ,  {,)  Q)  6„* ,  (71) 

where 


bi,k  =  coefficient  from  three  point  integration  formula. 


jiff/  X*; 


G(Xk,  £y)  =  logio 

hi  =  12, 


|if{/  =  X*, 


(72) 


due  to  (64)  and  (65).  The  product  (70)  can  hence  be  written 


^  (log  10)ft  II  G(xk,  {,)  11*11  hi  II  •  II  ^.(X,)  ||.  (73) 

Here  the  row  and  column  indices  for  the  first  two  matrices  are  k  and  j; 
and  for  the  third,  j  and  i,  respectively.  The  star  indicates  a  product 
such  that  each  element  of  the  product  matrix  is  the  product  of  the  two 
corresponding  elements  of  the  factor  matrices.  This  product  is  per¬ 
formed  before  the  row  times  column  product  indicated  by  the  dot. 

We  shall  now  apply  (73)  to  the  problem  at  hand.*  Since  according  to 
12« 

(72)  G{xk ,  ^,)  is  either  logic  —  or  -logic  (2  sin  ix*{,)  *  —[logic  2  -|- 

_  T 

logic  sin  \xk  {,],  depending  upon  whether  {,•  is  or  is  not  equal  to  x* ,  the  first 
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matrix  can  be  obtained  using  a  table  of  common  logarithms  of  sines.’* 
The  second  can  be  written  down  immediately  noting  (72)  and  the  fact 

that  ^  has  already  been  factored  out  in  (73).  In  both  of  these  matrices 
3o 

seros  are  entered  in  any  position  (k,  j)  where  point  is  not  involved  in 
the  integration  scheme  for  x* .  These  two  matrices  and  their  «  product 
are 


Transposed  Transposed  Transposed 


1.01633 

.11613 

12 

5 

12.19591 

.58065 

.68327 

.28697 

2 

8 

1.16654 

2.28779 

.28597 

.58327 

8 

2 

2.28779 

1.16654 

.11613 

1.01633 

5 

12 

.58065 

12.19591 

0 

.58327 

0 

2 

0 

1.16654 

-.04677 

0 

12 

0 

-.54923 

0 

0 

.28597 

0 

8 

0 

2.28779 

-.16062 

.11613 

9 

5 

-1.35464 

.58066 

0 

-  .04577 

0 

12 

0  • 

-.54923 

-.26666 

-.15062 

« 

24 

6 

= 

-6.39949 

-.90309 

0 

-.22088 

0 

12 

0 

-2.65052 

-  .30103 

-.28665 

12 

9 

-3.61236 

-2.39981 

-.26665 

-.30103 

24 

24 

-6.39949 

-7.22472 

-.15052 

-.26665 

.9 

9 

-1.35464 

-2.39981 

-.04677 

-.22088 

12 

12 

-.54923 

-2.65052 

.11613 

-.15052 

5 

6 

.58065 

-.90309 

.28697 

0 

8 

0 

2.28779 

0 

0 

-.04677 

0 

12 

0 

-.54923 

.68327 

0 

2 

0 

1.16654 

0 

To  avoid  writing  matrices  with  nineteen  columns,  those  above  are  each 
written  with  the  rows  and  columns  interchanged,  this  fact  being  indi¬ 
cated  by  the  word  "transposed.”  The  third  matrix  of  (73)  can  be  taken 
from  Table  2.’*  This  matrix  and  the  (row  times  column)  product  of  the 

**  Seven  place  tables  of  common  logarithms  were  used  in  the  following  calcu¬ 
lations.* 

**  Values  of  the  K’a  for  the  untabulated  values  X  —  i  and  f  were  obtained  by 
applying  the  interpolation  table  to  the  K’a  themselves,  since  they  are  second 
degree  polynomials.  (See  page  37.)  The  K’a  used  hnally  were  those  for  X  —  .3333 
and  .0667.  This  calculation  was  simple,  for  tables  are  available,  though  not  yet 
published,  which  give  the  K’a  for  values  of  X  spaced  .01.  The  required  K’a  for 
i  and  i  could  also  be  obtained  directly  using  (7)  and  Table  13. 
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last  matrix  of  (74)  with  it  are 


1. 

.55559 

.22219 

0 

-.11111 

-.125 

-.11111 

0 

.125 

0 

-.375 

-1. 

0 

0 

-.125 

0 

.22219 

.375 

.55559 


0 

.55551 

.88891 

1. 

.88891 

.750 

.55551 

0 

-.750 

-1. 

-.750 

0 

-1. 

0 

.750 

1. 

.88891 

.750 

.55551 


18.25850  18.49978 
5.17759  24.03632 


respectively.  Multiplying  the  elements  of  the  latter  matrix  by  ^ 

36 

(log  10)  R  =  .20094  R  as  required  by  (73),  we  obtain  the  matrix  of  the 
coefficients  of  the  y’a  in  (69).  These  linear  equations  now  become 

3.66883  Ry-i  +  3.71732  Ryo  =  ^_i 

(76) 

1.04038  Ry.i  +  4.82982  Ryo  =  . 

Placing  0-1  =  ER  and  0o  =  .70711  ER,  these  being  the  negatives  of  the 
potentials  due  to  the  uniform  field  alone,  we  have  upon  solving 

y-x  =  .15891  E,  yo  “  .11217  E,  y,  =  0,  (77) 

which  values  give  a  rough  picture  of  y(x).  Using  these  in  connection 
with  (6)  and  Table  2,  other  values  of  y(x)  can  be  obtained,  the  resulting 
curve  being  shown  in  Fig.  6.*^  • 

The  exact  solution  of  this  problem  is 

f  .  E  X 

Knowing  y{x),  we  can  easily  determine  the  potential  or  field  intensity  at  any 
point  using  superposition  and  approximate  integration. 
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which  is  obtained  using  conjugate  functions  of  a  complex  variable. 
The  corresponding  curve  is  labelled  <r(x)  in  Fig.  6. 

4.  Critical  Examination  of  the  Method.  In  Section  3  we  solved 
three  specific  problems  set  up  in  the  form  of  integral  equations.  We  saw 
that  although  these  problems  were  entirely  different,  their  solutions 
have  certain  characteristics  in  common,  the  appearance  of  matrices 
for  example.  We  shall  now  consider  these  characteristics,  justify  the 
various  steps  which  compose  the  method,  and  make  certain  general 
comments. 


1  I'l! 

I"  ' 

\ 

"  i  , 

1  ‘  i  '  ‘ 

iiiijiliiiijijijifijiii 

’  1  ,t  1  ,* 

*  ,n  I 

^  j 

t‘t  ' 

,'l  ’  1 

’  1  * 

1  tfj 

t  i  til 

I  ‘  ^  *  1  •{ 

iiijijiiiiiiiiiiiiiiiij 

it  I  ji 

I  *  ^  1 ' 

iliiiipilipiipiiiii 

,1 

::u:  ; 

Y 

^  I  ‘ 

*  t  ^  *  i' 

,  >  'i  I 

'  ’i’  _ 

*  ^  I 

’  '  "i!  '  ' 

i!a  , 

>  III  I  I  '  ' 

1,  _  11  . 

1. 

, 

,X  ‘ 

ijiii.:;  '•ii.iji::  Y 

L‘y‘ 

i  ‘ 

'  [  , 

'>ir. 

t  ** 

it  ^ 

ilijiiiiiiiiiijiiijiiii 

iiij::::::::;::::::!;:; 

‘iJ 

U  1 

il  It, 

lULKC 

‘ 

**  *1 

2  h 

•ill::::?: 

niiiiyiPiPiiiiPiP 

-  i''  }•. 

*  D  • 

It 

iiPPiiliiiyiiiPiiii 

li 

lit 

1  It  t 

JtuI*-  t  1'  ‘ 

iiiiiiliiiiiliiiiiiiiii 

•  'i-  )! 

Fio.  6 

A.  The  Appearance  of  Linear  Equations.  In  each  of  the  above 
problems  the  system  of  equations  obtained  was  linear,  which  fact  was  a 
necessary  condition  for  the  method  to  be  practical.  This  linearity 
would,  however,  be  obtained  using  any  approximating  function  of  the 
form 

y{x)  =  am(x)  +  a^{x)  -H  . . .  +  a^n{x),  (78) 

and  hence  does  not  require  this  function  to  be  an  algebraic  pol3momial. 

B.  The  Use  of  the  Algebraic  Polynomial  as  an  Approximating  Function. 
The  algebraic  polynomial  is  used  as  an  approximating  function  because 
of  its  extraordinary  ability  to  approximate  reasonably  smooth  curves 
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without  involving  too  many  parameters,  because  it  is  of  the  form 
required  in  A,  and  because  tables  of  exact  coefficients  are  available 
which  make  its  use  feasible.  As  pointed  out  in  Section  2  it  is  extremely 
smooth  and  stable,  the  position  of  the  origin  is  of  no  consequence,  and  it 
possesses  a  definite  advantage  over  the  trigonometric  polynomial  in 
that  it  is  not  necessary  to  decide  initially  upon  a  period.  The  above 
method  of  solving  integral  equations  could  evidently  be  carried  out 
using  any  approximating  function  of  the  form  (78)  providing  that 
corresponding  tables  (see  C)  were  available;  however,  the  algebraic 
polynomial  leaves  little  to  be  desired  by  way  of  an  approximating 
function. 

C.  The  Use  of  the  Lagrangean  Form  in  Expressing  the  Algebraic 
Polynomial.  In  using  the  algebraic  polynomial  as  an  approximating 

n 

function,  it  was  expressed  in  the  form  y{x)  “  53  /f<(X)y< .  This  was 

purely  a  matter  of  convenience.  The  y’s  are  used  merely  as  parameters, 
and  do  not  coincide  with  the  function  approximated  at  any  of  the 
2n  +  1  equally  spaced  points  except,  perhaps,  by  accident.  We  thus 
see  that  y(x)  is  in  general  not  the  Lagrangean  interpolation  pol3rnomial 
of  the  function  approximated.  The  form  in  which  the  polynomial  is 
expressed  evidently  cannot  affect  the  solution  obtained  for  an  integral 
equation  if  the  parameters  which  fix  the  polynomial  are  determined  by  a 
fixed  set  of  conditions.  In  the  above  problems,  for  example,  these 
conditions  were  that  the  integral  equation  be  satisfied  exactly  at  a 
number  of  equally  spaced  points.  It  is  thus  clear  that  (with  a  great 
deal  more  work)  we  should  finally  obtain  the  same  solution  of  any  given 
problem  if  instead  of  the  above  form  we  used  the  form  aipi(z)  +  atpt(x) 
+  •  •  •  +  ajn.ipt»+i(x),  where  the  p’s  are  any  linearly  independent  but 
otherwise  arbitrary  polynomials  of  degree  2n. 

n 

In  using  the  form  51  Ki(S)yi  we  obtain  several  advantages,  however. 

First,  in  addition  to  serving  as  parameters  the  y’s  give  a  definite  picture 
of  y(x).  When  they  have  been  determined  we  have  2n  +  1  points  of 
y(x);  and  the  polynomial  can  then  be  visualised  as  a  smooth  curve 
passing  through  these  points.  If  other  points  are  desired,  they  can  be 
obtained  using  the  corresponding  interpolation  table,  each  point  requir¬ 
ing  but  one  machine  operation.  Second,  the  terms  which  make  up 
this  form  are  all  of  the  same  type;  hence  the  y’s  are  all  treated  alike, 
are  all  of  the  same  order  of  magnitude,  and  are  not  affected  by  the 
position  of  the  origin.  Third,  the  operations  of  differentiation  and 
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integration  can  be  carried  out  directly  using  (8),  (9),  (10),  and  (11),  the 
result  being  a  linear  combination  of  the  j/’s,  and  the  process,  if  numerical, 
requiring  but  one  machine  operation.  Fourth,  the  amount  of  numerical 
work  involved  in  solving  a  problem  is  greatly  reduced,  and  that  which 
remains  is  simplified  by  the  use  of  tables.  Fifth,  it  is  particularly  easy 
to  write  the  expression  for  a  polynomial  which  satisfies  given  conditions. 
For  example  if  a  fourth  degree  polynomial  is  required  which  vanishes 
at  X  >=  0  and  x  =  L,  and  which  has  zero  slope  at  x  ^  0  (such  as  might 
happen  in  dealing  with  a  beam  fixed  at  one  end  and  hinged  at  the  other), 
we  have  at  once  since  y_i  =  j/j  =  0 

j/(x)  =  K-i(k)y-i  -+•  Koi\)yo  +  Ki{\)yi 
0  =  12  j/_i  -  9  I/O  +  4  yi . 

The  second  equation  need  not  be  used  at  once  to  eliminate  one  of  the 
y’a,  but  can  be  annexed  to  the  system  of  linear  equations  which  arises  in 
solving  the  problem. 

Any  approximating  function  of  the  form  (78)  can  be  expressed  in  the 

n 

Lagrangean  form  ^  ki{x)yi  ;  hence  our  use  of  this  form  is  in  no  way 

dependent  upon  the  fact  that  we  are  using  the  algebraic  polynomial.** 

D.  The  CorUiniuU  Appearance  of  Matricee.  In  each  of  the  above  prob¬ 
lems  the  matrix  of  the  coefficients  of  the  y'a  was  ultimately  expressed  as 
a  product  of  matrices.  Although  the  use  of  matrices  is  not  absolutely 
necessary,  they  offer  very  definite  advantages,  as  follows.  First,  by 
allowing  attention  to  be  concentrated  on  a  particular  phase,  they 
greatly  reduce  the  mental  effort  required  in  setting  up  a  problem. 
Second,  because  they  automatically  give  an  extreme  of  systematisation 
of  the  numerical  work,  they  reduce  the  amount  and  difficulty  of  such 
work  enormously.  Third,  it  often  happens  that  certain  matrices  can  be 
tabulated  once  and  for  all,  and  used  on  a  variety  of  problems.  For 
example,  in  Problem  1  the  second  matrix  of  (22)  has  to  do  only  with  a 
scheme  of  integration,  and  can  be  used  equally  well  on  a  beam  .vibration 
problem.  The  first  matrix,  on  the  other  hand,  involves  only  the  Green’s 
function,  and  depends  primarily  on  the  fact  that  the  problem  involves  a 
beam.  This  matrix  can  be  taken  as  the  starting  point  in  solving  a 
variety  of  beam  problems. 

It  should  be  noted  that  matrices  appear  in  different  ways.  Thus  in 

**  Grout,  "The  Approximation  of  Functions  and  Integrals  by  a  Linear  Com¬ 
bination  of  Functions,"  this  Journal,  vol.  9,  p.  278. 
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Problem  1  they  arose  because  we  used  Simpson’s  rule  in  evaluating  the 
integrals.  In  Problem  2  they  arose  first  because  in  carrying  out  the 
exact  integrations  it  was  simpler  to  have  a  single  power  of  {  under  the 
integral  sign  with  the  Green’s  function  than  to  have  the  polynomial 
second  because  in  the  problem  the  origin  is  at  the  left  of  the  inter¬ 
val  considered,  whereas  for  Table  14  it  is  in  the  middle.  In  Problem  3 
they  arose  because  a  scheme  of  approximate  integration  was  adopted. 

Matrices  would  have  arisen  in  essentially  the  same  manner  as  above 
had  any  approximating  function  of  the  form  (78)  been  used.  Their 
appearance  is  in  no  way  due  to  our  use  of  the  algebraic  polynomial. 

It  may  be  mentioned  that  matrices  played  a  prominent  part  in  the 
computation  of  the  tables.* 

E.  Justification  for  the  Conditions  Which  Determine  the  y’s.  In  each 
of  the  above  problems  the  y’s  were  determined  by  a  set  of  linear  equa¬ 
tions  which  states  that  the  integral  equation  is  satisfied  exactly  at 
2n  -H  1  points.**  However,  if  the  two  sides  of  the  integral  equation  have 
smooth  curves,  coincidence  of  these  curves  at  2n  -f  1  equally  spaced 
points  evidently  requires  close  agreement  throughout  the  interval. 


••  It  would  be  possible  to  determine  the  y’s  using  other  conditions  if  these 
were  such  as  to  lead  to  a  system  of  linear  equations.  In  particular  the  accuracy 
could  be  improved  by  requiring  the  integral  of  the  square  of  the  difference  of  the 
two  sides  of  the  integral  equation  to  be  a  minimum.  Thus  if  the  integral  equa¬ 
tion  with  the  unknown  function  replaced  by  y{x)  is  of  the  form 

♦(*)=  2  yJiix),  (a) 

the  y’s  would  be  determined  so  that 

yili(x)  —  dx  ->  minimum  ,  (b) 

or,  equating  the  partial  derivatives  to  zero, 

J  ^  p--n,-‘,n. 

We  thus  have  the  system  of  linear  equations 


yi  f  Ii(x)I,{x)dx 

i—n 


/ 


4>{x)I,(x)  dx, 


p  -  -n,  •••  ,  n. 


The  work  of  carrying  out  the  integrations  would  in  general  be  prohibitive;  how¬ 
ever,  if  approximate  integration  is  used,  the  corresponding  integration  coeffi¬ 
cients  being  Dj ,  we  have 
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This  situation  is  also  indicated  by  but  not  dependent  on  the  fact  that 
these  curves  have  the  same  interpolation  polynomial.  The  integral 
equation  (with  the  unknown  function  replaced  by  y(x))  is  hence  almost 
satisfied  over  the  whole  interval  if  the  curves  are  smooth.  Such  is  the 
case,  however,  for  both  sides  of  the  integral  equation  have  definite 
physical  meanings  or  analytic  expressions  which  assure  us  that  they  have 
smooth  curves. 

For  example,  in  Problem  1  the  left  side  is  a  polynomial  representing 
the  smooth  deflection  curve,  and  the  right  side  is  the  deflection  obtained 
by  a  loading  proportional  to  this  smooth  polynomial,  which  deflection 
obviously  is  smooth.  In  Problem  2  the  left  side  is  a  second  degree 
polynomial,  the  right  is  the  deflection  due  to  a  smooth  pol3momial 
loading,  which  deflection  is  evidently  smooth.  In  Problem  3  the  left 
side  is  a  (smooth)  cosine  curve,  the  right  is  the  potential  distribution 

2  Vi  23  2  D>0(x,)/,(x>) ,  p  -  -n ,  •  •  •  ,  n .  (c) 

•  — •  i-i  i-j 

The  matrix  of  the  coefficients  of  the  y’s  is  hence 

l|i>y/,(*,)||-||/i(x,)||,  (d) 

where  the  row  and  column  indices  are  p  and  j  for  the  first  matrix,  and  j  and  i  for 
the  second,  respectively.  We  thus  see  that  the  augmented  matrix  of  the  system 
of  equations  (e)  can  be  obtained  By  forming  the  approximate  equations 

23  Vi7i(i#)  ~  ^(xy) ,  J  -  1,  2,  •  •  •  ,  m ,  (e) 

i^  —  % 

in  the  usual  manner,  and  then  multiplying  the  augmented  matrix  of  this  system  by 
the  matrix  obtained  by  multiplying  the  columns  of  the  transposed  matrix  by  the 
irUegration  coefficients  D,  .  The  process  just  described  would  permit  the  use  of  a 
number  of  equations  m  in  (e)  considerably  larger  than  2n  +  1. 

Another  method  of  determining  the  j/’s  which  would  permit  the  use  of  a  greater 
number  of  equations  m  in  (e)  than  2n  +  1,  which  would  probably  be  less  accurate 
than  that  just  described,  but  which  would  involve  less  matrix  multiplication, 
would  be  to  require  the  two  sides  of  (a)  to  have  the  same  least  square  interpolation 
polynomial  of  degree  2n.  Each  of  the  final  2n  +  1  equations  would  then  be 
obtained  as  a  weighted  sum  of  the  m  equations  (e),  the  weighting  factors  being 
given  (by  the  method  of  least  squares).  If  the  matrix  of  the  coefficients  of  the 
y’s  in  (e)  is  itself  a  product  of  matrices,  the  first  matrix  factor  can  be  replaced 
by  a  2n  +  1  rowed  matrix,  each  row  being  a  weighted  sum  of  the  m  rows  of  the 
original  matrix  factor,  and  the  weighting  coefficients  being  the  same  as  those 
just  mentioned.  In  this  way  a  large  part  of  the  work  of  the  matrix  multiplica¬ 
tion  is  avoided,  the  equations  (e)  are  never  computed,  and  the  final  2n  +  I  equa¬ 
tions  are  obtained  directly. 


68 


PRESCOn'  D.  GROUT 


due  to  a  Hinooth  polynomial  charge  distribution,  which  potential  is 
evidently  smooth. 

The  above  argument  could  evidently  be  applied  in  the  case  of  any 
approximating  function  of  the  form  (78)  if  the  two  sides  of  the  integral 
equation  with  the  unknown  function  replaced  by  (78)  are  smooth. 
Another  possible  generalisation  is  mentioned  in  Section  7. 

F.  Improvement  in  Accuracy.  The  accuracy  of  the  method  can  be 
improved  either  by  increasing  the  degree  of  y{x)  or  by  subdividing  the 
interval  and  using  more  than  one  polynomial.  In  either  case  the  total 
number  of  parameters  or  y’s  is  increased.** 

G.  Possible  Use  of  Orthogonal  Functions.  In  the  above  method  no 
attempt  is  made  to  approximate  G{x,  ()  directly;  hence  nothing  could  be 
gained  by  using  a  set  of  orthogonal  functions  combined  in  accordance 
with  (78). 

ff.  The  Application  of  Specific  Solutions  to  Corresponding  Types  of 
Problems.  In  each  of  the  above  problems  it  is  apparent  that  a  large 
percentage  of  the  work  involved  has  to  do  not  with  the  problem  at 
hand,  but  with  the  type  of  problem.  For  example  in  Problem  1  the 
addition  of  a  few  terms  to  the  equations  (24)  gives  those  for  the  case 
where  there  are  lateral  elastic  supports  or  a  given  lateral  loading  in 
addition  to  the  axial  compression.  In  a  similar  manner  the  equations 
for  the  corresponding  beam  vibration  problem  can  be  modified  to  include 
the  case  where  there  are  concentrated  masses  or  external  exciting  forces. 
In  Problem  2  the  equations  (53)  can  easily  be  modified  to  apply  to  a 
variety  of  elastic  foundation  problems.  In  Problem  3  the  equations 
(76)  can  be  solved  to  give  the  y's  in  terms  of  the  ^’s,  and  the  results  used 
to  give  the  induced  charge  distribution  for  a  variety  of  given  fields.*^ 
These  same  results  evidently  give  solutions  to  the  corresponding  thermal 
problem,  induced  charge  distributions  being  replaced  by  distributions  of 
sources  and  sinks;  in  fact  they  give  solutions  to  a  variety  of  Dirichlet 
problems  for  the  cylinder. 

6.  Accuracy  of  the  Method.  We  have  seen  that  the  solutions 
obtained  for  the  three  problems  in  Section  3  compare  very  well  with  the 
corresponding  exact  solutions.  The  general  question  of  accuracy  can 
be  resolved  into  two  questions.  First,  can  the  algebraic  polynomial 
suitably  approximate  the  unknown  function;  second,  can  the  linear 
equations  suitably  determine  the  polynomial?  In  Section  2  we  saw 
that  the  answer  to  the  first  question  is  very  definitely  affirmative;  hence 
we  now  consider  the  second. 
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Turning  to  Problem  1  we  see  from  (29)  that  the  five  y’s  which  deter¬ 
mine  the  solution  y{x)  are  0,  .70700^,  1.00000^,  .70700^,  and  0,  whereas 
the  corresponding  ordinates  of  the  exact  solution  are  0,  .7071  l/i,  l.OOOOO/i*, 
.7071  1m,  and  0;  hence  since  the  effect  of  altering  any  y  is  given  by  the 
corresponding  K,  it  follows  that  if  the  Lagrange  interpolation  polynomial 
for  the  exact  solution  were  plotted  on  a  full  page  curve  sheet,  it  could  not 
be  distinguished  from  the  curve  y{x)  obtained  as  our  solution.  This 
.statement  also  applies  to  Problem  3  and  Fig.  6,  for  the  three  y’s  which 
determine  the  solution  are  .15891  E,  .11217  E,  0,  whereas  the  cor¬ 
responding  ordinates  of  the  exact  solution  are  .15915  E,  .11254  E,  0. 
Turning  to  Problem  2,  the  approximate  solution  y{x)  is  shown  together 
with  the  exact  solution  q{x)  in  Fig.  4;  also  a  number  of  points  of  the 
Ijagrange  interp)olation  polynomial  p{x)  for  q{x)  are  shown.  We  see  that 
the  polynomial  obtained  by  solving  the  integral  equation  gives  a  much 
better  approximation  of  the  exact  solution  than  does  the  interpolation 
polynomial  for  this  solution.  This  may  be  due  to  the  fact  that  the  exact 
solution,  being  an  ellipse,  has  a  vertical  tangent  at  the  right  end  of  the 
interval,  which  the  interpolation  polynomial  naturally  cannot  follow; 
however,  in  spite  of  this  handicap  the  approximation  method  used  for 
.solving  the  integral  equation  gave  a  good  result. 

Noting  the  above  we  evidently  have  the  peculiar  result  that  in  each 
of  the  problems  treated,  the  polynomial  obtained  by  solving  the  integrcU 
equation  is  either  as  good  as  or  better  than  the  polynomial  which  would  be 
obtained  if  the  exact  solution  were  given  and  were  approximated  directly  by 
Us  Lagrange  interpolation  polynomial.  We  thus  have  a  strong  indication 
that  the  proce.ss  of  solving  the  integral  equation  involves  no  intrinsic 
loss  whatever  in  accuracy.  In  other  words  the  integral  equation  used  in 
connection  with  the  above  methods  is  as  effective  a  way  of  obtaining  a 
pol3momial  approximation  of  a  function  as  is  the  determination  of  the 
corresponding  interpolation  polynomial. 

A  crude  indication  of  this  situation  is  also  given  by  the  fact  that  since 
the  degree  of  a  polynomial  is  lowered  by  differentiation  and  raised  by 
integration,  a  polynomial  of  given  degree  is  better  able  to  approximate 
the  integrals  and  less  able  to  approximate  the  derivatives  of  a  function 
than  it  is  to  approximate  the  function  itself.  This  fact  is  also  indicated 
by  expressions  which  limit  the  error  of  such  approximations.  We  should 
thus  expect  methods  such  as  the  above  to  be  peculiarly  adapted  to  the 
solution  of  integral  equations — much  more  so  than  to  the  solution  of 
differential  equations. 

The  above  indications  obviously  do  not  constitute  a  rigorous  proof; 
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however,  the  picture  as  presented  seems  reasonable,  is  based  on  all  the 
concrete  evidence  available  at  present,  and  is  probably  right  in  most  cases 
if  reasonable  care  is  exercised  in  using  the  approximate  methods. 

As  yet  no  definite  expression  exists  which  limits  the  error.  In  the 
writer’s  opinion  this  is  no  particular  handicap,  for  such  expressions 
usually  have  a  very  limited  applicability.  For  example  the  interpola¬ 
tion  polynomial  has  such  an  expression;*  but  its  use  is  confined  to  func¬ 
tions  having  analytic  expressions  which  are  simple  enough  to  permit  an 
investigation  of  the  derivative  of  order  2n  -|-  1.  Such  an  investigation 
is  feasible  only  for  a  very  limited  range  of  problems,  extension  of  tables 
for  example.  For  usual  applications  the  error  formula  cannot  compare 
in  usefulness  with  the  simple  statement  that  a  function  can  be  well 
approximated  over  a  given  range  by  a  polynomial  of  degree  2n  if  its 
curve  can  be  well  fitted  by  a  smooth  curve  that  coincides  with  it  at 
2n  +  I  equally  spaced  points  which  cover  the  range. 

It  is  evidently  pnissible  after  obtaining  a  solution  to  replace  the 
unknown  function  by  y{x)  -f  e(x),  and  hence  to  obtain  an  integral  equa¬ 
tion  for  the  error  c(x).  For  example,  the  integral  equation 

0(x)  =  jT  Gix,  om  d£ 


would  become 

0(x)  -  jf"  G(x,  0y(i)  =  [  G{x,  {)*({)  .  (79) 

The  left  hand  side,  which  we  denote  by  4>(x)  can  evidently  be  obtained  by 
evaluating  the  integral,  since  y{x)  is  known.  The  linear  equations  which 
determine  y{x)  evidently  state  that  ♦(x)  vanishes  (at  least  approxi¬ 
mately)  at  various  points  of  the  interval  a,  b.  Since  Gix,  f)  always 
contains  some  sort  of  singularity  at  the  point  {  =  x,  the  work  of  evaluat¬ 
ing  the  integral  in  ^(x)  would  probably  be  greater  than  that  required  to 
obtain  y(x).  However,  if  it  were  considered  absolutely  necessary  to 
have  an  idea  of  the  error,  it  would  be  feasible  to  approximate  this 
integral  at  points  Ijdng  half  way  between  those  at  which  ^(x)  vanishes, 
after  which  a  comparison  of  the  computed  values  of  <l>(x)  with  those  of 
^(x)  would  indicate  how  well  the  original  integral  equation  is  satisfied 
at  these  “most  uncertain”  points;  furthermore,  having  thus  obtained  a 
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rough  picture  of  i>(x),  a  physical  interpretation  of  (79)  could  decide 
whether  the  error  were  objectionable.” 

In  view  of  the  above  comments  it  does  not  appear  practicable  to 
continue  and  solve  (79)  by  the  above  methods  (using  a  polynomial  of 
degree  higher  than  that  of  y(x)),  thereby  introducing  a  step  by  step 
method. 

It  may  be  objected  that  although  the  accuracy  can  probably  be 
increased  indefinitely  as  indicated  in  F  of  Section  4,  still  the  above 
method  is  not  one  of  convergence,  or  successive  approximations.  How¬ 
ever,  attention  is  called  to  the  fact  that  the  series  of  orthogonal  functions, 
such  as  Fourier  series,  obtained  as  solutions  of  partial  differential  equa¬ 
tions  often  give  a  false  appearance  of  finality;  for  even  if  convergence  is 
established,  the  accuracy  in  a  numerical  computation  hinges  on  the 
rate  of  convergence,  or  the  knowledge  of  how  many  terms  to  take  in  order 
to  guarantee  a  given  accuracy;  and  this  knowledge  is  usually  not 
available. 

6.  Further  Simplification  of  the  Linear  Equations,  Methods  Com¬ 
parable  with  Those  of  Ritz  and  Raleigh.  The  above  method  as  it 
stands  compares  with  that  of  Ritz  in  that  the  unknown  function  is 
approximated  by  a  particular  function  (the  algebraic  polynomial) 
containing  a  number  of  parameters  (the  j/’s)  w'hich  are  determined  by 
certain  conditions.  However,  we  make  no  use  of  the  concept  of  strain 
energy,  but  use  the  integral  equation  directly  instead. 

A  procedure  will  now  be  described  by  means  of  which  the  work  of 
solving  the  system  of  linear  equations  can  be  largely  avoided  by  the 
use  of  a  certain  amount  of  intuition.  The  resulting  method  is  com¬ 
parable  with  that  of  Raleigh.  Turning  to  Problem  1,  suppose  that 
instead  of  solving  the  equations  (24)  we  draw  a  curve  (to  any  scale) 
which  looks  as  though  it  should  approximate  the  first  mode  of  buckling. 
Let  the  three  y’s  scaled  from  this  curve  be  ,  yo ,  yi  numerically. 
Placing  y_i  =  mJ/-i  ,  Vo  =  ,  yi  =  ny\ ,  where  n  is  an  unknown  magnifi¬ 

cation  factor,  the  equations  (24)  are  altered  only  in  that  the  y’s  are 
replaced  by  y’s,  since  n  cancels.**  Any  one  of  these  equations  can  be 

**  A  practically  concluaive  check  could  also  be  obtained  by  solving  the  same 
problem  twice,  using  two  variations  of  the  above  method  (for  example  polyno¬ 
mials  of  different  degree  for  y(x)),  and  comparing  the  results. 

If  the  integral  equation  and  hence  the  system  of  linear  equations  were  not 
homogeneous,  there  would  be  no  unknown  x;  and  m,  instead  of  cancelling,  would 
be  the  quantity  ultimately  determined. 
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solved  to  give  a  value  of  X  for  which  the  integral  equation  is  satisfied 
at  the  point  corresponding  to  the  equation ;  however,  it  appears  that  the 
one  condition  remaining  at  our  disp>08al  can  be  used  more  effectively  by 
determining  X  so  that  the  curves  representing  the  two  sides  of  the 
integral  equation  enclose  the  same  area  in  the  interval  0  <  x  <  L. 
Because  of  the  physical  meaning  of  these  two  sides,  both  curves  are 
evidently  smooth  (see  E  of  Section  4)  and  can  be  well  approximated  by 
fourth  degree  polynomials.  Both  areas  should  hence  be  given  very 
closely  by  the  five  point  integration  formula  (11)  with  n  =  2;  however, 
if  the  corresponding  expressions  for  these  areas  be  equated,  we  obtain 
an  equation  which  is  obviously  identical  with  that  obtained  by  multiply¬ 
ing  the  three  equations  of  (24)  by  the  corresponding  integration  coeffi¬ 
cients,  adding,  and  finally  replacing  the  y’s  by  y’s.”  The  multipliers 
can  all  be  altered  in  the  same  ratio,  since  this  merely  amounts  to  mul¬ 
tiplying  the  final  equation  by  a  constant.  The  last  step  is  to  solve  the 
final  equation  for  X,  and  thus  obtain  the  critical  load.” 

Proceeding  as  outlined,  we  multiply  the  equations  (24)  by  8,  3,  and  8, 
respectively,  add,  and  replace  the  j/’s  by  y’s;  thus 

x(8  y~i  +  3  yo  +  8jfi)  =  227  y_i  -|-  235.5  yo  +  227  y\ , 


or 

227  ^  -H  235.5  -f  227 

X=  - .  -  _ — (80) 

8  4-  3  -I-  8 

!/o  yo 

Here  the  equations  associated  with  the  end  points  and  hence  the  outer 
two  integration  coefficients  are  both  0  =  0  because  of  the  hinged  ends. 
The  critical  load  now  follows  from  (25). 

If  the  method  just  described  is  to  be  useful  practically,  the  result 
obtained  must  not  be  sharply  dependent  upon  the  assumed  curve. 
We  shall  therefore  see  how  X  behaves  as  this  curve  is  altered.  In  the 
following  table  values  of  the  ratio  of  the  exact  value  of  X  to  the  value 
given  by  (80),  which  is  the  same  as  that  of  the  computed  to  the  exact 

**  The  coefficients  in  any  8uital>le  integration  formula  could  evidently  be  used 
as  multipliers. 

The  weighted  sum  of  the  right  hand  sides  of  the  linear  equations  can  be 
obtained  without  obtaining  the  equations  themselves  merely  by  replacing  the 
first  matrix  of  (22)  by  the  one-rowed  matrix  obtained  by  forming  the  weighted 
sum  of  the  rows  l)efore  carrying  out  the  matrix  multiplication.  Most  of  the  work 
of  this  multiplication  is  thus  avoided. 
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value  of  critical  load,  are  tabulated  for  various  combinations  of  ^ 

Vo 

and  ^ .  The  possible  curves  covered  range  from  one  having  an  inflec- 
w 

tion  point  on  each  side  of  the  center,  to  one  which  is  flat  over  the  center 
half  of  the  beam — a  variety  that  extends  well  outside  the  bounds  of 
common  sense;  yet  over  the  entire  range  of  possibilities  the  computed 
value  of  P  differs  from  the  exact  value  by  less  than  S%.** 


.5 

.6 

.7 

.8 

.9 

1.0 

.5 

.926 

.946 

.966 

.983 

.999 

1.013 

.6 

.946 

.966 

.983 

.999 

1.013 

1.027 

.7 

.966 

.983 

.999 

1.013 

1.027 

1.039 

.8 

.983 

.999 

1.013 

1.027 

1.039 

1.061 

.999 

1.013 

1.027 

1.039 

1.061 

1.062 

4  ■ 

1.013 

1.027 

1.039 

1.061 

1.062 

1.072 

7.  TIm  AppUcation  of  Boundary  Conditions  to  y(x) .  The  possibility 
of  using  poijmomials  satisfying  certain  special  conditions,  and  of  deter¬ 
mining  the  p’s  by  corresponding  conditions  on  the  integral  equation  is 
illustrated  by  the  following  problem. 


**  In  certain  problema  it  may  be  feasible  to  guess  the  shape  of  only  part  of  the 
curve  of  the  unknown  function,  in  which  case  one  or  more  y’s  would  be  kept  as 
parameters.  These  could  be  determined  by  requiring  the  integral  equation  to  be 
satisfied  at  certain  points,  or  perhaps  better  by  requiring  the  areas  enclosed  by 
the  curves  of  the  two  sides  of  the  integral  equation  to  be  equal  over  certain  sub¬ 
intervals  covering  the  interval  of  integration.  Each  linear  equation  obtained 
would  be  a  weighted  sum  of  the  complete  set  of  linear  equations,**  the  weighting 
factors  being  the  coefficients  Ci  in  an  integration  formula  which  gives  the  area 

over  a  subinterval  as  a  sum  of  the  form  h  ^  Cijfi .  These  coefficients  are  not 

yet  tabulated,  but  can  be  obtained  as  follows. 

Let  the  subinterval  be  divided  into  2n  equal  parts  k|  by  2n  +  1  points  indicated  by 

the  index  then  using  (11),  the  desired  area  is  hi  ^  Cflfj  hi  ^  Cy  ^  — 


k  ^  C/Ki(Xi)  The  desired  coefficients  are  hence  given  by  the  product 

7  II  Gy  II'  II  KiiXj)  II,  where  the  first  matrix  contains  but  one  row;  and  the  row 

n 

and  column  indices  for  the  second  are  j  and  i,  respectively. 
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Problem  4.  A  beam  of  consiani  flexural  rigidity  El  and  length  L  is 
fixed  at  one  end,  hinged  at  the  other,  and  subject  to  a  compressive  force  P, 
Find  the  critical  value  of  P  and  the  first  mode  of  buckling.  We  may 
consider  the  beam  as  hinged  at  both  ends,  there  being  an  end  couple  m 
which  forces  the  slope  to  vanish  at  x  >  0,  and  a  corresponding  force 

f  =  ~  which  holds  the  deflection  zero  at  x  =  L.  Proceeding  as  in 

Lj 

Problem  1  we  consider  the  bending  moment  distribution  as  made  up  of 
a  number  of  elementary  distributions;  hence  noting  that /contributes  an 
amount  — /(L  —  {)  to  the  moment  at  f ,  we  have  for  the  deflection 


»(x)  =  ^  /  gix,  {)«({)  ~f  I 


where 


g(x,  i)  = 
gix,  {)  = 


x(L  -  0 
EIL 

ia  -  x) 

EIL 


X  <i, 
X  >^, 


are  taken  from  (13),  and /is  determined  so  that  «'(0)  =  0,  thus 


(81) 


(82) 


(83) 


But 


f  gix,  i)(L  -  {)  d( = 


x{L  —  x)(2L  —  x) 

MJ 


(84) 


r  fk  c  -«>■'«= Sr 

Substituting  in  (81)  and  (83),  and  placing  in  (81)  the  value  then  given 
for /  by  (83),  we  obtain  the  integral  equation 


«(x)  =  P  f  Gix,  {)«({)  dk , 
Jo 


(85) 
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where 

OOt,  0  -  g(x,  i)  -  .  (86) 

We  now  proceed  exactly  as  in  Problem  1,  using  the  same  integration 
scheme,  and  thus  arrive  at  results  identical  with  (21)  and  (22).  In 
applying  (22)  we  use  the  same  second  matrix  of  (23),  but  from  the  first 
must  be  subtracted  the  matrix 

II  l.(L  -  l.)(2L  -  i,)(L  -  £,)  II ,  (87) 


due  to  the  second  term  of  (86).  It  may  be  noted  that  unlike  g{x,  {) 
there  is  nothing  {leculiar  about  this  term  at  x  =  The  matrix  (87)  is^ 


147 

126 

105 

84 

63 

42 

21 

168 

144 

120 

96 

72 

48 

24 

105 

90 

75 

60 

45 

30 

15 

(88) 


The  matrix  of  the  coefficients  of  the  y’a  can  evidently  be  obtained  by 
subtracting  the  product  of  (88)  and  the  second  matrix  of  (23)  from  the 
last  matrix  of  (23).  This  product  is 


L 

2457%. El 

and  the  final  matrix  is 

L 

24676  El 


1071 

273 

357 

1224 

312 

408 

765 

195 

255 

1 

423 

75 

-392 

1000 

424 

-333 

501 

817 

The  corresponding  system  of  linear  equations  is  exactly 

Xj/_i  =  1.000  j/_i  +  423.  yo  +  75.0  j/i 

Xyt  =  —392.  y_i  +  1000.  yo  +  424.  yi 

_  Xyi  =  —333.  y_i  +  501.  yo  +  817.  yi , 


(89) 


(90) 


(91) 


where 


24576  El 
UP  ’ 


^  24576  El 
XL*  ’ 


(92) 


Continuing  as  in  Problem  1  we  transpose  the  left  hand  members  of  (91), 
equate  the  determinant  to  zero,  and  obtain  the  largest  root  of  the 
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resulting  cubic  equation.  This  root  is  X  =  1224.90,  which  in  (92)  gives 
for  the  critical  load 

FT 

P-  20.0637  (93) 

Placing  this  value  of  X  in  the  determinant  and  computing  the  cofactors 
of  the  elements  of  the  second  row,  we  obtain  the  y’s  and  hence  the  first 
mode  of  buckling,  thus 

y-t  =  0,  y_i  =  .40083/i,  yo  =  m,  Vi  =  .90101*1,  y*  ”  0.  (94) 

Using  these  values  and  Table  3,  we  obtain  for  j/(x)  the  curve  7  of  Fig.  7. 


; 
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The  y’s  and  X  are  now  determined  by  (95)  and  the  laH  two  equations 
of  (91).  Since  (95)  does  not  contain  X,  we  use  this  equation  to  elimi¬ 
nate  y_i ,  after  which  by  equating  the  second  order  determinant  to  sero 
we  obtain  a  quadratic  equation  in  X.  The  largest  root  of  this  equation 
is  X  «  1206.46,  which  in  (92)  gives  for  the  critical  load 

P-  20.370  (96) 


The  corresponding  mode  of  buckling  is  given  by  the  values 


y_i  *  0,  y-i  «  .44924m,  yo  =  yi  “  .90228^,  yi  “  0.  (97) 

Here  yo  and  yi  were  obtained  by  placing  the  above  value  of  X  in  the' 
second  order  determinant  and  taking  cofactors  of  the  elements  of  the 
first  row,  these  consisting  of  one  term  each,  y.i  was  then  obtained  by 
substituting  in  (95).  Using  the  values  (97)  with  Table  3,  we  obtain 
for  y(x)  the  curve  II  of  Fig.  7. 

The  exact  solution  of  this  problem  is 

JPf 

p  =  20.19 


(98) 

y  cos  cuj  / 


where  oL  4.493  is  given  by  the  equation  oL  »  tan  oL,  and  e  is  an 
arbitrary  constant.  «(x)  is  shown  together  with  the  approximate  solu¬ 
tions  in  Fig.  7,  c  being  determined  so  that  »{\L)  «  m*  Denoting  the 
values  of  P  given  by  (93)  and  (96)  by  Pi  and  P* ,  respectively,  it  fol- 


P  P 

lows  that  -p  —  .9939  and  ==  1.0091.  From  these  values  and  Fig.  7 

we  see  that  the  first  solution  is  the  better  one.”  This  can  be  explained 
by  the  reasoning  of  Section  4  part  E,  as  follows. 

In  the  first  case  the  integral  equation  is  satisfied  at  the  five  points 
X  0,  \L,  \L,  }L,  L.  In  the  second  case  it  is  satisfied  at  the  four 
points  X  =  0,  \L,  \L,  L;  and  the  equation  obtained  by  differentiating 
it  with  respect  to  x  is  satisfied  at  the  point  x  =  0,  since  y'(O)  «■  0  and 


In  the  first  case,  therefore,  the  curves  of  the  two 


**  It  may  seem  strange  that  the  y(x)  obtained  in  the  better  solution  does  not 
satisfy  the  end  condition  s'(0)  —  0;  however,  the  boundary  conditions  have  al¬ 
ready  been  written  into  the  Green’s  function  (7(z,  ()• 


L 
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sides  of  the  integral  equation  coincide  at  x  =  0,  \L,  \L,  \L,  L‘,  whereas 
in  the  second  they  coincide  at  x  »  0,  0,  ^L,  \L,  L,  the  double  point 
referring  to  the  derivative.”  Closer  agreement  of  the  two  curves  over 
the  interval,  and  hence  better  final  results,  would  thus  be  expected  in 
the  first  case  because  of  the  more  even  distribution  of  points. 

The  practical  advantage  of  the  second  solution  is  that  a  quadratic 
instead  of  a  cubic  equation  is  obtained  for  X.  This  is  due  to  the  fact 
that  the  degree  is  raised  by  the  first  equation  of  (91),  but  is  not  affected 
by  (95).  From  the  preceding  paragraph  we  should  expect  this  solution 
to  be  improved  by  requiring  the  integral  equation  to  be  satisfied  at 
X  =  fL  instead  of  x  »  |L.  It  should  be  noted  that  regardless  of  what 
restrictions  are  imposed  on  y{x),  this  polynomial  is  always  specified  by 
a  number  of  equally  spaced  y’s. 

8.  Characteristics,  Extensions,  and  Applications  of  the  Method. 
As  a  result  of  the  above  investigation,  the  characteristic  features  of  the 
method  described  for  solving  integral  equations  can  be  summarized  as 
follows. 

1.  If  the  approximate  methods  are  used  at  all  carefully,  very  good 
results  are  obtained. 

2.  The  method  is  flexible  in  that  one  can  decide  initially  how  much 
work  is  justified  by  a  problem,  and  can  then  arrange  the  detailed  pro¬ 
cedure  accordingly.  In  so  doing  he  has  a  choice  of  variations  ranging 
between  the  following  two  extremes. 

a)  If  great  accuracy  is  warranted,  it  can  be  obtained  by  increasing 
the  degree  of  p(x),  or  by  subdividing  the  total  interval  and  using  more 
than  one  polynomial. 

b)  If  economy  of  time  is  desired,  it  can  be  obtained  together  with 
reasonable  accuracy  by  using  curves  drawn  by  intuition,  and  proceeding 
as  described  in  Section  6,  the  resulting  method  being  comparable  with 
that  of  Raleigh. 

3.  The  solution  of*  a  problem  can  usually  be  broken  down  into  a 
number  of  distinct  parts  using  matrices.^  These  arise  from  a  number  of 
different  causes,  each  matrix  having  to  do  not  with  the  problem  as  a 
whole  but  only  with  a  particular  phase  of  the  problem. 

**  In  the  second  case,  as  in  the  first,  the  two  curves  have  a  common  interpola¬ 
tion  polynomial;  however,  this  polynomial  is  not  Lagrangean,  but  is  determined 
so  as  to  coincide  with  the  function  at  z  ~  0,  iL,  \L,  L,  and  to  have  the  same 
slope  at  z  —  0. 
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4.  Certain  of  the  matrices  which  arise  can  be  tabulated  once  and  for 
all,  thereby  eliminating  most  of  the  work  in  solving 'whole  varieties  of 
problems.  That  work  which  remains  is  well  adapted  to  computation 
on  a  modem  computing  machine. 

A  number  of  comments  will  now  be  made  concerning  possible  exten¬ 
sions  and  applications  of  the  above  method. 

A.  Types  of  Integral  Equaiiona.  In  the  above  problems  we  encoun¬ 
tered  integral  equations  of  the  form 

4>{x)  =  foix.&mdi  (99) 

and 

fix)  =  Xj[*G(x,  {)/({)  (100) 

where  fix)  is  the  unknown  function.  Had  we  considered  the  deflection 
of  a  beam  under  both  lateral  loading  and  axial  compression,  or  the  forced 
vibration  of  a  beam,  we  should  have  obtained  the  following  “nonhomo- 
geneous  integral  equation  of  the  second  kind”* 

fix)  =  0(x)  -f  X  j[‘  Gix,  mo  di .  (101) 

This  equation  can  evidently  be  solved  using  the  above  methods,  the 
only  effect  of  the  0(x)  being  to  add  a  term  free  of  the  y’s  to  each  linear 
equation,  thus  rendering  the  system  nonhomogeneous.  In  this  case  X 
is  given  (by  the  given  compressive  force  or  vibration  frequency)  and 
the  determinant  of  the  system  must  not  vanish  (for  a  beam  carrying 
its  critical  load  cannot  support  lateral  loads,  or  a  beam  cannot  be 
indefinitely  excited  at  its  natural  frequency). 

The  integral  /  Gix,  ()fi()  d(  appears  conspicuously  in  a  great  variety 

va 

of  integral  equations  met  in  dealing  with  physical  problems;  and  the 
applicability  of  the  above  methods  hinges  largely  on  the  possibility  of 
handling  this  integral.  Thus  from  our  standpoint  integral  equations 
are  distinguished  from  each  other  not  so  much  by  their  form  as  by  the 
nature  of  a,  b,  Gix,  {),  and  fix).  Since  a  and  6  may  be  finite  or  infinite, 
Gix,  0  and  fix)  may  be  continuous  or  may  have  infinite  singularities, 
and  since  in  some  cases  x  appears  in  the  limits  of  the  integral,  it  is  clear 
that  various  combinations  of  these  cases  can  give  rise  to  a  large  number 
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of  different  types  of  integral  equations.”  For  example,  in  beam  sta¬ 
bility  and  vibration  problems  a  and  b  are  finite  (for  finite  beams), 
0{x,  0  is  continuous,  and  f{x)  is  continuous  (see  Problems  1  and  4). 
In  elastic  foundation  problems  and  electric  potential  problems  a  and  b 
may  be  finite  or  infinite,  0(x,  f)  becomes  infinite  when  x  and  fix) 
may  or  may  not  become  infinite  (depending  upon  whether  or  not  the 
surfaces  involved  have  comers)  (see  Problems  2  and  3).  In  certain 
electric  circuit  problems  a  and  b  may  become  infinite  or  may  contain  x, 
G(x,  {)  is  continuous,  and  /(x)  is  continuous. 

In  the  problems  treated  above,  a  and  b  were  constants,  G(x,  {)  either 
was  continuous  or  became  infinite  at  x  =  (,  and  /(x)  was  continuous. 

B.  Extermons  of  the  Method.  Extensions  to  the  scope  and  usefulness 
of  the  above  method  are  being  made  along  the  following  lines. 

1.  The  treatment  of  different  types  of  integral  equations,  or  integral 
equations  involving  different  kinds  of  singularities. 

2.  The  investigation  of  certain  particular  Green’s  functions  which 
characterise  wide  varieties  of  physical  problems.  Also  the  computation 
and  tabulation  of  certain  matrices  which  do  away  with  a  large  percentage 
of  the  work  involved  in  solving  such  problems. 

3.  The  extension  to  integral  equations  whose  unknown  functions 
contain  more  than  one  independent  variable.  Such  equations  would  be 
encountered  in  considering  the  stability  or  vibration  of  plates,  or  in 
determining  induced  charge  distributions  on  surfaces.  The  concepts 
which  give  rise  to  integral  equations  are  evidently  not  dependent  upon 
the  number  of  variables  involved. 

4.  The  investigation  of  certain  specific  applications.  Among  these 
are 

a)  The  free  or  forced  vibration  of  beams  carrying  concentrated  masses 
or  having  variable  cross  sections. 

b)  The  stability  of  beams  having  elastic  lateral  supports  or  having 
variable  cross  sections. 

c)  The  free  or  forced  vibration  of  plates. 

There  are  still  other  types,  however.  For  example,  a  consideration  of  the 
buckling  under  its  own  weight  of  a  vertical  column  fixed  at  the  lower  end  and 
free  at  the  top  leads  to  the  integral  equation 

s(*)  -  jf  Oix,  ()  jf  ls(u)  -  s({)l  p(u)  du  d(, 

where  z,  (,  and  u  are  measured  upward  from  the  lower  end,  p(u)  is  the  density, 
and  0(x,  {)  is  the  deflection  at  z  due  to  a  unit  concentrated  bending  moment  at  (. 
This  integral  equation  can  evidently  be  solved  by  the  above  method. 
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d)  The  stability  and  lateral  deflection  of  plates  having  peculiar 
boundary  conditions. 

e)  The  solution  of  potential  or  flow  problems  of  the  type  now  treated 
to  some  extent  by  flux  plotting.  This  application  has  many  sub¬ 
divisions,  for  example  the  determination  of  magnetic  fields  in  electric 
machines,  electric  fields  in  vacuum  tubes,  temperature  distributions  in 
thermal  problems,  or  pressure  distributions  on  the  surfaces  of  airships. 

f)  Certain  elastic  foundation  problems. 

5.  The  finding  of  new  applications. 

In  connection  with  2.  it  may  be  mentioned  that  Wilbur  has  devised 
a  machine  capable  of  solving  nine  simultaneous  linear  algebraic  equa¬ 
tions.”  This  machine  is  in  operation  at  the  Massachusetts  Institute  of 
Technology.  Such  a  machine  used  in  connection  with  the  above  method 
should  make  short  work  of  a  variety  of  problems. 

C.  Contrast  Between  the  Use  of  Integral  EqtuUions  and  Differential 
Eqttations.  Attention  is  finally  called  to  the  following  characteristics 
of  integral  equations  as  opposed  to  differential  equations  in  solving 
ph}rsical  problems. 

1.  An  integral  equation  is  obtained  by  considering  a  problem  as  a 
whole,  whereas  a  differential  equation  is  obtained  by  considering  the 
equilibrium  of  an  infinitesimal  region. 

2.  In  solving  a  problem  with  an  integral  equation,  all  boundary  con¬ 
ditions  and  a  good  part  of  the  physical  background  are  written  into  the 
Green’s  function;  and  the  solution  obtained  is  final.  In  the  case  of  a 
differential  equation  the  solution  consists  of  two  distinct  parts:  the 
solution  of  the  equation  itself,  and  the  consideration  of  the  boundary 
conditions. 

3.  The  common  occurrence  and  great  applicability  of  integral  equa¬ 
tions  is  due  to  the  fact  that  they  arise  in  applying  the  principle  of 
superposition,  which  is  one  of  the  simplest  and  most  useful  concepts 
in  physics.  Because  of  this,  integral  equations  are  always  associated 
with  simple,  clear  physical  pictures.  In  fact  the  physical  picture  asso¬ 
ciated  with  an  integral  equation  is  usually  much  clearer  than  that  asso¬ 
ciated  with  a  corresponding  differential  equation. 

4.  The  solution  of  an  integral  equation  by  the  above  method  is  but 
.slightly  affected  by  certain  things  such  as  continuously  varying  physical 
properties  (variable  density,  cross  section,  rigidity,  etc.)  which  seriously 
complicate  the  general  solution  of  a  corresponding  differential  equation; 

••  Wilbur,  “The  Mechanical  Solution  of  Simultaneous  Equations,’’  Journal  of 
the  Franklin  Intlilule,  vol.  222,  p.  715. 
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and  alHO  rortain  things  such  as  abrupt  changes  of  physical  properties, 
which  seriously  complicate  the  application  of  boundary  conditions  to  a 
differential  equation  solution. 

It  should  be  emphasized  that  the  determination  of  the  Green’s  func¬ 
tion  does  not  require  the  solution  of  a  differential  equation  involving 
these  same  complications.  For  example  in  considering  the  free  vibra¬ 
tion  of  a  beam  of  either  continuously  or  abruptly  varying  density  and 
flexural  rigidity,  we  obtain  the  integral  equation 

six)  =  u>*  f  ,  (102) 

Jo 


where  g(x)  is  the  amplitude,  p(x)  is  the  mass  per  unit  length,  w  is  2t 
times  the  frequency,  L  is  the  length;  and  where  of  the  two  factors  which 
com|X)6e  the  Green’s  function,  ff(x,  ()  is  the  deflection  at  x  due  to  a 
unit  load  at  Although  g(x,  ()  can  be  obtained  by  solving  a  differ¬ 
ential  equation,  we  also  have  directly 

g(x,()=f  gi(x,  u)M(u,  ()  du,  (103) 

Jo 

where  M(u,  ()  is  the  bending  moment  at  u  due  to  a  unit  load  at  (  with 
hinged  ends,  and  gi(x,  u)  is  the  deflection  at  z.due  to  a  unit  concentrated 
bending  moment  at  u  with  the  actual  end  conditions.  For  hinged  ends 
gi(x,  u)  is  given  by  (13).  For  other  end  conditions  gi(x,  u)  can  be 
obtained  using  (13)  as  illustrated  in  Problem  4.” 


*  In  the  case  of  a  shaft  having  a  number  of  abrupt  changes  in  cross  section, 
it  is  difficult  to  apply  the  boundary  conditions  in  obtaining  g(z,  ()  using  a  dif¬ 
ferential  equation  solution.  However,  since  M(u,  {)  - - - for  u  ^  and 

Li 

M{,u,  {)  ^  for^  ^  {,  and  since  (13)  is  linear  on  each  side  of  the  corner, 


it  follows  that  gi(z,  u)M(u,  ()  is  a  polynomial  in  u  in  each  of  a  number  of  intervals 
which  compose  the  shaft,  and  hence  that  a  scheme  of  "approximate”  integration 
using  (11)  will  give  exact  results.  For  example,  in  the  case  of  hinged  ends  the 
three  point  formula  is  sufficient. 
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Tables  of  Data  for  Polynomial  Approximation*^ 
TABLE  1 

Bxact  valuet  of  Ct.  For  use  unth  equation  (li) 


Number  of  Points 

c_, 

c.. 

C_i 

c, 

c. 

c. 

Ct 

n  »  1.  Three  points 

1 

3 

4 

3 

1 

3 

7 

32 

12 

32 

7 

n  ^2.  Five  points 

22.5 

22.5 

22.5 

^.5 

22.5 

41 

216 

27 

272 

27 

216 

41 

n  —  3.  Seven  points 

140 

140 

140 

140 

140 

140 

140 

**  These  tables  are  all  part  of  a  much  more  extensive  set  which  is  soon  to 
appear  in  book  form,  and  which  contains  also  data  for  n  »  4  (nine  points). 

The  C’s  are  essentially  Cotes’  coefficients.  (See  Markoff,  “Differenzenrech* 
nung,”  p.  61.)  The  K’s  were  obtained  by  extending  tables  given  by  Rutledge 
and  Crout,  "Tables  and  Methods  of  F^xtending  Tables  for  Interpolation  Without 
Differences,”  this  Journal,  vpl.  9,  p.  166.  The  A'’s  were  taken  from  Rutledge, 
"A  Reliable  Method  of  Obtaining  the  Derivative  Function  from  Smoothed  Data 
of  Observation,”  Physical  Review,  vol.  40,  p.  262.  The  K"’s  and  K""a  were 
computed  directly  from  the  expressions  for  the  K’a.  The  B’a  were  taken  from 
Rutledge,  "The  Polynomial  Determined  by  2n  +  1  Points,”  this  Journal,  vol.  2, 
p.  47. 

The  above  methods  can  evidently  be  carried  out  using  an  even  number  of 
points.  Tables  of  the  K’a  for  four  and  six  points  are  given  by  Huntington, 
“Tables  of  Lagrangean  Coefficients  for  Interpolating  Without  Differences,” 
Proceedings  of  the  American  Academy  of  Arts  and  Sciences,  vol.  63,  p.  421. 
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TABLE  2 

Exact  valaea  of  Ki(\)  for  n  ^  1  (three  pointe).  For  tue  toitk  equation  (8) 


X 

1 

:  K., 

K, 

j 

1 

0 

0 

1  0  * 

1  0 

.1 

-.045 

.990 

.056 

-.1 

.2 

-.080 

:  .960 

.120 

-.2 

.3 

-.106 

1  .910 

1 

.195  1 

1 

-.3 

.4 

-.120 

1  .840 

.280 

i 

.5 

-.126 

.760 

.376 

-.6 

.6 

-.120 

.640 

.480 

-.6 

.7 

-.105 

.610 

.695 

-.7 

.8 

-.080 

.360 

.720 

-.8 

.9 

-.046 

.190 

.866 

-.9 

1.0 

0 

0 

1.000 

-1.0 

.04730  88000  j  .16755  20000  -.38297  60000  |  1.00531  20000  .  26808  32000  -.01675  52000 

.05273  43750  .18457  03125  -.41015  62500  ;  .92285  15625  .  36914  06250  -.02050  78125 


.04907  85750  .16813  95625  -  .35606  02500  I  .64853  83125 
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TABLE  5 

Exact  valuta  of  t  K^{K)/or  n  ^  1  (three  pointa).  To  obtain  /C'(X)  divide  the  numbera 
tabulated  by  t.  For  uae  with  equation  (A) 


\ 

2KLi 

2K[ 

2K[ 

-1 

-3 

4 

-1 

0 

-1 

0 

1 

1 

1 

-4 

3 

TABLE  6 

Exact  valuta  of  It  K'(\)for  n  ^  i  (five  pointa).  To  obtain  K'^(\)  divide  the  numbera 
tabuUUed  by  tt.  For  use  with  equation  (8) 


■i 


I 


INTEGRAL  EQUATIONS  AND  PHYSICAL  PROBLEMS 


89 


TABLE  8 

Bxaet  value$  of  K'/(X)  for  n  -  /  (three  pointe).  For  uee  mth  equation  (9) 


X 

K'l, 

Any  value 

1 

-2 

1 

TABLE  9 

Exact  poluee  of  It  K”(\)  for  I  (five  pointe).  To  obtain  K^'(X)  divide  the  numbere 
tabulated  by  It.  For  uee  with  equation  (P) 


X 

12X1^ 

12  K-, 

12  JT" 

12  Ki' 

12  k/' 

-2 

35 

-104 

114 

-66 

11 

-1 

11 

-20 

6 

4 

-1 

0 

-1 

16 

-30 

16 

-1 

1 

-1 

4 

6 

-20 

11 

2 

11 

-66 

114 

-104 

36 

I 

i 

i 

1 
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TABLE  10 

Exact  values  of  180  K^(\)  for  n  S  {seven  points).  To  obtain  K''(\)  divide  the 
numbers  tabulated  by  180.  For  use  with  equation  (P) 


X 

180 

180 

ISOK-i 

180  AJ' 

180  A(' 

180  A" 

i 

180  A," 

-3 

1  812 

-3132 

5265 

-5080 

2970 

-972 

137 

-2 

137 

-147 

-255 

i  470 

-285 

93 

-13 

-1 

-13 

228 

-420 

1  1 

200 

15 

-12 

2 

0 

2 

-27 

270 

-490 

270 

-27 

2 

1 

2 

-12 

15 

200 

-420 

228 

-13 

2 

-13  1 

93 

-285 

470 

-255 

-147 

137 

3 

137  j 

[  -972 

2970 

-5080  : 

5265 

-3132 

812 

TABLE  11 

Exact  values  of  t  A'/'  (X)  for  n^  t  {five  points).  To  obtain  A'/'(X)  divide  the  nunU>ers 
tabulated  by  t.  For  use  with  equation  {10) 


X 

2  K'-t 

2  A-,' 

2  Kt'' 

2  A'" 

2  A"; 

-2 

-5 

18 

-24 

14 

-3 

-1 

-3 

10 

-12 

6 

-1 

0 

-1 

2 

0 

-2 

1 

1 

1 

-6 

12 

-10 

3 

2 

3 

-14 

24 

-18 

5 
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TABLE  12 

Exact  value!  of  8  for  n  ■■  5  (seven  points).  To  obtain  K'f'(X)  divide  the 

numbers  tabulated  by  8.  For  use  with  equation  (10) 


X 

8K-i 

SK-[ 

8K'," 

8  k;" 

8Kt" 

SK't' 

-3 

-49 

232 

-461 

496 

-15 

-2 

-16 

56 

-83 

64 

-29 

8 

-1 

-1 

-1 

-8 

35 

-48 

29 

-8 

1 

0 

1 

-8 

13 

0 

-13 

8 

-1 

1 

-1 

8 

-29 

48 

-35 

8 

1 

2 

1 

-8 

29 

-64 

83 

-56 

15 

3 

15 

-104 

-496 

461 

-232 

49 

TABLE  13 

Exact  values  of  t  Bi./for  n  ^  1  (three  points).  To  obtain  Bi.f  divide  the  numbers 
tabulated  by  t.  For  use  with  equations  (S)  and  (7) 


j 

i 

-1 

0 

1 

.  0 

'0 

2 

0 

1 

-1 

0 

1 

2 

1 

-2 

1 

TABLE  14 

Exact  values  of  84  Bi.f  for  n  —  t  (five  points).  To  obtain  Bi.j  divide  the  numbers 
tabulated  by  84-  For  use  ivith  equations  (5)  arid  (7) 


GEOMETRY  OF  POLYGONS  IN  THE  COMPLEX  PLANE* 

Bt  Jksse  Douqlas 

“If  on  each  side  of  any  triangle  as  base  an  isosceles  triangle  with  120® 
vertex-angle  is  constructed  (always  outward  or  always  inward),  then  the 
vertices  of  these  isosceles  triangles  form  an  equilateral  triangle.” 

The  present  paper  has  for  its  purpose  the  extension  of  this  elementary 
geometric  theorem  to  polygons  of  n  sides,  and  the  establishing  of  allied 
theorems.  The  method  is  to  regard  the  polygons  as  lying  in  the  complex 
plane,  whereupon  the  desired  results  are  obtained  by  simple  algebraic 
calculations  involving  the  complex  coordinates  of  the  vertices. 

Our  main  result  is  Theorem  A  in  §7,  restated  in  equivalent  form  as  A 
Theorem  B,  §8,  also  seems  of  interest. 

In  papers  by  E.  Kasner  and  his  students,^  the  following  elementary 
theorem  is  taken  as  starting  point:  “If  the  midpoints  of  the  sides  of  any 
quadrilateral  are  joined  in  order,  the  resulting  figure  is  a  parallelogram” 
Kasner  studies  to  what  extent  and  in  what  manner  this  theorem  can  be 
generalized,  both  as  to  the  number  of  sides  of  the  polygons  involved, 
and  as  to  replacing  the  midpoint  construction  by  that  of  taking  the 
centroid  of  any  fixed  number  of  consecutive  vertices. 

The  present  study  was  suggested  by  the  reading  of  Kasner’s  papers, 
which  led  quite  naturally  to  the  question  of  whether  other  well-known 
geometric  theorems  would  admit  of  similar  extension.  The  one  stated 
at  the  beginning  of  this  paper  seems  particularly  well  suited  to  this 
purpose. 

While  Kasner’s  theorems  belong  to  the  affine  geometry  of  polygons, 
those  of  the  present  paper  belong  to  the  similitude  group,  i.e.,  the  four- 
parameter  group  obtained  by  combining  homothetic  transformations 
with  all  rigid  motions.  However,  we  shall  see  how  by  a  sort  of  composi- 

*  In  a  forthcoming  paper.  On  linear  polygon  Iranaformations,  Bull.  Amer.  Math. 
Soc.,  V.  46  (1940),  the  topic  of  the  present  one  is  developed  further.  An  abstract 
of  the  present  paper  has  appeared  in  Bull.  Amer.  Math.  Soc.,  v.  44  (1938),  p.  640. 

*  E.  Kasner,  The  group  generated  by  central  symmetries,  with  application  to 
polygons,  American  Mathematical  Monthly,  v.  10  (1903),  p.  47.  E.  Kasner  with 
E.  Jonas,  K.  Way,  and  G.  Comenetz,  Centroidal  polygons  and  groups,  Scripta 
Mathematica,  v.  2  (1934),  pp.  131-138.  E.  Kasner  and  G.  Comenetz,  Groups  of 
multipoint  transformations  with  application  to  polygons,  Scripta  Mathematica, 
V.  4  (1936),  pp.  37-49. 
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tion  of  similitude  constructions  and  properties,  the  theory  of  affine 
constructions  and  properties  can  also  be  easily  included  (§9).  In  this 
way,  the  results  of  Kasner  are  comprised  as  particular  cases  in  those  of 
the  present  paper.* 

In  §§9, 10,  what  seems  to  be  an  interesting  isomorphism  is  pointed  out 
between  the  present  geometric  theory  and  the  general  theory  of  algebraic 
equations  with  either  real  or  complex  coefficients. 

1.  Proof  of  the  Initial  Theorem 

As  introduction  to  our  method,  the  following  simple  algebraic  proof 
of  the  theorem  stated  at  the  beginning  seems  most  appropriate. 

By  a  (direct)*  similitude  transformation  we  understand 

(1)  z’  =  Az-\-  B, 

where  z,  z'  are  complex  variables,  and  A ,  B  are  any  complex  constants. 
If  i4  0,  the  transformation  is  reversible,  i.e.,  solvable  for  z  in  terms  of 
z'.  If  A  =0,  the  whole  z-plane  is  converted  into  the  point  z'  =  B,  and 
the  transformation  is  not  reversible.  We  siieak  then  of  a  singular 
transformation. 

Two  triangles — or,  later,  any  two  polygons— are  called  (directly)* 
similar  when  and  only  when  one  is  obtainable  from  the  other  by  a 
transformation  of  the  form  (1).  It  is  easily  seen  that  the  necessary  and 
sufficient  condition  for  the  similarity  of  two  triangles  is 

Zl  zi  1 

(2)  zi  z,  1  =0, 

Zl  Zl  1 

provided  that  the  triangle  (zi ,  z* ,  Z|)  does  not  reduce  to  a  point;  if  it 
does:  Zi  =  z*  =  Z|  ,<then  the  necessary  and  sufficient  condition  is  that 
the  other  shall  also  reduce  to  a  point:  Zi  =»  Zj  =  Zi . 

'  See  particularly  art.  5  of  {9,  where  the  centroidal  process  for  any  number 
of  consecutive  vertices  of  an  arbitrary  polygon  is  discussed. 

*  One  that  preserves  the  sense  (right-  or  left-handed)  of  all  Sgures.  A  simili¬ 
tude  transformation  with  reversion  of  sense  is  represented  by  t'  —  Ai  +  B, 
where  i  is  the  conjugate  complex  quantity  of  *.  Only  sense-preserving  similitude 
transformations  (1)  will  be  considered  in  this  paper. 

*  Hereafter,  except  where  emphasis  seems  desirable,  we  shall  leave  it  to  be 
understood  that  the  similarity  of  figures  considered  in  this  paper  is  always  direct. 
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Let  u  denote  the  complex  cube-root  of  unity  situated  on  the  unit  circle 
with  polar  angle  120°: 

(3)  W  =  6**^*^*,  <i)*  =  1. 

Then  the  triangle  (w,  1,  0)  is  an  isosceles  triangle  with  a  vertex-angle  of 
120",  situated  at  the  right  of  the  (directed)  side  wl.  According  to  (2), 
the  triangle  (zj ,  zs ,  Zi)  is  similar  to  this  isosceles  120°- triangle  if  and 
only  if 

(4)  (1  —  u)z'i  =  Zi  —  wzj  ; 

the  similarity  includes  the  sense  relation  that  z(  is  to  the  right  of  ZiZt . 

Therefore,  if  we  perform  on  any  given  triangle  (zi ,  zt ,  Zj)  the  construc¬ 
tion  described  at  the  beginning  of  this  paper,  the  new  triangle  (z( ,  Zj ,  Z3) 
so  obtained  is  defined  by  (4)  together  with 

(5)  (1  -  u)zi  =  Zj  -  wzi , 

(6)  (1  —  w)zi  =  Z|  —  wZi . 

With  these  equations,  we  verify  immediately  the  linear  identity 

(7)  Zi  -}-  aiZt  -f-  a)*Z3  =  0 

obeyed  by  the  new  triangle,  whatever  the  original  one.  This  relation 
can  be  represented  in  the  following  determinant  form: 

Zi'  1  1 

(8)  z,'  w  1  =  0, 
zi  «*  1 

easily  seen  to  be  equivalent  to  (7)  by  multiplying  that  equation  by 
w  —  w*  and  using  w*  =  1. 

According  to  (2),  the  relation  (8)  expresses  that  the  triangle  (zi ,  Zi ,  Z3) 
is  similar  to  (1,  u,  &>*) ;  in  other  words,  (zi ,  Zt ,  zi)  is  an  equilateral  triangle, 
described  in  the  counter-clockwise  sense. 

(Similarly,  if  the  construction  of  the  120°  isosceles  triangles  is  to  the 
left,  the  resulting  triangle  (zi ,  zi ,  zi)  is  equilateral  clockwise— there  is  a 
systematic  interchange  of  u  and  w.) 

2.  Definitions 

With  the  preceding  as  a  guide,  we  may  now  begin  the  construction  of 
our  general  theory.  All  configurations  are  supposed  to  lie  in  the  complex 
plane. 
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Definition  (i).  An  n-gon  is  a  system  of  n  points  in  a  definite  CYCLIC 
order:  (Pi ,  P* ,  •  •  •  ,  P,). 

In  this  notation,  the  parentheses  denote  the  cyclic  character  of  the 
order  of  the  points.  Each  point  Pi ,  Pj ,  •  •  •  ,  P«  is  called  a  vertex  of 
the  n-gon;  the  vertices  need  not  be  distinct.*  Each  of  the  n  directed 
line-segments,  or  vectors,  PiP* ,  PiP| ,  •  •  •  ,  Pn-iPn  ,  P«Pi ,  is  called  a 
side  of  the  7i-gon.  In  virtue  of  the  direction  attached  to  each  side,  it 
has  a  definite  meaning  to  speak  of  a  triangle  on  any  given  side  as  base  as 
lying  to  the  right  or  to  the  left  of  that  side. 

When  it  is  not  desired  to  emphasize  a  particular  number  of  sides  or 
vertices,  we  speak  of  a  polygon. 

It  is  to  be  emphasized  that  the  cyclic  order  of  the  points  alone  is 
relevant;  thus,  two  polygons  are  the  same  when  and  only  when  they 
consist  of  the  same  points  in  the  same  cyclic  order;  e.g.,  (Pi ,  Pf ,  Pj , 
P4 ,  Pb)  and  (Pj  ,  P4 ,  Pj  ,  Pi  ,  Pi)  are  the  same  pentagon.  In  general, 
two  n-gons  (Pi ,  Pi ,  •  •  •  ,  Pn)  and  (Qi ,  Qi ,  •  •  •  ,  Q»)  are  the  same  when 
and  only  when  for  some  value  of  k: 


where  all  indices  are  to  be  taken  modulo  n. 

If  we  exactly  reverse  the  cyclic  order,  e.g.,  (Pi ,  Pi ,  P» ,  P4 ,  Pj) 
into  (Pj  ,  P4 ,  Pj  ,  Pi  ,  Pi),  we  have  a  distinct  polygon  consisting  of  the 
same  points  but  traversed  in  the  opposite  sense;  two  such  polygons  will 
be  described  as  opposites. 

Definition  (ii).  By  way  of  contrast,  and  to  help  understand  definition 
(i) — though  we  shall  really  need  this  viewpoint  only  very  seldom  in  the 
present  paper — suppose  that  we  desire  not  only  the  cyclic  but  the 
linear  order  of  the  n  points  to  be  significant;  i.e.,  we  choose  a  definite 
vertex  as  initial  one.  From  this  viewpoint,  PiPiPjPjPj  and  PjPjPjPiPi, 
for  instance,  are  distinct  configurations.  We  need  a  name  to  distinguish 
this  typ)c  of  figure:^ a  system  of  n  points,  of  which  a  definite  one  is  des- 
ignab^l  as  first,  another  as  second,  another  as  third,  •  •  •  ,  the  last  as 
n“*.  The  standard  name  is  n-point;  thus,  two  n-points  Pi ,  Pi ,  •  •  •  ,  P* 
and  Qi ,  Qi ,  •  •  •  ,  are  the  same  when  and  only  when 


*  Or  subject  to  any  particular  condition  whatever;  e.g.,  they  may  all  lie  in 
the  same  straight  line. 
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Every  n-gon  gives  rise  to  n  different  n-points  according  to  the  choice  of 
initial  vertex. 

Definition  (iii).  A  regular  rtrgon  of  uf-type  is  an  Vrgon  similar  to 
(1,  w’’,  w*’’,  •  •  •  where: 

Throughout  this  paper, 

(11)  «  =  co"  =  1, 

and  p  may  be  1,  2,  •  •  •  ,  n  —  1. 

The  similitude  transformation  z'  =  Az  A-  B\a  regarded  as  proceeding 
from  the  standard  regular  n-gon  (!,«”,  w*”,  •  •  •  to  the  one  to 

be  proved  regular,  (21 ,  z* ,  •  •  •  ,  2,).  Thus  we  may  allow  A  =  0,  and 
then  any  n-gon  with  all  vertices  coincident:  Zi  =  Zj  =  ■  •  •  =  2»  ,  may 
be  regarded  as  a  (degenerate)  form  of  regular  n-gon. 

If  p  =  1,  we  have  a  regular  convex  p>olygon  in  the  ordinary  text-book 
or  class-room  sense.  If  p  =  n  —  1,  so  that =  u  (conjugate 
of  u),  the  same  is  true,  the  order  of  the  vertices  being  then  clockwise 
instead  of  counter-clockwise.  For  the  other  values  of  p,  the  polygon  is 
.self-intersecting  (star-shaped),  or,  if  n  =  rs,  may  consist  of  a  regular 
r-gon  (in  either  the  elementary  or  the  extended  sense)  described  s  times 
in  succession.  An  extreme  case  is  where  n  =  2fn,  p  =  m;  then  the 
m-fold  point-pair  (  — 1,  1,  —  1,  1,  •  •  •  ,  —  1,  1)  must  be  considered  as  a 
particular  form  of  regular  n-gon.  The  name  “regular”  is  deserved  in  all 
these  cases  because  the  polygon  looks  exactly  the  same  when  viewed 
from  any  side,  also  the  same  when  viewed  from  any  vertex. 

The  regular  n-gons  of  types  w”,  =  &»“'  differ  only  in  sense  of 

description,  or  are  opposites  of  one  another. 

Thus,  there  are  exactly  n  —  1  distinct  types  of  regular  n-gon,  occuring 
in  pairs  of  opposites,  the  (n/2)-fold  point-pair  (in  case  n  is  even)  con¬ 
stituting  its  own  opposite.  If  we  regard  opposite  7i-gons  as  not  really 
distinct,'  then  there  are  n/2  or  (n  —  l)/2  distinct  types  of  regular  n-gon 
according  as  n  is  even  or  odd. 

Definition  (iv).  By  the  construction  S(a),  where  a  I  is  any  given 
complex  number,  we  understand  the  formation  from  any  nrgon  11  = 
(Pi ,  Pt,  •  •  •  ,  Pn)  of  the  n-gon  11'  =  (P[ ,  Pj  ,  •  •  •  ,  Pn)  where  the  triangle 
(Pk  ,  Pk+i ,  Pk)  is  directly  similar  to  (a,  1,0)  for  k  =  1,2,  •  •  • ,  n(P,+i  = 

Pn). 


*  This  ia  equivalent  to  adjoining  the  conjugate  tranaformation  a'  —  z  to  the 
direct  aimilitude  group  (1)  to  form  the  mixed  aimilitude  group,  which  includea 
alao  a'  —  A*  +  B. 
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We  can  easily  express  the  operation  S(o)  algebraically.  The  simi¬ 
larity  of  triangles  stated  in  the  definition  is  represented  by 

Zk  a  1 

(12)  2*+i  11=0, 

Zk  0  1 

which,  expanded,  is 

(13)  (1  -  a)zk  ^  Zk  -  cuk+i  (A:  =  1,  2,  •  •  •  ,  n;  z,+i  =  Zi). 

This  is  a  linear  polygon-to-polygon  transformation  in  the  complex 
plane.  For  if  we  permute  the  vertices  cyclically,  then  the  effect 
through  the  equations  (13)  is  evidently  to  produce  the  same  cyclic 
permutation  of  the  vertices  Zk  . 

If  a  is  real,  the  point  z'k  is  located  on  the  side  ZtZt+i  at  the  centroid  of 
z* ,  Zk+i  with  the  weights  1,  —a.  Obviously,  S(— 1)  is  the  midpoint 
construction. 

If  a  is  complex,  then  the  point  z*  defined  by  formula  (13)  may  still  be 
regarded  as  a  kind  of  “centroid”  of  z* ,  z*+i  with  complex  “weights” 
1,-0.  This  “centroid”  is  then  located  off  the  line  ZkZk+i — a  queer  place, 
certainly,  for  a  centroid. 

Later  (§§9,  10)  we  shall  see  the  fundamental  r61e  played  by  the 
constructions  <S(o)  in  the  formation  of  the  most  general  linear  polygon- 
to-polygon  transformation. 

We  may  remark  that  any  similitude  construction  S(a)  leaves  invariant 
the  centroid  of  any  polygon  to  which  it  is  applied,  for  by  addition  of  all 
equations  (13), 

(14)  S  z*  =*  ^  z* . 

Thus,  in  our  model  theorem  the  centroid  of  the  equilateral  triangle  is 
coincident  with  that  of  the  original  triangle. 

3.  Linear  Relations 
1.  What  linear  relations, 

(15)  OiZi  -|-  (hZt  +  OlZl  +  •  •  •  +  <*»-lZ«-l  +  dnZn  =“  0 

(ok  complex,  at  least  one  a*  9^  0), 

among  the  vertices  of  an  n-gon  really  have  an  intrinsic  meaning,  i.e., 
are  invariant  under  any  cyclic  permutation  of  vertices  and  under  any 
similitude  transformation? 
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If  we  inquire  first  only  as  to  invariance  under  similitude  transforma¬ 
tion,  the  criterion  is 

(16)  0|  -|-  oj  +  •  •  •  -h  <*»  =  0. 

For  after  any  similitude  transformation  (1),  let  the  relation  (15)  con¬ 
tinue  to  be  satisfied,  i.e., 

(17)  aiz[  -h  -h  •  • .  +  aJn  =  0. 

Substituting  (1)  and  taking  account  of  (15),  we  get 

(18)  B{ai  +  Ot  +  •  •  •  -J-  a*)  =  0, 

and  since  B  may  be  arbitrary,  (16)  follows.  The  converse,  that  the 
relation  (16)  is  sufficient  for  the  persistence  of  (15)  under  arbitrary 
similitude  transformation,  is  obvious  by  the  same  calculation. 

We  may  say  that  (16)  is  necessary  and  sufficient  for  the  relation  (15) 
on  an  n-poinC  to  have  a  meaning  independent  of  any  rigid  motion  or 
change  of  scale  of  the  figure. 

But  in  order  that  the  relation  (15)  may  be  considered  as  applying  to 
the  precise  configuration  we  have  called  a  polygon  (definition  (i)),  that 
relation  must  be  invariant  also  under  any  cyclic  permutation  of  the 
vertices  z*  .  If  we  displace  each  index  of  z  cyclically  backwards  one 
place,  then  (15)  becomes 

(19)  OiZn  +  OjZi  -f  ajZj‘-|-  •  •  •  -b  0,_iZ,_j  +  OnZn-l  =  0. 

In  order  that  this  be  verified  for  all  systems  (zi ,  z* ,  •  •  •  ,  z,)  obeying 
(15),  it  is  necessary  and  suflScient  that  corresponding  coefficients  be 
proportional : 

(20)  Oi  »  pOi ,  at  =  fXh  ,•••,  On  =  pa«_i ,  Oi  =  pa.  . 

This  implies 

(21)  Ot  =:  pai ,  Oa  =  p*Oi ,  •  •  •  ,  a.  =  p"“‘ai ,  Oi  =  p"ai . 

Then  certainly  Oi  0;  otherwise  every  a*  =  0,  contrary  to  the  hypothe¬ 
sis  connected  with  (15).  It  follows  from  the  last  equation  of  (21)  that 

(22)  p-  =  1. 

Because  Oi  ^  0,  we  lose  no  generality  if  we  take  Oi  =  1,  and  then,  by 
(21),  the  relation  (15)  becomes 

(23)  Zi  -}-  p2j  +  p*Zt  -H  •  •  •  +  p"  **i»  ®=  0. 

’  As  distinguished  from  an  n-gon. 
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This  is  obviously  invariant  under  any  cyclic  permutation  of  (zi ,  zj ,  •  •  • , 
Zn)  on  account  of  (22),  expressing  that  p  is  an  n***  root  of  unity. 

In  order  that  (23)  be  invariant  also  under  arbitrary  similitude  trans¬ 
formation,  the  criterion  (16)  must  be  verified: 

(24)  1  +  p  +  p*  . . .  +  p-i  =  0. 

This  is  the  cyclotomic  equation,  whose  roots  are  the  n***  roots  of  unity 
except  unity  itself:* 

(25)  p  =  (p  =  1,  2,  . . .  ,  n  -  1), 

(26)  =  0. 

In  sum,  the  only  intrinsic  linear  relation  that  an  n-gon  can  obey  is  one 
of  the  n  —  1  represented  by  (23),  where  p  =  w’’.  We  shall  denote  these 
relations  by  i2i ,  ,  •  •  •  ,  Rh-i  ,  respectively,  and  write  them  in  extenso 

as  follows: 


: 

Zi  -f-  C*>Z| 

+  w*ri 

+  •• 

■  •  +  w"  *Zii  =  0, 

R^  : 

Zi  W*Zi 

+  w*Zi 

+ 

•  •  +  <t>  z*  =  0, 

R,  : 

Zi  “b  w^Zt 

+  w**’zi 

+  • 

•  •  W  Zn  =  V, 

R*^\  • 

_  1  »— 1 
Zl  -f-  w 

_  *(»— 
Zj  +  OJ 

“z.  +  •  • 

■  •  +  0)  Zn  =  0. 

These  n  —  1  relations  are  independent,  for  the  rank  of  their  matrix  is 
n  —  1.*  Indeed,  the  determinant  of  the  first  n  —  1  columns  is  exactly 
the  Vandermonde  determinant*®  of  «,(«)*,•••,  w"~*,  and  therefore  does 
not  vanish,  since  these  are  all  unequal. 

2.  Systems  of  linear  relations.  The  unique  character  of  the  linear 
relations  Ri ,  Rt,  •  ,  Rn-i ,  as  expressed  by  the  italicized  proposition 

which  shortly  precedes  them,  applies  not  only  to  each  relation  R  by 
itself  but  to  any  system  of  s  relations  selected  from  among  them. 

•  The  equation  z"  —  1  —  0  factors  into  (z  —  1)(1  +  z  -|-  x*  +  •  •  •  -h  z""*)  —  0, 
implying,  if  z  1,  that  I  +  x  +  x*  +•••  +  z"~‘  —  0. 

*  See  M.  BOcher,  Introduction  to  Higher  Algebra,  1931  ed.,  p.  36. 

*•  The  Vandermonde  determinant  of  Z|  ,  Z| ,  •  •  •  ,  z»  is  the  one  whose  row 
is  1,  z, ,  z*  ,  •  •  •  ,  zj“‘.  Its  value  V  is  the  product  of  all  the  factors  z<  —  z/ 

(»,  j  —  1,  2,  •••  ,  n;  i  >  j).  Hence  the  necessary  and  sufficient  condition  lor  Y 
not  to  vanish  is  that  no  two  of  Zi  ,  z« ,  •  ■  •  ,  z»  be  equal. 
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We  prove,  namely,  the  following  theorem: 

Theorem  I.  Any  system  of  s  independent  linear  relations  involving 
the  vertices  of  an  arbitrary  rir^on: 

+  •  •  •  +  an^Zn  =  0, 

.  ai*^zi  +  Ot^zi  +  •  •  •  +  ai*’zn  =  0, 

,  ai'^zi  +  oj*^zi  -|-  •  •  •  +  oi*'zn  =  0, 

which  realty  pertains  to  the  nrgon  as  such,  and  to  all  similar  n~gons — mean¬ 
ing:  which  is  converted  into  an  equivalent'^  system  by  any  cyclic  permutation 
of  Z\  ,  Zt  Zn  ,  and  by  any  similitude  transformation — such  a  system 

of  linear  relations  must  be  equivalent  to  one  composed  of  s  of  the  relations  R. 

Briefly  expressed :  everything  linear  and  intrinsic  that  can  be  said  about  a 
polygon  can  be  said  by  means  of  one  or  more  of  the  relations  R. 

Proof.  We  have  already  proved  the  theorem  for  s  =  1.  The  case 
8  =  2  is  sufficiently  typical  of  the  general  situation.  Consider  then  a 
system  of  two  independent  linear  equations: 

f  aiZl  +  OtZt  +  OiZs  +  •  •  •  +  an-lZn-l  +  OnZn  =  0, 

(28) 

I  blZl  +  biZi  +  blZl  +  •  •  •  +  bn-lZn-l  +  bnZn  =  0. 


By  cyclic  permutation  we  get 


(29) 


I  aiZn  +  otzi  +  atZi  +  •  •  •  a,-iz,-i  +  a,z,-i  =  0, 

[  b\Zn  +  biZ\  +  blZt  +  •  •  •  bn-lZn-t  +  bnZn-l  =  0. 


If  (29)  is,  as  is  required,  equivalent  to  (28),  then  multipliers  X,  ui  X',  u' 
exist  such  that 


(30) 


(at  =  Xoi  -|-  p6i. 

joi  =  Xoj  -|-  p6i. 

1 6j  =  X'oi  +  p'bi ; 

1 6i  =  X'oj  -|-  n'bi ; 

a„  =  Xa,_i  +  fd>n-i 
6„  =  X'a»_i  +  fi'  J 


0i  —  Xo,i  ^  iib»  t 
bi  =  X'0»  +  fl'bn . 

By  a  standard  theorem  in  the  theory  of  linear  transformations,” 

Two  systems  of  linear  equations  are  called  equivalent  when  and  only  when 
each  equation  of  either  system  is  a  linear  combination  of  those  of  the  other. 

See  Goursat-Hedrick,  A  Courte  in  Mathematical  Analytia,  v.  2,  part  2  (1917), 
pp.  129-132. 
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we  can  find  two  independent  linear  combinations  of  (ot ,  a* ,  •  •  •  ,  a.) 
and  (bi ,  bt ,  '  •  •  ,bn): 


Ak  =  aOk  +  /36*, 
Bk  =  ycik  +  ibkt 


a6  -  fiy  9^  0,  (fc  =  1,  2,  . . .  ,  n), 


such  that  the  relations  (30)  assume  in  terms  of  Ak ,  Bk  one  of  the  follow¬ 
ing  two  canonical  forms: 


At  =  pAi, 

Bt  =  cBi : 


At  =  pAt, 

Bt  =  <rBt ; 

Al  =  pAn, 

Bi  =  <rBn ; 


An  —  pA  n—1 ) 

Bn  **  vBn-l  ; 


iAt^pAi,  lAt’^pAt,  (An  =  pAn-l, 

|bj  =  p{A\  -f-  fii);  Bt  =  piAt  +  Bt);  jfiii  =  p(An-i  +  Bn-i)', 

I  =  p{An  +  Bn). 

According  to  (31),  the  original  system  (28)  can  be  replaced  by  th®  * 
equivalent  system  * 

[  AlZl  -}-  AtZt  -|-  AtZt  +  •  •  •  +  An-lZn-l  +  AnZn  *=  0, 

(34) 

[BiZl  BiZt  +  BtZt  +  •  •  •  "I"  Bn-lZn-l  +  BnZn  =  0. 


Consider  first  (32).  Its  relations  combine  to  give 


At  =  pAi,  I  Ai  «  p*Ai, 

Bt  =  vBi ;  [  »  <f *  ; 

Al  «  p"Ai, 


An  =  p"  ‘Al, 
Bn  = 


Then  certainly  neither  Ai  =  0  nor  Bi  *  0;  otherwise  every  A*  or  every  B* 
would  be  zero,  contrary  to  the  linear  independence  of  the  equations  (28). 
It  follows  from  the  last  pair  of  equations  (34)  that 

(36)  p"  -  1,  a*  -  1. 
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Since  /li  ^  0,  ^  0,  we  can  lose  no  generality  by  supposing  =  1, 

fii  =  1;  whence,  by  (35),  Ak  =  p*~*,  =  <r*“‘  for  A:  =*  1,  2,  •  •  •  ,  n,  so 

that  the  system  (34)  takes  the  form 

f  *1  +  pr*  +  P*2»  +  •  •  •  +  p“  *Zm  =  0, 

(37) 

[  Zi  +  azt  +  O’  23  -|-  •  •  •  -f-  <r  2*  =»  0. 

Here  neither  p  =  1  nor  a  =  1,  for  that  would  be  contrary  to  the 
condition  (16)  of  invariance  under  similitude  transformation.  There¬ 
fore  by  (36),  p  and  a  must  be  n***  roots  of  unity  excluding  unity  itself : 

(38)  P  =  w”,  o  =  «•  (p,  9  =a  1,  2,  •  •  •  ,  n  -  1), 


and  furthermore  p  q,  otherwise  the  relations  (37)  are  identical  instead 
of  being  independent. 

Thus  the  original  system  (28)  is  equivalent  to  the  system  Rp  ,  Rg(p 
q),  which  was  to  be  proved. 

This  is  for  the  case  of  the  canonical  form  (32).  The  alternative 
canonical  form  (33)  is  easily  disposed  of,  for  its  equations  combine  to 
give  Ai  =  pMi ,  Bi  =  np* Ai  -|-  p*Bi  .  Since  Ai  ^  0,  the  first  equation 
gives  p"  =  1,  and  the  second  is  then  impossible. 


3.  If  all  the  relations  Ri ,  Rt ,  •  •  ■  ,  Rn-i  are  satisfied,  the  n-gon  must 
reduce  to  a  point.  For  all  the  equations  (27)  are  certainly  verified  if 

(39)  2i  =  2i  =  •  • .  =  2,  ; 

this  is  expressed  exactly  by  (26).  Since  the  n  —  1  relations  R  in  the  n 
unknowns  z  have  been  seen  to  be  independent,  they  must  determine 
uniquely  the  ratios  of  the  z’s;  these  relations  being  satisfied  by  the  ratio 
(39)  of  equality,  this  must  be  the  only  possible  one. 

Thus  we  see  that  the  subsistence  of  all  the  relations  R  is  too  strong  a 
condition  to  furnish  anything  interesting. 

Suppose,  however,  that  aU  but  one  of  the  relations  R  are  satisfied; 
let  the  omitted  one  be  Rn-p .  Then  we  shall  prove  (in  §5)  that  the 
n-gon  is  regular  of  w'-type. 

In  view  of  this  fact,  each  relation  R  may  be  regarded  as  expressing  a 
degree  of  regularity,  and  any  number  8  among  them  a  sort  of  partial 
regularity — of  the  degree,  we  may  call  it.  Regularity  of  degree 
n  —  2  is  complete  regularity,  whose  type  u”  is  decided  by  which  one, 
Rn-p  ,  of  the  n  —  1  relations  R  is  not  satisfied. 

It  may  be  of  interest  to  see  the  more  direct  meaning  of  the  various 
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relations  R  in  some  of  the  simpler  cases.  £.g.,  let  n 
and  there  are  three  relations  R: 


Ri  expresses  that  the  diagonal  ZiZi  is  perpendicular  and  equal  to  the  di¬ 
agonal  ztZ4 ,  each  diagonal  being  considered  directed  (as  a  vector)  and 
the  perpendicularity  implying  an  angle  of  —90®.  i2»  expresses  a  similar 
relation  with  the  angle  -|-90®.  Rt  expresses  that  the  figure  is  a  paral¬ 
lelogram.  If  both  Ri ,  Ri  are  obeyed,  we  have  a  square,  counter-clock¬ 
wise.  Ri ,  Rt  imply  a  square,  clockwise.  Ri ,  Ri  imply  Zi  =  Z| ,  Zt  =  Z4  ; 
i.e.,  the  quadrilateral  reduces  to  a  line  segment  described  back  and 
forth  twice. 

As  another  example,  let  n  =  6,  then  u  =  w*  =  =  Q,  a 

cube-Toot  of  unity.  The  relation  Ri  is  here 


which  we  write  as 


By  comparison  with  (7),  this  expresses  that  the  midpoints  of  opposite 
vertices  of  the  hexagon  form  an  equilateral  triangle. 


4.  The  relations  R  are  easily  expressed  in  terms  of  the  sides  of  the 
r»-gon,  which  are  the  vectors 

(42)  «i  =  zi  -  zi ,  «*  =  z»  -  z, ,  . . .  ,  *  z,  -  z,^_i ,  «,  =  zi  -  z, . 

These  always  obey  the  identity 


expressive  of  the  closure  of  the  polygon. 
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In  terms  of  the  vectors  «*  ,  the  relations  R  become” 


(44) 

or 


R[  : 

+  OiSs 

+  w*Sj 

+  •• 

•  +  w"  ‘s„  =  0, 

: 

Si  +  «*«» 

-f  USi 

+  • 

■  ■  -f  =  0, 

: 

Sl  "1*  St 

+  U)*’’st 

+  •- 

..  +  =  0, 

R'n-i: 

.  1  »— 1 

«!+<•» 

St  +  0)*^" 

+  •  ■ 

•  •  -f-  Sn  =  0. 

Indeed,  by  the  substitution  (42)  each  relation  R'  is  seen  to  be,  within  a 
factor,  identical  with  the  corresponding  relation  R. 

The  relation  R,  may  be  interpreted  as  expressing  that  the  sides  of  the 
polygon  still  form  a  system  of  vectors  in  equilibrium  after  the  consecutive 
ones  have  been  rotated  respectively  through  angles  of  0,  2pT/n,  2(2pir/n), 
...  ,(n  -  l)(2pT/n). 


4.  Fundamental  Theorem  on  the  Solvability  of  Systems  of 
Linear  Equations 

Because  of  the  central  r61e  played  by  systems  of  linear  equations 
throughout  our  theory,  it  is  essential  to  have  before  us  the  standard 
information  as  to  the  solvability  of  such  a  system  under  the  most 
general  circumstances.  A  complete  answer  is  furnished  by  the  following 
classic  theorem,”  whose  title  is  at  the  head  of  this  section. 

Theorem.  Suppose  given  any  system  of  m  linear  equations  in  n 
unknowns  X/ : 

n 

(L)  OiiXi  =  yt  a  =  1,2,  ... ,  m). 

Let  r  denote  the  rank  of  the  matrix 

M  ^WoiiW, 

i.e.,  the  order  of  its  highest  rum-vanishing  determinant.  Obviously,  r  ^  m, 
r  ^  n. 

**  It  is  to  be  emphasized  in  these  and  all  other  relations  involving  the  sides 
(cf.  (67)),  that  si  ,  «t ,  •••  ,  «,  represent  the  sides  considered  as  vectors,  not  the 
lengths  of  these  sides. 

**  The  formulation  given  here  of  this  important  theorem  combines  the  features 
which  seem  most  useful  for  the  present  purposes  in  the  respective  presentations 
of  Bdcher,  loc.  cit.,  and  Courant-Hilbert,  Melhoden  der  Mathematischen  Physik, 
V.  1  (1924),  p.  3.  A  very  general  version  has  been  developed  by  E.  H.  Moore 
as  part  of  his  General  Analysis;  see  Moore-Barnard,  General  Analysis,  Part  I 
(The  American  Philosophical  Society,  Philadelphia,  1935),  p.  70  et  seq. 
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Then  the  “transposed  homogeneous  system,** 

m  t.an^i  =  0  (;•  =  1,2, 

•-1 

has  exactly  m  —  r  linearly  independent  solutions: 

In  order  that  the  given  system  (L)  be  solvable  for  x/ ,  it  is  necessary  and 
sufficient  that  yt  obey  the  system  of  m  —  r  relations 

(B)  =  0  (A:  =  1, 2,  ...,m  -  r). 

In  case  these  relations  are  satisfied,  the  solution  of  (L)  is,  then,  existent, 
but  is  uniquely  determined  only  if  r  —  n.  If  r  <  n,  the  “related  homo¬ 
geneous  system**  of  (L), 

m  t.aiihi  =  0, 

y-i 

has  exactly  n  —  r  linearly  independent  solutions: 

hi  =  Oj  ,  hi  =  oi  ,  •  ■  ■  ,  hi  =  at  , 

and  the  general  solution  of  (L)  is 

„0  -v  (1)  \  (S)  ^  (»— r) 

Zj  =  Xf  +  Aia,  +  Aja,*  +  •  •  •  +  , 

where  xj  is  a  particular  solution  of  (L)  and  Xi ,  Xj  . . .  ,  X,_r  are  arbitrary 
multipliers. 


5.  Conditions  for  a  Regular  N-Gon 

By  definition  (iii),  a  regular  n-gon  (zi ,  z* ,  ...  ,  of  w'-type  is  one 
obtainable  by  a  similitude  transformation  from  (1,  w”,  w*’’,  . . .  , 
i.e.,  according  to  (1) : 

i 

Zi  =  A  B,  2i  =  -f-  B, 

(45)  .  , 

r,  =  Auf*'  +  B,  . . .  ,  2,  =  ^0)*""“'’  +  B. 

Accordingly,  the  question  of  whether  a  given  n-gon  is  regular  is 
identical  with  that  of  the  solvability  of  this  system  for  A,  B.  To  answer 
this,  we  refer  to  the  preceding  Fundamental  Theorem.** 

**  That  the  number  of  equaliona  is  here  n,  instead  of  the  number  of  unknowns, 
should  cause  no  trouble  in  the  comparison. 
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The  transposed  homogeneous  system  {H')  is  here: 


(46) 


+  •  •  •  +  =  0, 
6  +  +  ii  +  •  •  •  +  =  0. 


The  rank  of  the  matrix  of  coefficients  is  obviously  r  =  2.  Hence  we  can 
expect  exactly  n  —  2  linearly  independent  solutions.  By  means  of  (26), 
we  can  verify  the  following  n  —  2: 

=1,  {*  =  W*,  =  W**,  •  •  •  ,  {n  =  O)^" 

(47) 

for  9  =  1,  2,  •  •  •  ,  n  —  1  except  n  —  p 


which  are  linearly  independent,  being  the  coefficients  in  n  —  2  of  the 
independent  relations 

Therefore  the  system  (45)  is  solvable  for  A,  B  when  and  only  when 


(48) 


Zi  "b  -f*  "1“  =  0 

for  9  =  1,  2,  •  •  •  ,  n  —  1  except  n  —  p. 


We  have  the  theorem: 

Theorem  II.  In  order  that  the  n-gon  (zi ,  Zj ,  •  •  •  ,  z«)  be  regidar  of 
uf-type,  it  is  necessary  and  sufficient  that  the  n  —  2  linear  relations: 
Ri ,  Rt ,  •  •  •  f  R»-i  except  Rn-p‘,  be  satisfied. 


6.  Theorems  Concerning  the  Construction  S(a)  and  the  Relations  R 

1.  Let  the  construction  S{a)  be  performed  on  any  polygon  n,  giving 
n',  and  then  on  n'  let  5(6)  be  performed,  giving  n".  To  find  n"  we 
have  to  combine,  according  to  (13), 

(49)  (1  -  a)zk  ^  Zk-  az*+i ,  (1  -  a)zUi  =  2*+i  -  azk+t , 

and 

(50)  (1  -  b)zk  =  Zk  —  bzh+i  (k  =  1,  2,  . . .  ,  n), 
the  index  of  z  to  be  taken,  as  usual,  modulo  n."  We  easily  get 

(51)  (1  -  a)(l  -  6)z*  =  2*  -  (o  +  6)z*+i  -f-  o6z*+i . 

It  is  evident  that  the  interchange  of  a  and  6  has  no  effect  on  this 
formula;  therefore  we  have  the  following  theorem: 


See  the  remarks  following  (27). 

Through  the  rest  of  the  paper,  this  will  be  a  standard  convention,  even  when 
not  mentioned  expressly. 
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Theorem  III.  Any  two  similitude  constructiona  S(a),  S(h)  are  com¬ 
mutative: 

(52)  -S(a).S(6)  =  5(6).  S(o). 

By  repetition,  the  commutative  property  evidently  extends  to  any  number  of 
similitude  constructions  S(ai),  S{at),  •  •  •  ,  S(Or). 

In  fact,  wc  find  by  direct  calculation  the  following  formula  for  the 
product  S(ai).5(oj)  •••  5(or): 

(1  —  ai)(l  —  Oj)  .  • .  (1  —  ar)z*  —  Zk  ~  siZk+i  +  sifSk+t 

(53) 

-  •  •  .  +  (-lYsrZk+r  (fc  =  1,  2,  .  .  .  ,  n), 

where  si ,  a* ,  •  •  •  ,  ffr  denote  the  elementary  ssnnmetric  functions  of 
Oi ,  Os  ,  ...  ,  Or  :  ai  their  sum,  at  the  sum  of  their  different  products  two 
at  a  time,  •  •  •  ,  Sp  the  sum  of  their  different  products  p  at  a  time,  ...  ,  <r, 
the  product  of  all  r  of  them. 

This  identity  of  the  coefficients  in  the  linear  transformation  (53) 
with  the  cotifficients  of  the  algebraic  equation  whose  roots  are  Oi ,  o* , 
...  ,  a,  will  be  more  fully  developed  in  §9  and  §10. 

Theorem  III  is  an  example  of  one  whose  proof  is  trivial  algebraically, 
but  which  is  far  from  obvious  geometrioally. 

2.  If  a  ^  1  is  any  n“*  root  of  unity:  a  =  w”  (p  **  1,  2,  . . .  ,  n  —  1), 
the  formula  (13)  for  the  construction  5(a)  becomes 

(54)  (1  -  u^)zk  =  Zk  -  ofzk+i  (fc  =  1,  2,  . . .  ,  n;  z,+i  =  Zi). 
From  this  we  derive 

(55)  (1  -  0,')  Z  =  Z  a,“-“'’z*  -  Z  =  0, 

k^l  Je— 1 

because  of  w"  =  1  afid  z„+i  =  Zi .  Since  1  —  0,  we  therefore  have: 

Theorem  IV.  If  n  is  any  n-gon  and 

(56)  n'  =  5(«’0n, 
then  n'  obeys  the  relation  Rp  . 

Otherwise  expressed:  if  11'  does  not  obey  the  relation  Rp ,  the  opera¬ 
tional  equation  (56)  is  not  solvable  for  n. 

But  if  n'  does  obey  Rp ,  we  have: 
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Theorem  If  W  obeys  the  relation  Rp ,  then  (56)  is  solvable 

for  n;  indeed,  with  exactly  one  complex  parameter  X,  the  general  form  of  n 
or  (z*)  being — where  (zj)  is  a  particular  solution — 

(57)  z*  =  z2  +  (fc  =  1,2,  ...  ,n). 

The  parameter  X  enables  us  to  place  one  vertex  of  n  in  an  arbitrarily 
chosen  position,  the  others  being  then  uniquely  determined.  Or,  we 
can  also  use  X  to  cause  n  again  to  obey  Rp  : 

0=  i:a,<*-"'z2  +  nX. 

* 

That  is  to  say: 

Theorem  IV".  Among  the  <x>*  solutions^*  n  of  (56)  for  a  given  n' 
that  obeys  Rp  ,  there  is  a  unique  one  which  also  obeys  Rp  . 

In  connection  with  the  general  similitude  construction  S(o),  expressed 
by  (49),  we  have: 

Theorem  V.  If  a"  ^  I,  and  n'  is  any  given  n-gon,  then  a  unique  n-gon 
n  always  exists  such  that 


n'  =  5(o)n. 

These  theorems  result  immediately  by  applying  the  Fundamental 
Theorem  on  solvability,  of.  §4,  to  the  particular  equations  (49)  for  S(a). 
The  determinant  of  this  n-by-n  system  is  1  —  o".  Hence  if  a"  1, 
the  system  is  solvable  uniquely  for  z* ,  whatever  the  values  of  zt . 

On  the  other  hand,  U  a  =  u’’  ^  1,  so  that  we  have  the  system  (54), 
then  the  transposed  homogeneous  system  is 

6  = 

This  determines  the  ratios  of  the  {’s  so  that  there  is  the  unique  linearly 
independent  solution 

=  1>  {j  =  =  w*',  ...,{«  = 

It  follows  that  (54)  is  solvable  for  z*  when  and  only  when  z*  obeys  the 
relation  Rp ,  which  proves  Theorem  IV  and  the  first  part  of  IV'.  It 
follows  also  that  when  this  relation  is  obeyed,  the  solution  of  (54)  is 

•*  Proof  after  Theorem  V. 

>*  «*,  because  the  complex  parameter  X  is  equivalent  to  two  real  parameters. 
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determined  to  within  the  addition  of  the  general  solution  of  the  related 
homogeneous  system  of  (54): 

0  =  Zi  -  w'z,  ,  0  =  Z*  -  U^Zt  ,  •  .  .  ,  0  =  Zn-l  -  U^Zn  ,  0  =  2,-  , 

which  solution  is 

“  X,  Zj  =  Xw  Z|  =  Xo)  ,  z,  =  X« 

— implying  the  latter  part  of  Theorem  IV'. 

3.  As  illustration  of  the  preceding  theorems,  the  necessary  and  suffi¬ 
cient  condition  that  the  midpoint  construction  iS(  —  1)  convert  a  general 
polygon  n  into  a  special  one  H'  is  that  —1  be  an  n***  root  of  unity: 
(—1)"  =  !.  Of  course,  this  is  satisfied  when  and  only  when  n  is  even. 
In  that  case,  11'  must  obey  the  linear  relation  R  whose  coefficients  are 
powers  of  —1: 

Zi  —  Zj  -b  Z|  —  Z4  -b  •  •  •  +  2,-1  —  Zn  =  0, 
or,  by  reference  to  (42), 

(58)  «!  +  +  «6  +  •  •  •  +  «»-i  =  0, 

which,  by  the  always  satisfied  relation  (43)  of  closure,  is  equivalent  to 

(58')  +  «4  +  se  +•  ••+«,  =  0. 

That  is,  the  alternate  sides  of  11'  form  a  system  of  vectors  in  equi¬ 
librium. 

If,  n  being  even,  either  of  the  equivalent  relations  (58),  (58')  is 
satisfied  by  11',  then  the  polygons  n  from  which  n'  is  derivable  by  the 
midpoint  construction  depend  linearly  on  a  complex  parameter  X  as 
follows:  , 

z*  =  z*  +  ^(~1)* 

so  that  one  vertex  of  n  can  be  chosen  arbitrarily,  the  others  being 
thereupon  uniquely  determined.  Furthermore,  X  can  be  chosen  in  a 
unique  way  so  that  n  also  obeys  the  equivalent  relations  (58),  (58'). 

These  are  the  main  results  of  Kasner’s  first  Scripta  paper,”  whoso 
place  in  the  present  more  general  theory  thus  becomes  apparent. 


*•  See  footnote  1. 
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4.  Theoreh  VI.  If  the  polygon  n  obeys  the  relation  Rp  ,  and 

n'  =  S(a)n 

where  a  is  any  complex  parameter  ^  1,  then  n'  obeys  the  relation  Rp . 

This  is  proved  immediately  by  linear  combination  of  the  defining 
equations  (13)  of  S{a)  so  as  to  get 

(1  -  a)  i:  - 1  - » t 

h^X 

(69)  =  t,  -  a«-'  Z 

4—1 

=  (1  -  a«-')  Z 

From  this  formula  we  also  see: 

Theorem  VII.  If  n  does  not  have  the  property  Rp ,  and  a  ^  w”, 
then  n'  =  5(o)n  mU  not  have  the  property  Rp  . 

5.  In  view  of  the  illustrative  remarks  associated  with  (40),  we  may 
exemplify  the  preceding  theorems  for  the  case  n  =  4  as  follows. 

(a)  (Ri  or  Rt).  If  on  each  side  of  any  quadrilateral  as  hypotenuse  an 
isosceles  right  triangle  is  constructed,  always  towards  the  right  (always 
towards  the  left),  then  in  the  quadrilateral  formed  by  the  four  right- 
angle  vertices  the  diagonals  are  always  equal  and  perpendicular. 

(b)  (Rt).  (Well-known,  and  stated  only  for  completeness.)  The 
midpoints  of  the  sides  of  any  quadrilateral,  joined  in  order,  form  a 
parallelogram. 

(c)  If  any  similitude  construction  /S(a),  not  the  midpoint  construc¬ 
tion,  is  performed  on  a  quadrilateral  not  a  parallelogram,  the  resulting 
quadrilateral  is  not  a  parallelogram. 

(d)  If  any  similitude  construction  whatever  is  performed  on  a  paral¬ 
lelogram,  the  result  is  a  parallelogram. 

(e)  If  any  similitude  construction  not  the  one  based  on  isosceles  right 
triangles  is  p>erformed  on  any  quadrilateral  whose  diagonals  are  not 
equal  and  perpendicular,  then  in  the  resulting  quadrilateral  the  di¬ 
agonals  are  not  equal  and  perpendicular. 

(f)  If  any  similitude  construction  whatever  be  performed  on  a  quadri¬ 
lateral  whose  diagonals  are  equal  and  perpendicular,  the  resulting 
quadrilateral  has  the  same  property. 
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For  n  =  6,  we  have  the  following  illustrative  proposition  by  refer¬ 
ence  to  (41): 

(g)  On  each  side  of  any  hexagon  Us  as  base  let  a  120°-i8osceles  triangle 
be  constructed,  always  to  the  right  (always  to  the  left);  then  the  vertices 
of  these  isosceles  triangles  form,  when  joined,  a  hexagon  Ili  always 
specialized  as  follows:  The  midpoints  of  opposite  vertices  of  n*  form 
an  equilateral  triangle. 

7.  The  Main  Theorem 

By  Theorems  IV  and  VI,  it  follows  that  if  we  apply  the  construction 
5(0)”)  to  a  polygon  already  having  the  property  R, ,  then  we  get  a 
polygon  having  both  properties  Rp ,  R^ ,  for  by  Theorem  VI,  i?,  is  not 
lost,  and  by  Theorem  IV,  Rp  is  gained.  It  requires  only  a  repeated  use 
of  this  argument,  and  a  reference  to  the  commutative  Theorem  III,  and 
to  the  criterion  of  Theorem  II  for  a  regular  polygon,  to  have  the  proof 
of  the  following  main  theorem  of  the  present  paper. 

Theorem  A.  Starting  with  an  arbitrarily  chosen  n-gon  n,  let  the  con¬ 
structions  S(w’^)  for  m  =  1,  2,  •  •  •  ,  n  —  1  except  n  —  p  be  performed 
successively  in  any  order,  so  giving  the  sequence  of  n-gons  n',  11",  •  •  •  , 
Then  is  always  a  regular  n-gon  of  uf-type,  and  identically 

the  same  one,  including  position,  regardless  of  the  order  of  the  construc¬ 
tions  5(0)"). 

In  more  extensive  and  geometric  form,  first  with  p  =  1  in  order  to  fix 
the  ideas,  we  may  restate  this  theorem  as  follows. 

Theorem  A'.  Let  Tl  be  an  arbitrarily  chosen  n^gon.  On  each  side 
of  n  ae  baee  and  always  towards  the  right,  construct  an  isosceles  triangle 
of  vertex-angle  2ir/n,  and  join  the  vertices  of  these  isosceles  triangles. 
On  the  restdting  n-gon  n'  perform  a  similar  construction  using  isosceles 
triangles  of  vertex-angle  ^r/n,  so  obtaining  11".  Similarly,  by  means 
of  isosceles  triangles  whose  vertex-angles  are  respectively  fix/n,  •  •  •  , 
2(n  —  2)T/n,  continue  in  this  way  to 

Then  t«  allbays  a  regular  n-gon  in  the  ordinary  sense,  i.e.,  one 

whose  consecutive  vertices  are  spaced  at  equal  angular  intervals  of  2x/n 
counter-clockwise  upon  a  circumference.  Furthermore,  if  the  same  n  —  2 
isosceles  triangle  constructions  are  performed  in  a  different  order,  iden¬ 
tically  the  same  regular  nrgon  11^"“*’  is  obtained,  including  the  position  of 
each  vertex. 

An  isosceles  triangle  of  vertex-angle  2pw/n  to  the  right  of  its  base,  where 
this  angle  is  greater  than  180°  (p  >  n/2),  means  an  isosceles  triangle  of  vertex- 
angle  2(n  —  p}ir/n  constructed  to  the  left  of  its  base. 
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If  among  the  n  —  1  vertex-angles  2ir/n,  ^ir/n,  •  •  •  ,  2(n  —  l)ir/  n 
possible  for  the  n  —  2  isosceles  triangles  used  in  the  preening  type  of 


Fio.  Id 

construction,  the  omitted  one  is  2(n  —  p)ir/n  {instead  of  2(n  —  l)ir/n), 
then  the  final  polygon  is  always  regular  of  w*-type,  t.e.,  its  consecu- 
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live  vertices  occur  at  equal  angular  intervals  of  2pirfn  counter-clockwise 
upon  a  circumference. 

The  center  of  the  regular  polygon  always  coincides  with  the 

centroid  of  the  initial  polygon  n.** 

This  theorem  is  illustrated  for  n  =  5  by  Figs,  la-ld,  which  show  the 
three  stages  in  the  transformation  of  a  general  pentagon  into  a  regular 
one  by  m^ans  of  the  following  successive  isosceles  triangle  constructions: 
vertex  angle  =  2t/5  right,  4ir/5  right,  4t/6  left.  If,  instead  of  4t/5 
left,  we  apply  to  Fig.  Ic  the  construction  2t/5  left,  then  a  star-shaped 
regular  pentagon  will  be  obtained. 

8.  Affine  Regularity 

1.  The  foregoing  part  of  this  paper  has  been  concerned  with  simili¬ 
tude  constructions  upon  and  the  similitude  geometry  of  polygons.  The 
sequel  will  concern  itself  with  the  affine  geometry  of  polygons,  or  with  a 
mixture  of  affine  and  similitude  geometries. 

In  cartesian  coordinates  (x,  y),  the  general  affine  transformation  is 
defined  by 

x'  =  Gix  -I-  +  Cl , 

(60) 

1/'  =  o*x  +  6iy  +  Cl , 

with  any  real  coefficients,-  where  reversibility  of  the  transformation  is 
secured  if  Oibi  —  a*6i  0.  If  Oibi  —  ajoi  =  0,  then  (60)  may  still  be 
considered  an  affine  transformation,  but  it  is  singular,  converting  the 
whole  (x,  y)-plane  into  a  single  line,  or  sometimes  even  a  point  (when 

Oi  =*  Of  =  6i  =  6i  =  0). 

Introducing  the  complex  coordinates 

(61)  z  =  X  +  iy,  z*  =  x'  +  iy', 

and  their  conjugates 

(62)  2  =  X  —  iy,  I'  =  x'  —  iy', 

we  find  by  easy  calculations  that  (60)  takes  the  form 

(63)  z'  ^  Az  +  Bi  C, 

**  See  (14)  and  the  associated  remarks,  whereby  also  the  centroid  of  each 
intermediate  polygon  n',  n",  •  •  •  is  coincident  with  that  of  the  initial  one. 
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where  A,  B,  C  are  complex  constants: 

(64)  2A  »  (oi  +  ioi)  +  (6i  +  t6i),  2B  *=  (oi  +  toj)  —  (6i  +  t6»), 

C  =■  Cl  “H  tci . 

Conversely,  we  can  pass  back  from  (63)  to  the  form  (60)  by  equating 
real  and  imaginary  parts. 

In  this  complex  form,  (63),  the  condition  that  the  affine  transforma¬ 
tion  be  non-singular  is 

(65)  AA  -  BB  ~  0, 

expressing  the  solvability  for  z,  2  of  the  system  formed  by  (63)  together 
with  its  conjugate 

(66)  2’  =  Bz  +  A2  +  C. 

Concretely,  affine  transformation  may  be  pictured  as  parallel  pro¬ 
jection  on  another  plane.  The  transformation  is  singular  if  the  parallel 
projecting  rays  lie  in  the  plane  of  the  original  figure,  all  of  whose  image 
points  then  lie  in  the  line  of  intersection  of  the  original  plane  with  the 
one  on  which  projection  takes  place. 

2.  An  n-gon  n  will  be  called  affine-regtdar  of  w*-type  if  obtainable  by 
affine  transformation,  even  a  singular  one,”  from  the  standard  regular 
n-gon  of  the  s|)ecified  typ>e:  (1,  w”,  co*’’,  •  •  •  ,  w^""*’').  Evidently,  affine- 
regularity  of  a>’’-type  is  equivalent  to  that  of  w"“’’-type,  since  a  particular 
affine  transformation  is  z'  =  I,  which  interchanges  the  standard  regular 
polygons  of  these  types: =* 

We  state: 

Theorem  VIII.  In  order  that  a  given  n-gon  n  he  affine-regular  of 
uf-type,  it  is  necessary  and  sufficient  that  the  following  n  —  3  relations” 
R  be  satisfied:  > 

Ri,  Rt,  •  •  •  ,  Rn-i  except  R,  and  Rn~,  . 

**  Thus  the  vertices  of  an  affine-regular  polygon  may  all  lie  upon  the  same 
straight  line. 

**  Obviously,  then,  the  general  form  (63)  of  affine  transformation  allows  re¬ 
version  of  sense. 

**  The  only  exception  as  to  the  number  n  —  3  of  relations  is  when  n  is  even  and 
p  —  n/2;  then  Rp  and  R,-p  are  the  same,  and  there  are  n  —  2  relations.  Cf. 
footnote  30. 
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An  affine-invariant  form  of  this  condition  can  be  obtained  by  com¬ 
bining  each  pair  of  complementary  relations  A, ,  An-« ,  or  the  equivalent 
ones  Rf ,  Rn-t  of  (44),  to  form — by  taking  1/2  the  sum,  and  1  /2t 
times  the  difference — “ 

:  «i  +  ««  cos  -f-  «»  cos  28  +  •  •  •  +  s,  cos  (n  —  1)®  =  0, 

(67) 

9?,  :  «i  sin  -|-  «»  sin  20  -b  •  •  •  -|-  «»  sin  (n  —  1)0  =  0, 

where 

n 

Thus  the  conditions  of  Theorem  VIII  may  be  replaced  by  the  following: 
if  n  is  odd, 

(68)  for  g  =  1,  2,  •  •  • ,  ,  except  p; 

if  n  is  even, 

(69)  9?^  ,  9?^'  for  g  =  1,2,...,^,  except  p,” 

where  it  is  to  be  observed  that  for  g  =  n/2  there  is  really  only  one  con¬ 
dition,  not  a  pair,  since  evidently  9i,,/i  disappears  identically. 

The  proof  of  Theorem  VIII  consists  in  a  simple  application  of  the 
Fundamental  Theorem*  of  §4.  For,  by  the  definition  of  affine-regular, 
and  by  the  defining  equations  (63)  of  an  affine  transformation,  we  are 
concerned  with  the  solvability  for  A,  B,  C  of  the  system  (note  that 


w  =  «  *): 

zi  =  A 

+  c. 

(70) 

Zi  **  Ac/ 

-j-  Bci  * 

+  c. 

Zt  =  Aw*’’ 

+  Be,-*' 

+  C, 

-f  +  C. 

*•  See  footnote  13. 

The  cyclic  character  of  these  relations  is  evident,  for  with  the  multipliers 
cos  a,  —sin  a  and  sin  a,  cos  a  we  can  replace  0  hy  6  +  a,  then  choose  a  —  9, 
29,  •••  ,  (n  -  1)9. 

*'  Since  the  w'  and  types  of  affine-regularity  are  equivalent,  we  may  and 
shall  always  choose  p  in  the  range  assigned  for  q. 

*•  See  footnote  15. 
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The  rank  of  the  system  is  r  =»  3.  For  the  determinant  of  the  first 
three  equations  is  equal  to 

«■*'(!  -  «')*(!  - 

which  is  non-vanishing.”* 

The  transposed  homogeneous  system  is 

+  •  •  •  +  =*  0, 

(71)  +  u,-%  +  +  . . .  +  =  0, 

fi  +  "f*  •  •  •  =  0. 

Since  r  =  3,  we  may  expect  exactly  n  —  3  linearly  independent  solutions 
of  this  system.  Using  (26),  we  easily  verify  the  following  n  —  3: 

6  =  1»  ^1  =  «*>  =  w**>  •  •  •  t  (n  —  ”*> 

(72) 

for  9  =  1,  2,  •  •  •  ,  n  —  1  except  p  and  n  —  p. 

Furthermore,  these  are  linearly  independent,  for  they  are  the  coeffi¬ 
cients  in  the  corresponding  relations  Rq ,  which  we  have  seen  to  be 
independent. 

Theorem  VIII  now  follows  immediately  by  the  Fundamental  Theorem 
on  solvability. 

3.  Directly,  by  Theorem  IV  (and  Theorem  III),  we  have  the  fol¬ 
lowing  consequence: 

Theorem  B.  //,  starting  with  an  arbitrary  nrgon  n,  we  perform 
successively  in  any  order  the  n  —  3  construction^*^  for  m  =  1, 

2,  •  •  •  ,  n  —  1  except  p  and  n  —  p,  so  obtaining  the  sequence  of  nrgons 
n',  n",  •  •  •  ,  then  t«  an  affine-regular  n-gon  of  uf‘-type,  and 

always  identically  the  same  one,  including  position,  regardless  of  the  order 
of  the  constructions  S(w’"). 

A  regular  n-gon  of,  u^-type  has  exactly  one  more  degree  of  regularity 
— that  represented  by  Rp — than  an  affine-regular  n-gon  of  the  same 
type.  By  Theorem  IV,  we  can  add  this  degree  of  regularity  to  any 
n-gon  by  the  construction  5(a)').  Therefore: 

Theorem  IX.  If  on  any  affine-regular  n^gon  of  u^-type  toe  perform 
the  construction  S{w’’),  we  obtain  a  completely  regular  n-gon  of  uf-type. 

Except  for  the  case  mentioned  in  footnote  25,  which  is  easily  formulated 
separately. 

••  Cf.  footnote  25.  Here,  if  n  is  even  and  p  -  n/2,  there  are  n  —  2  construc¬ 
tions,  and  the  final  polygon  is  a  pair  of  points  taken  alternately  n/2  times. 
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This  theorem  is  illustrated  for  n  —  6  by  the  following  figure,  where 
the  initial  affine-regular  hexagon,  with  numbered  vertices,  exhibits  the 
following  characteristic  properties:  that  the  three  diagonals  joining 
opposite  vertices  meet  in  a  point  which  bisects  each  of  them ;  that  each 
of  these  diagonals  is  parallel  to  a  pair  of  opposite  sides.*^  The  auxiliary 
equilateral  triangles  which  give  the  vertices  of  the  regular  hexagon 
ABCDEF  are  easily  visualized. 


0 


A 

Fio.  2 


9.  Affine  Constructions 

1.  Let  zi,  zj ,  zt  denote  any  three  consecutive  vertices  of  an  n-gon, 
and  let  us  associate  with  them  the  point  Zi  defined  by 

(73)  Zi  =  aZi  -f-  /3zi  -|-  7Z| , 
where  a,  0,  y  are  real  and 

(74)  a  -1-  /3  7  =  1. 

Any  affine-regular  hexagon  can  be  obtained  moat  generally  aa  followa:  atart 
with  any  parallelogram,  and  cut  off  a  triangle  from  each  of  a  pair  of  oppoaite 
cornera  by  joining  the  midpointa  of  the  aidea  adjacent  to  that  corner. 


120 


JESSE  DOUGLAS 


Then  z[  is  the  center  of  gravity  of  weights  proportional  to  a,  placed 
at  ^1,21,  z»  respectively.  If  a  :  /3  : 7  =  1  : 1  : 1,  we  have  the  centroid 
of  the  three  points. 

It  is  easily  verified  that  zi  as  defined  by  (73)  is  an  affine  concomitant 
of  Zi  ,zt,zt  i.e.,  if  Zi  and  Zi ,  Zi ,  Z|  are  related  respectively  to  zi  and  Zi , 
zt ,  Zt  by  any  afi&ne  transformation  (63),  then  also 

(75)  Zt  =  aZi  +  /3Zt  -|-  7Z1 . 

Moreover,  among  all  transformations  (73)  of  three  points  into  one, 
where  o,  0,  7  are  any  complex  numbers,  the  conditions  that  a,  0,  7 
be  real  and  obey  (74)  are  necessary  as  well  as  sufficient  in  order  that  Zi 
be  an  affine  concomitant  of  Zi  ,Zt,Zt. 

If  the  transformation  (73)  is  applied  to  every  three  consecutive 
vertices  of  any  n-gon: 

(76)  Zk  =  aZk  +  0Zk+i  +  72*+i  (k  =  1,  2,  ...  ,  n), 

then  we  have  an  r^gon  to  n-gon  transformation,  11  to  11',  which  we  shall 
term  an  affine  construction  and  denote  by  A  (a,  0,  7). 

This  is  a  “ternary”  afiine  construction;  an  “r-ary  affine  construction” 
is,  most  generally, 

(77)  Zk  —  aiiZk  +  atZk+i  +  •  •  •  +  arZk+r  (A:  =*  1,  2,  . . .  ,  n)' 
where  at ,  at,  •  •  •  ,ar  are  any  real  coefficients  subject  to  the  condition 

(78)  ai  +  ai  +  •  •  •  +  ttr  *  1. 

We  shall  employ  for  this  affine  construction  the  notation  A{ai  t 
at,  ...  ,  Or).  Evidently,  any  binary  affine  construction  A  (a,  0)  is  the 
same  as  the  similitude  construction  S{a)  with  the  real  parameter 
a  —  —0la,  and  consists  in  the  division  of  each  side  of  any  given  polygon 
in  any  fixed  ratio  to  form  the  vertices  of  a  new  polygon. 

i 

2.  Factoring  of  afiSne  constructions  into  similitude  constructions. 
According  to  (51),  the  composition  of  any  two  similitude  constructions 
S(a),  S{b)  (a?^  I,  b  9^  1)  gives  for  S(a).S(6)  =  5(6). S(a): 

/  _  Zi  —  (o  +  b)zt  +  cd)Zt 
(1  -  o)(l  -  k)  • 


(79) 

This  is  of  the  form 

(80) 


Zt  =  aZi  -f-  0Zt  -f-  yzt . 
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where,  with  the  proportionality  factor 

'  “  a-Jd-b)’ 

we  have 

(82)  at  “  P,  /3  *  -fi(a  +  6),  y  =  pab. 

We  easily  verify 

(83)  a  +  /3  +  7  =  1. 

In  order,  then,  to  identify  S(a)’S(b)  with  any  given  ternary  affine 
construction : 

(84)  A  (a,  0,  y)  -  S(a)  •  5(6)  =  5(6)  •  5(a), 

where  a,  0,  y  are  real  and  subject  to  (83),  we  must  find  o,  6  in  accordance 
with  (82),  (81).  Forming  the  quadratic  equation 

(85)  ax*  +  0x  +  y  =  0, 

— which  we  shall  call  the  “auxiliary  equation””*  of  A(a,  0,  y) — we 
observe  the  identity 

(86)  ax'  +  -f-  7  *  p(x  —  a){x  —  6). 

Therefore  o,  6  must  be  the  roots  of  the  auxiliary  equation.  Con¬ 
versely,  if  a,  6  are  the  roots  of  (85),  we  must  have  (82),  with  an  (at 
first)  undetermined  proportionality  factor  p.  But  since  A{a,  0,  7)  is 
an  affine  construction,  (83)  is  verified,  which  implies  the  value  (81) 
for  p;  and  this  completes  the  proof  of  the  relation  (84).  Hence: 

Theorem  X.  Any  given  ternary  affine  construction  A  {a,  0,  7)  can 
be  expressed  in  one  and  only  one  way  as  a  product  of  similitude  con¬ 
structions'. 

A{a,0,y)  =  5(a).  5(6)  =  5(6).  5(a). 

The  parameters  a,  6  are  determined  as  the  roots  of  the  '^auxiliary  quadratic 
equation" 

ax'  0x  y  =  0. 

In  another  context  we  have  found  it  more  appropriate  to  define  the  auxiliary 
equation  as  proceeding  according  to  ascending  powers  of  x:  a  +  +  yx*  —  0, 

or  generally,  ai  +  ajx  +  • .  •  +  a,x^‘  —  0.  See  our  forthcoming  paper  cited 
in  the  first  footnote. 
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In  view  of  the  general  formula  (53)  for  the  product  of  any  number  r 
of  similitude  constructions,  this  theorem  is  easily  extended  from  ternary 
to  r-ary  affine  constructions  as  follows: 

Theorem  XL  Any  given  r-ary  affine  construction  A{ai ,  at ,  •  •  •  ,  a,) 
can  be  “factored”  in  one  and  only  one  way  into  similitude  constructions: 

(87)  i4(ai ,  a*  ,  •  • .  ,  a,)  =  5(oi)-S(ai)  •  •  •  5(0,), 

the  order  of  the  factors  being  indifferent.  The  parameters  Oi ,  Oi ,  >  ■  •  ,  a, 
are  determined  uniquely  as  the  roots  of  the  “auxiliary  equation”*'"  of 
(r  —  1)“*  degree, 

(88)  aiX^~'  +  +  .  .  .  -4-  Ur-lX  -f  Or  =  0, 

and  because  of  the  reality  of  the  a’s,  the  a's  are  real  or  conjugate  imaginary 
in  pairs. 

3.  Illustrations.  Consider,  for  illustration,  the  formation  of  the 
centroid  of  any  three  points;  this  is  the  ternary  affine  construction 
>1(1/3,  1/3,  1/3).  The  auxiliary  equation  is 

(89)  X*  +  X  +  1  =  0, 

whose  roots  are  the  complex  cube-roots  of  unity  fl,  if.  Therefore 

(90)  Ail  i  i)  =  5(fi).5(n*)  -  5(0*). 5(«). 

The  geometric  interpretation  in  terms  of  isosceles  120°-triangles,  placed 
first  to  the  right  and  then  to  the  left  of  their  bases,  is  obvious. 

Consider  the  centroidal  operation  for  r  points,  i.e.,  the  r-ary  affine 
construction  Ail/r,  1/r,  ...  ,  1/r).  The  auxiliary  equation  is 

(91)  x^'  -I-  x"-*  -f  ...  -I-  X  -I-  1  =  0, 


which  is  the  cyclotomic  equation,  whose  roots  are  the  r*’’  roots  of  unity 
except  unity  itself ; 


(92) 


X  =  0*  (g  =  1,  2,  . . .  ,  r  -  1), 

0  =  0'  =  1. 


Therefore 

(93)  .40 ,  i , . . . ,  =  S(n) .  S(.Sf)  . . .  Sia-'), 


where  the  factors  may  be  rearranged  in  any  order. 
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4.  Special  afSne  constructions.  By  means  of  the  factorization  Theo¬ 
rem  XI,  we  can  give  a  complete  answer  to  the  question  of  what  particu¬ 
lar  affine  constructions  applied  to  a  general  n-gon  11  produce  a  special 
n-gon  n',  and  also  in  what  manner  and  to  what  extent  11'  is  specialized. 
This  is  the  same  as  the  question  of  the  solvability  for  n  of  the  opera¬ 
tional  equation 

(94)  n'  =  i4  (ai ,  a* ,  •  •  •  ,  o,)n, 

where  n'  and  A  are  given. 

By  (87),  this  relation  is  equivalent  to 

(95)  n' =  S(a,).5(a,)  ...  5(a,)n, 

where  Oi ,  oi ,  . . .  ,  Or  are  the  roots  of  the  auxiliary  equation  (88). 
From  Theorem  V  it  follows  that  we  have:  • 

Theorem  XII.  If  no  n***  roots  of  unity**  occur  among  the  roots  of  the 
auxiliary  equation  of  A,  then  n'  may  be  assigned  arbitrarily  and  n  is  then 
uniquely  determined. 

Otherwise  stated:  under  the  specified  circumstances,  n'  is  perfectly 
general  if  n  is  unrestricted. 

But  if  a  certain  number,  exactly  m,  of  distinct  n*'‘  roots  of  unity, 

,  /  .***  / 

Oi  f  0)  ,  .  .  .  ,  (l) 

(necessarily  each  with  its  conjugate  imaginary:  w"””'  =  a>“''  with  w'*, 
etc.)  occur  among  the  roots  of  the  auxiliary  equation  of  ^4,  then  n'  is 
special  in  that  it  obeys  the  standard  linear  relations”  i2p,  ,  i2p, ,  . . .  , 
,  whatever  the  original  n-gon  n. 

In  short,  we  have: 

Theorem  XII'.  If,  contrary  to  the  hypothesis  of  Theotem  XII,  the 
auxiliary  equation  of  A  and  the  binomial  equation  of  n***  degree,  i"  —  1  =0, 
are  not  relative  prime,  but  have  a  greatest  common  divisor  f(x)  =  0,  with 
roots  w”',  &)“”*,  u”*,  a>“”,  . . .  w”"*, then,  for  a  general  initial  polygon  11, 
the  derived  polygon  11'  is  always  specialized  by  the  affine  relations  9?, , 
S?*'  {of  (67))  where  q  =  Pi ,  Pj  ,  •  •  •  ,  P«  . 

No  further  spiecialization  is  imposed  on  IT'  by  ^4  if  n  remains  arbi¬ 
trary;  i.e.,  any  n-gon  n'  obeying  Rp,  ,  Rp^ ,  •  •  •  ,  Rp^  can  be  derived 
by  A  from  some  initial  n-gon  IT — indeed,  the  determination  of  11  in¬ 
volves  m  linear  complex  parameters.  These  facts  follow  quite  directly 
from  Theorems  IV,  IV',  IV". 

”  Unity  itself  is  excluded  automatically  by  the  condition  (78). 

•*  Or  their  affine  equivalents  of  (67). 
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As  application,  we  can  answer  the  question  of  exactly  which  ternary 
affine  constructions  A  (a,  /3,  y)  convert  a  general  n-gon  into  a  special 
one.  The  roots  of  the  auxiliary  equation 

ox*  +  ^x  -f-  y  =  0 

are  either  both  real,  or  are  conjugate  imaginary. 

In  the  latter  case,  in  order  that  A  be  special,  these  roots  must  be  of 
the  form  Then  the  auxiliary  equation  is 

(x  —  «’’)(x  —  w~')  =  0, 

or 

X*  —  2x  cos  -b  1  =  0; 

•  n 

therefore 


a:/3:y  =  1:  —  2  cos  :  1. 

n 

Suppose  that  these  weights  are  placed  respectively  at  the  points  u", 
1,  0)“';  then  their  center  of  gravity  is  located  at 

a,*-  -  2  cos  -f 

(96)  z'  = - - - —  =  0. 

2  —  2  cos 

n 

Therefore,  on  account  of  the  affine-invariant  nature  of  A  (a,  /3,  y),  it 
follows  that  when  this  construction  is  applied  to  any  three  points 

zi,  Zi,  zt: 

O  2pT  . 

2zi  cos  — — h  2i 

_ n _ 

.  .  j  px  * 

4  sm  — 
n 

the  point  z[  is  always  affinely  related  to  Zi ,  zj  ,  Za  in  the  same  way  that  0 
is  affinely  related  to  the  isosceles  triangle  (w**,  1,  «”**);  i.e.,  Zi  is  located 
on  the  median  ztM  and  divides  this  in  the  ratio  z»zi  :ziM  =  *1  :  —cos 
2pTln. 

The  n-gon 


Zi  — 

(97)  ,  Zi'  = - 


n'  =  A(1  :  —  2  cos  2picln  :  l)n 
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will  then  alwa3r8  be  specialized  by  the  two  afl^e  relations  9?p  ,  0?,  of 
(67) — equivalent  to  i2p  ,  Rn-p  . 

On  the  other  hand,  if  the  roots  of  the  auxiliary  equation  of  A{a,  /3,  7) 
are  real,  then  their  only  possible  special  value  is  —1,  which  is  an  n*** 
root  of  unity  if  and  only  if  n  is  even.  It  follows  that  for  even  values  of  n 
we  have,  in  addition,  the  following  special  affine  construction:  If  Zi , 
Zi ,  zt  are  any  three  consecutive  vertices  of  H,  let  Afi ,  Afi  denote  the 
midpoints  of  ZiZt ,  ztZa ,  and  divide  MiMi  in  any  fixed  ratio;  the  resulting 
polygon  n'  will  obey 

«1  +  -1-  •  •  •  +  <m-l  =  0. 

If  the  ternary  affine  construction  A{a,  /3,  7)  is  any  but  one  of  those 
just  described,  then  its  application  to  a  general  n-gon  11  leads  to  a 
general  n-gon  n';  i.e.,  the  relation 

(98)  n' =  ^(a,/3,7)n 

is  solvable  for  n  when  n'  is  arbitrarily  given.  This  follows  directly 
from  Theorems  X  and  V. 

We  can  also  restate  Theorem  B  (§8)  in  affine-invariant  terms  by 
replacing  the  sequence  of  similitude  constructions  there  specified  by  the 
affine  constructions  ^4(1  :  —2  cos  2qirln  :  1)  where  q  =  1,  2,  •  •  •  , 
(n  —  l)/2  except  p  if  n  is  odd,  and  q  =  1,  2,  •  •  •  ,  n/2  except  p  if  n 
is  even.** 

Examples.  For  n  =  5,  we  have  the  following  rather  interesting 
particular  case.  Take  an  arbitrary  pentagon;  let  A,  B,  C  denote  any 
three  consecutive  vertices,  and  derive  therefrom  the  point  P  located  on 
the  median  BM  of  the  triangle  ABC  and  dividing  it  in  the  ratio  BP  : 
PM  =  1  :  —cos  144®  =  1  :  cos  36®  =  4  :  \/5  -{-  1  or  MP  :  MB  = 

1  :  \/5.  Then  the  five  points  P  so  obtained  always  form  an  afiine-regvlar 
pentagon  of  the  ordinary  convex  type.  If,  instead,  the  median  BM  is 
produced  to  the  point  P  so  that  MP  :  MB  =  1  :  ^/5,  then  the  resulting 
new  pentagon  is  affine-regular  of  the  star-shaped  type  (pentagram).  These 
constructions  are  illustrated  by  the  following  figures,  where  the  afllne- 
regular  nature  of  the  pentagons  PQRST  can  be  verified  by  the  charac¬ 
teristic  property  that  each  diagonal  is  parallel  to  a  side. 

No  other  ternary  affine  construction  can  specialize  a  general  penta¬ 
gon,  as  remarked  for  an  arbitrary  value  of  n  in  connection  with  (98). 
More  definitely:  if  any  ternary  afi^e  construction  not  one  of  the  two 


**  See  footnote  28. 
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just  described  is  applied  to  any  pentagon  that  is  not  affine-regular,  the 
resulting  pentagon  cannot  be  affine-regular  (Theorem  VIII). 

For  n  =  6,  we  have  the  following.  On  an  arbitrary  hexagon,  let  the 
binary  and  ternary  centroidal  operations  be  performed  successively  in 
either  order.  Then  the  resulting  hexagon  is  always  affine-regular,  and 
docs  not  depend  even  for  its  position  on  the  order  of  the  two  centroidal 


operations.  This  combination  of  binary  and  ternary  centroidal  proc¬ 
esses: 

1  '  i  '  \  > 

•  2l  +  **  tt  _  Z\  -T  Zt  -V  Zt 

Zi  —  S  (  Zi  _  , 


is  represented  by 
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80  that,  in  short,  this  quaternary  affine  construction  converts  an  arbi¬ 
trary  hexagon  into  an  affine-regular  one. 

The  following  figure  illustrates  this  construction  and  theorem,  where 
the  affine-regular  nature  of  ABCDEF  can  be  verified  by  the  typical 
properties  described  at  the  end  of  §8. 

In  all  the  figures  of  this  paper  the  remark  made  in  connection  with 
(14)  can  be  verified,  that  the  centroid  of  the  derived  polygon  coincides 
with  that  of  the  initial  one. 

5.  Centroidal  process  of  r***  order.  As  another  application  of  the  fac¬ 
torization  Theorem  XI,  we  give  a  solution  of  the  following  problem: 
For  what  values  of  n  and  r  does  the  centroidal  construction  A{l/r, 


S’ 


1/r,  . .  •  ,  1/r)  performed  on  a  general  n-gon  lead  to  a  special  one,  and 
what  is  the  degree  and  manner  of  specialization? 

According  to  the  factorization  (93)  of  A,  and  the  remarks  of  the 
preceding  article,  no.  4,  of  this  section,  the  answer  depends  on  what  r*'' 
roots  of  unity,  excluding  unity  itself,  are  also  n***  roots  of  unity. 

As  is  well  known,  the  common  roots  of 

(100)  x'  =1  and  i"  =  1 
are  identical  with  those  of 

(101)  x'  =  1, 

where  F  is  the  highest  common  factor  of  n  and  r. 

For  F  can  always  be  expressed  in  the  form 


(102) 


F  =  an  -t  br, 
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with  positive  or  negative  integer  coefficients  a,  b;  therefore  (101)  is  a 
consequence  of  (100).  Also,  since  r  =  r'F,  n  =  n'F  (r',  n'  integers), 
we  have  that  conversely  (100)  is  a  consequence  of  (101). 

If  f  =  1,  i.e.,  if  n  and  r  are  relative  prime,  the  only  root  of  (101)  is 
the  excluded  root  unity  itself.  Then  the  centroidal  process  of  r***  order 
applied  to  a  general  nr-gon  n  gives  a  general  n-gon  n'. 

If,  on  the  contrary,  F  >  I,  then  for  an  arbitrary  choice  of  n,  the 
r-ary  centroidal  polygon  n'  must  obey  those  F  —  1  standard  relations 
R  or  R'  whose  coefficients  are,  respectively,  the  powers  from  the  O**"  to 
the  (n  —  1)*** 

of  T,  of  T*,  •  •  •  ,  of 

where 

(103)  T  =  e*’'"  {t'  =  1) 

is  the  fundamental  F***  root  of  unity.  The  relations  R  in  question  are, 
by  reference  to  (44),  the  following  F  —  1: 

«I  +  TSJ  +  T*Si  +  •  •  •  4-  +  «/+i  -f  T8r+t  +  T*8^+J 

4  •  •  •  +  *«n  =  0, 

(104)  «i  4  T*8t  4  T*8i  4  •  •  •  4  *^«jr  4  *r+i  4  4  T*8r^ 

+  .  .  .  +  =  0, 

4  r"- *8,  4  4  -  •  •  4  V'-"‘8,  4  4  r'-V. 

4  T*‘'-“8,+,  4  •  •  •  4  =  0, 

where  the  important  feature  is  the  periodic  repetition  of  the  coeffi¬ 
cients  after  F  terms. 

In  his  second  Scripta  paper,*®  Kasner  has  answered  the  question  we 
are  here  considering  by  means  of  the  following  system  of  necessary  and 
sufficient  conditions': 

*1  4  9r+i  4  **r+i  4  •  •  •  4  8n-f+i  =  0, 

8t  4  8p+t  4  8tF+t  -f.  .  .  .  -J-  8n-r+i  =  0, 

(105)  . 

8f-i  4  8tr-i  4  8ir-i  4  •  •  *  4  *»-i  =  0, 

8r  4  8tr  4  8tir  4  •  •  •  4  =0. 

*  See  footnote  1.  Refer  to  p.  39  of  the  cited  paper. 
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These  express  that  the  vector  sum  of  every  F***  side  of  the  polygon  11', 
starting  with  any  chosen  one,  is  zero.  Only  F  —  1  of  the  F  equations 

(105)  are  independent,  since  the  sum  of  all  of  them  is  the  identically 
satisfied  closure  relation 

(106)  «i  +  s*  -f  +  •••+«»  =  0. 

The  equivalence  of  these  conditions  of  Kasner  to  those  (104)  obtained 
by  the  present  theory  is  quickly  shown.  For  by  combining  the  equa¬ 
tions  (105)  linearly  with  the  coefficients  1,  t,  t*,  •  •  •  ,  t^“‘,  we  obtain 
the  first  equation  (104),  and  similarly  we  can  obtain  all  the  others. 
Conversely,  if  we  adjoin  to  (104)  as  first  equation  the  closure  relation 

(106) ,  then  e.g.  the  first  equation  of  (105)  is  obtained,  with  reference 

to  (26),  by  adding  together  all  the  equations  (106),  (104);  the  second 
equation  of  (105)  by  using  the  multipliers  1,  t~‘,  t“*,  •  •  •  ,  and 

all  the  others  similarly. 

10.  Similitude  Constructions  of  Order 
If  the  coefficients  a  in  the  linear  {X)lygon-to-polygon  transformation 

(107)  Zk  =  aiZk  +  «*r*+i  +  •  •  •  +  oirZk+r-i  (k  =  1,  2,  •  •  •  ,  n) 

are  not  required  to  be  real,  as  in  (77),  but  are  permitted  to  be  any 
*  complex  numbers  obeying 

(108)  «!  +  Otf  Or  =  1, 

then  the  relation  (107)  is  no  longer  invariant  under  an  arbitrary  affine 
transformation  performed  simultaneously  on  all  the  variables  involved 
— but,  as  is  easily  verified,  it  does  remain  invariant  under  any  similitude 
transformation.  We  may  say  that  z*  is  a  similitude  concomitant  of 
Zk ,  Zk+i  f  -  ,  Zk+r-i  and  term  the  transformation  (107)  an  r-ary  simili¬ 

tude  construction. 

The  statement  and  the  proof  by  means  of  (53)  of  the  factorization 
Theorem  XI  still  apply,  except  as  to  the  real  or  conjugate  imaginary 
nature  of  the  roots,  which  now  may  be  r  entirely  unrestricted  and 
unrelated  complex  numbers  (?^  1). 

Theorem  XII.  Any  r-ary  similitude  construction  can  be  represented 
in  one  and  only  one  way  as  a  product  of  binary  similitude  constructions: 


(109) 


S(ai ,  ot ,  •  •  •  ,  ttr)  =»  S(ai).S(aj)  •  •  •  iS(a,), 


130 


JESSE  DOUGLAS 


the  order  of  the  factors  being  indifferent.  The  parameters  a  are  determined 
as  the  roots  of  the  ^'auxiliary  equation" 

(110)  +  •  •  •  +  Or-iX  +  a,  =  0. 

Thus,  while  the  general  theory  of  r-ary  affine  constructions  is  iso¬ 
morphic  with  the  theory  of  algebraic  equations  having  real  coefficients, 
the  theory  of  r-ary  similitude  constructions  is  isomorphic  with  that  of 
algebraic  equations  having  any  complex  coefficients. 

This  viewpoint  should  admit  of  interesting  further  development. 

Bbookltn,  N.  Y. 


A  PROBLEM  OF  BUCKLING  OF  ELASTIC  PLATES  OF 
VARIABLE  THICKNESS 

Bt  R.  Gran  Olsson  and  Eric  Rbissncr 

1.  The  theory  of  bending  of  elastic  plates  of  gradually  varying  thick¬ 
ness  has  recently  been  dealt  with  on  a  number  of  occasions.*  So  far 
as  known  no  treatment  has  however  been  given  to  the  problem  of 
buckling  of  plates  of  variable  thickness. 

The  first  investigation  of  the  stability  of  plates  of  constant  thickness 
is  due  to  G.  H,  Bryan*  who  considered  a  rectangular  plate  uniformly 
stressed  in  its  plane  and  freely  supported  along  the  edges. 

In  the  present  note  a  plate  is  assumed  loaded  and  supported  as  in 
Bryan’s  theory  while  its  stiffness  varies  linearly  in  a  direction  parallel 
to  one  pair  of  edges  (Fig.  1). 
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The  mathematical  solution  of  this  problem  appears  in  terms  of 
“confluent  hypiergeometric  functions.”  These  reduce  to  elementary 
functions  if  a  certain  dimensionless  quantity  containing  load  intensity  P, 
width  6  and  stiffness  Af  *=  cx  of  the  plate  is  an  integer  number.  The 
stability  conditions  are  discussed  numerically  for  certain  values  of  this 
number  and  the  results  are  shown  in  Figs.  2,  3  and  4.  The  simplest 

‘  See  R.  Oran  OUton,  Ingenieur-Archiv  5  (1934)  p.  363  where  further  references 
are  given. 

*  0.  H.  Bryan,  Proc.  London  Math.  Soc.  22  (1891)  p.  54. 
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solution  is  obtained  for  a  semi-infinite  plate  0<y<6,  0<x<  <» 
where  P  *  2r  (c/b). 


II.  The  differential  equation  for  the  deflection  u;  of  an  elastic  plate 
of  variable  thickness  h  may  be  written  in  the  form* 


V*{NV*w)  -h  (1  -  I-) 


d*N  d*w 
dxdy  dxdy 


d*N  ^  _  d^N  ^ 
dx*  dy*  dy*  dx*/  “  ^ 


(1) 


in  which 


X,  y  denote  the  codrdinates  in  the  plane  of  the  plate, 
Eh* 

N  =  -qTj - ^  the  stiffness  of  the  plate 

12(1  —  ir) 

y  Poisson’s  ratio, 

p  the  surface  loading  per  unit  of  area  and 

V- 

dx* 


When  the  plate  is  compressed  in  its  plane  the  loading  p  arising  from 
a  deflection  is  given  by  the  components  of  the  plane  stresses  vertical  to 
the  original  plane.  If  the  plane  stress  is  uniform  and  the  stress  resultant 
P  kg  cm~*  (Fig.  1)  this  component  is  equal  to  —PV*w  so  that 

p  =  —PV*w  .  (la) 


Ekiuation  (1)  is  essentially  simplified  if  it  is  assumed  that  the  stiffness 
N  \a  a,  linear  function  of  one  cofirdinate,  say 


N  ^  cx. 


(2) 


Then  the  contents  of  the  second  parenthesis  in  (1)  vanish  and  (1) 
becomes 

cV*(xV*w)  +  PV*w  =  0.  (3) 

I 

This  is  an  equation  of  the  second  order  for  V*w.  If  the  boundary 
conditions  can  be  chosen  in  such  a  way  that  the  characteristic  value  P 
is  determined  solely  from  the  knowledge  of  V*u>  and  its  derivatives,  the 
fourth  order  problem  has  been  reduced  to  a  second  order  problem  and 
the  deflection  w  can  be  obtained  by  quadratures  from  V*w.  Such  edge 
conditions  exist  in  fact,  and  furthermore  these  are  the  most  important 
from  a  practical  point  of  view. 


•  See  E.  Reiaaner,  Journ.  Math.  Phys.  16  (1937)  p.  43. 
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III.  Assume  that  the  plate  of  length  a  and  breadth  6  is  freely  sup¬ 
ported  along  all  edges  and  take  a  coordinate  system  in  which  these 
edges  are  y  =  0  and  y  =  b  as  well  as  x  ■=  xo  and  x  =  Xi(xi  —  xo  =  a). 
Then  the  edge  conditions  are 


(4) 


=  0,  6;  w  =  0, 

II 

fa'«. 

dx*J 

1  =  0 

o' 

II 

H 

II 

M,  =  iV( 

(d^to 

<ax* 

d*w\ 

=  0 

(m 


=  0 


Due  to  the  fact  that  (4)  implies 

(pi)  =  ® 

\  dx*  / v-0.6 

these  conditions  may  be  written  as  follows: 

y  =  0,b;  w  =  0,  NV*w  =  0 

X  =  xto ,  xi;  tr  =  0,  NV*w  =  0  ^ 
Introducing  as  an  abbreviation 

V*u?  =  V 

the  problem  consists  in  finding  a  solution  of  the  equation 

V*(xt;)  -f  -  t>  =  0 
c 


which  satisfies  the  conditions 
y  =  0,  b  :  V  =  0; 

Putting 

xv(x,  y)  =  g{x)  sin  /3,y, 


X  =  Xb ,  Xi  :  t>  =»  0. 


/S,  =  n  =  1,  2, 


(fi) 

(6) 

(7) 

(8) 
(9) 


the  conditions  (8)  are  already  satisfied  along  the  lines  j/  =  0  and  y  =  b 
and  (7)  reduces  to 


g”{.x)  -  ^/3*,x  -  g{x)  *  0 
The  solution  of  this  equation  is 

g{x)  =  xe-^F{\  -  2;  2/3,x) 


(10) 


(11) 


134 


R.  GRAN  OLSSON  AND  ERIC  REI8SNER 


where  F{a,  7;  z)  is  a  solution  of  the  confluent  hypergeometric  differential 
equation 


zF"(z)  +  (7  -  z)F'(z)  -  aF{z)  =  0. 
A  particular  integral  of  (12)  is 


Fiifii,  7;  z) 


o£  ,  a(a  +  1)  z'  , 
7  1!  7(7  +  1)  2! 


(12) 

(13) 


while  in  the  case  of  an  integer  7  which  is  dealt  with  here,  a  second 
solution  in  general  is  of  much  more  complicated  form. 

Further  treatment  will  here  be  given  only  of  the  cases 


from  which  a  good  deal  of  information  can  be  gotten  and  in  which  P 
is  a  polynomial  of  the  (1  —  a)th  degree.  Then  the  second  linearly 
independent  solution  of  (10)  is  found  explicitly  with  the  help  of  the 
I^agrange  method  of  variation  of  constants.  Place 


/3-x  =  i 

(14) 

and 

9i(0  =  6!'*/^(«,7;20 

(15) 

then  the  second  solution  of 

(10) 

is  obtained  by  assuming 

(16) 

in  the  form 

(17) 

The  general  solution  of  (10)  is 

9({)  =  ^9i(0  +  ^9i({) 

(18) 

where  A  and  B  are  two  arbitrary  constants.  Introducing  (18)  into 
the  remaining  boundary  conditions  (8)  leads  to  the  following  equation 

91(61)  91(61) 

9i({i)  9«({i) 


0 


(19) 
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The  solutions  of  (19)  which  are  conditions  for  instability  satisfy  the 
relation 

M(eD)  =  (20) 

IV.  Some  special  cases  of  (20)  which  show  the  properties  of  this 
characteristic  value  problem  will  now  be  discussed. 


a.  The  case  o  =  1  —  (P/2^,c)  =  0. 

Here 

giii)  =  (21) 

From  (17)  follows 

u(0  -  /  (22) 

where 

Eiii)  -  f*  ^’dx 

is  the  so-called  ‘‘exponential  integral”  which  is  a  tabulated  function. 
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Now  u(()  is  a  monotonely  increasing  function  (Fig.  2)  so  that  there  is 
instability  only  if^ 

$0  =  0,  =  00.  (23) 

Thus  there  is  buckling  of  the  whole  strip  0  <  z  <  ao .  If  only  a  part 
of  it,  Zb  <  z  <  Zi  instead  of  the  whole  strip  is  compressed  the  stability 
of  the  ^rstem  is  obviously  increased  and 


is  therefore  the  smallest  possible  critical  stress  resultant  for  a  freely 
supported  plate,  with  linearly  varying  stiffness  N  —  cx  in  &  direction 
normal  to  the  breadth  h. 
b.  The  case  a  —  —1. 

Here 

giiO  =  {«■*(!  -  0-  (26) 

From  (17)  follows 

“(«  - 1  (r^«  ■  f) 

The  numerical  calculation  gives  two  branches  for  «({)  with  vertical 
asymptotes  at  {  =  0  and  {  =  1  (Fig.  3).  The  instability  condition  is 

«(%)  +  -  K(2f.)  +  (27) 

In  a  given  problem  the  dimensions  of  the  plate,  a  and  b,  are  known 
and  hence 

TO  _  t(zi  —  zo)  .  . 


is  known.  Therefore  the  position  in  the  u({)-graph  must  be  found  where 
a  parallel  to  the  ^axis  meets  the  two  u-branches  at  a  distance  —  $> . 
The  known  value  of  a  then  gives  the  relation  between  stiffness  and 
critical  load.  The  graph  shows  very  clearly,  how  for  given  buckling  load 
P  and  plate  width  6  the  length  a  =»  6(£i  —  &)/t  of  the  plate  increases 
with  an  increase  of  its  minimum  stiffness  czo  =  c6{o/tr. 

*  In  order  to  get  this  result  from  the  graph  of  the  function  u  it  must  be  assumed 
that  for  (  ~  00  u  jumps  from  +  *  to  —  oo ,  The  same  assumption  is  necessary, 
in  order  to  get  all  results  concerning  the  function  u  in  the  following  discussions. 
That  this  assumption  gives  correct  results  can  be  seen  immediately,  since  for 
this  case  the  characteristic  function  is  gt(t)  itself. 
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In  the  result  is  contained  the  buckling  load  of  the  strip 

1  <  {  <  00  (28) 

and  has  the  value  P  =  4ct/6.  Thus  it  is  seen  that  if  from  the  strip 
0  <  X  <  00  a  piece  of  length  h/x  is  cut  off  at  the  thin  end  the  critical 
load  is  just  doubled. 


Fto.  3.  a  1  —  (P/2ep)  —  —1.  A  parallel  to  the  {-axis  intersects  the  two 
branches  of  the  ti-curve  at  points  (i  and  (o .  Then  for  given  (o  *  vxg/h  and 
Pb/2re  ■-  2,  the  length  a  of  the  plate  is  given  by  o  —  Xi  —  Xo  “  6({i  —  {o)/». 

The  critical  pressure  given  by  (27)  can  be  compared  with  the  buckling 
load  of  a  plate  of  constant  thickness,  of  the  same  length  and  breadth, 
and  of  a  stiffness  equal  to  the  greatest  value  cxi  of  the  variable  stiffness. 
The  critical  load  for  the  plate  of  constant  thickness  with  the  same  edge 
conditions  as  (5)  is  given  by‘ 

*  See  A.  Nadai,  Elastische  Flatten,  p.  239,  Berlin,  1925. 
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For  the  plate  of  variable  stiffness  one  has  with  a  =  —1  that  is 
with  P/cfi^  =  4, 


Fiq.  4.  a  -  1  -  (P/2CI3)  -  -2 


It  should  be  noted  that  according  to  Fig.  3  in  this  case  —  (o  >  1 
that  is 

?  >  1  (32) 

0 

It  follows  therefore  that  by  choosing  a  =  —1,  only  such  plates  are 
included  for  which  the  proportion  of  breadth  to  length  is  limited  accord¬ 
ing  to  (32). 
c.  The  case  a  =  —  2. 
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Here 

01(0  =  -I-  ii*). 

(33) 

From  (17)  follows 

f 

«(£)  “  i  I'd  _  2{  + 

-«K(2{)-?e“r?+2+'^  +  ?- 

3  9 

w 

1 - 1 

1  1 

where 

.  _  3  >  _  3  .  V3 

2  2  *  2^2 

(35) 

The  function  u(0  has  now  three  monotonely  increasing  branches  with 
vertical  asymptotes  in  {  =  0,  {={/,{  =  {//  (Fig.  4).  For  a/6  <  \/3/t 
the  plate  lies  between  the  first  and  the  second  branch,  for  a/6  >  y/Zlr 
between  the  second  and  the  third  branch.  Buckling  of  the  whole  strip 
occurs  when  (o  =  {//  and  =  « .  As  in  case  b),  the  proportion  of  the 
critical  loads  of  a  plate  of  constant  thickness  and  of  the  plate  dealt 
with  in  this  paper  can  be  found.  This  proportion  is 

P, 

(36) 

From  —  {o  >  (i  there  follows  again  a  limit  for  the  possible  propor¬ 
tions  of  the  plate  in  the  form 

b  IT 

®  J  =  4.956... 
a 

(37) 

V.  In  this  way  it  would  be  possible  to  discuss  the  instability  condi¬ 
tions  for  further  integral  values  of  a.  Since  however  no  new  features 
of  the  problem  are  exp>ected  to  appear  and  the  numerical  calculations 
become  increasingly  long  this  has  not  been  done.  The  practical  value 
of  the  calculations  carried  through  should  be  greater  as  merely  giving 
the  results  for  the  cases  of  Figures  2,  3,  4.  By  comparing  them  with 
the  results  of  approximate  calculations  (for  instance  applying  Ritz’ 
Method)  for  the  same  plate  they  will  indicate  the  amount  of  error  also 
for  plates  with  dimensions  not  included  in  the  present  exact  calculation. 
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GENERALIZED  EINSTEIN  HYPERSURFACES  OF  SPACES  OF 
CONSTANT  CURVATURE 

Bt  N.  Coburn 


1.  Introduction.  Consider  an  m-dimcnsional  Riemannian  manifold 
(Fw)  imbedded  in  an  (m  +  l)-dimen8ional  space  of  constant  curvature 
(S*+i).  We  assume  that  the  principal  directions  of  the  second  funda¬ 
mental  tensor  (hx^)  of  F«  exist.  Then  by  use  of  the  Gauss  relations, 
we  find  that  the  principal  directions  of  the  Ricci  tensor  (K\^)  of  F« 
exist  and  coincide  with  those  of  the  second  fundamental  tensor.  This 
result  enables  us  to  form  an  expansion  for  the  second  fundamental 
tensor  in  terms  of  the  Ricci  tensor.  The  study  of  a  particular  case  of 
this  expansion  leads  to  a  class  of  Vm  which  constitute  a  generalization 
of  Einstein  spaces.  The  properties  of  these  F*  are  discussed  and  their 
existence  is  proved. 


2.  Notation.  Let  the  unit  tangent  vector  fields  of  m  mutually  or¬ 
thogonal  non-isotropic  congruences  of  F«  in  /S»+i  be  denoted  by 


(fc,  X,  ju  =  1  •  •  •  -h  1), 


(2.1) 


€  *=  il»  t**'*  ~ 

e  0  0 

According  to  whether  e  is  (-|-1)  or  (  —  1),  we  say  that  t*  is  in  the  positive 
0  0 

or  negative  quadric  (region)  of  directions  determined  by  the  first  funda¬ 
mental  tensor  of  Sm+iia\^) 

(2.2) 


ox.i't'* 
0  0 


The  subscript  (c)  in *(2.1)  refers  to  the  congruence  (orthogonal  index); 
the  contravariant  index  («)  to  the  Sm+i  coordinate  system.  We  denote 
the  first  fundamental  tensor  of  Vm  (of  rank  m)  by 

0  0  0 

(2.3)  ojgi  “  21  (c,  6  =  1  . . .  m). 

0  0  0 

Hence  the  connecting  imit  afi&nor  of  Vm  with  respect  to  Sm+i  becomes 

(2.4) 

0  0  0 
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For  the  second  fundamental  tensor,  we  write 

(2.5) 

n 

where  V«  denotes  covariant  differentiation  with  respect  to  the  metric 
tensor  ax„  of  Sm+i  and  i\  is  the  unit  normal  to  F*  . 

fl 

If  denotes  the  Riemann  Christoflfel  affinor  of  V„  ,  then  the 

Ricci  tensor  is  given  by 

(2.6)  Ki  =  . 

The  Gauss  and  Codazzi  relations  (1)  are  for  F«  in  5,^-1 

(2.7)  =  tihaxhfi^  —  +  K(aaXO'$n  —  dandpO, 

n 

(2.8)  V[ah„,  =  0, 

where  K  is  the  curvature  of  (S„+i  and  is  the  covariant  differentiation 
operator  of  F«(ox„). 

3.  The  Ricci  and  Second  Fundamental  Tensors.  By  contracting  the 
indices  (/3,  X)  of  the  Gauss  relation  (2.7),  we  obtain 

(3.1)  K,  =  -  ;(Va"’')A..  +  Xd  -  m)al,. 

^  fl  Jl 

*  If  the  roots  of  the  determinant  equation  (2) 

(3.2)  1  -  pal,  1  =  0 

are  real  and  its  matrix  possesses  simple  elementary  divisors,  then  r  <  m 
principal  directions  exist  such  that 

C 

(3.3)  =  hi,. 

C  «C 

By  transvecting  (3.1)  with  we  find,  using  (3.3), 

C 

(3.4)  K',X  =  fct,. 

0  e  0 

Hence  the  Ricci  tensor  has  principal  directions  and  these  coincide  with 
those  of  the  second  fundamental  tensor. 

Let  us  assume  that  (s)  of  the  h  are  distinct  and  consider  the  S3n3tem 

0 

(3.5)  h  =  a  ak  ak*  +  •  •  •  «  k*~^. 

c  0  1  c  It  (—1 e 
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If  the  Vandermonde  determinant  of  the  system  (3.5) 
1  k  **...*:•“*' 


(3.6) 


1  k  k' 


is  not  z(‘ro,  then  solutions  for  the  a  of  (3.5)  exist.  From  the  expanded 

< 

form  of  this  determinant,  we  see  that  a  necessary  and  sufficient  condi 
tion  that  (3.5)  determine  (s)  distinct  h  is  that  the  k  be  distinct. 

e  e 

Since  the  principal  directions  of  Ka^  and  ha^  coincide,  the  relation 
(3.5)  may  be  written  as  (14) 

(3.7)  =  aal  +  aKl  +  +  •  •  •  a  Ki,  K'.V,  •  •  •  K'//-*. 

oil  «-i 


Hence  the  theorem: 

If  the  principal  directions  of  hx^  exist  and  the  tensors  hx^  and  Kx^ 
both  possess  the  same  undetermined  principal  directions  then  hx^  may  be 

written  in  the  form  (5.7).  Here  («)  denotes  the  number  of  distinct  h. 

• 

Two  cases  of  particular  interest  arise.  If  a,  a  •  •  •  a  are  all  zero  but 

1  t  •-! 

a  is  not  zero,  then 

(3.8)  hx^  =  aaxft. 

0 


These  are  umbilical  Vm  in  S«+i  or  hypersurfaces  of  constant  curvature. 
The  properties  of  these  V*  are  well  known.  If  a,  a,  •  •  •  a  are  all  zero 

1  1  «-i 

but  a,  a  are  not  zero,  then 
0  1 

(3.9)  hx^  =»  aax0,  +  otKx^. 

0  1 
I 

These  Vm  have  two  and  only  two  distinct  h.  They  constitute  a  gen- 

e 

eralization  of  umbilical  spaces.  Furthermore,  the  equation  (3.9)  may 
be  written 

(3.10)  Kx^  =  +  Phx^, 

0  1 

(3.11)  5*=--,  5  =  -. 

0  a  I  a 

1  1 
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If  we  allow  (a,  a)  to  approach  infinity,  but  require  that  the  ratio  of  a 
0  1  0 

to  a  remain  finite,  then 
1 

(3.12)  Ki  =  0ai. 

0 

Hence  an  Einstein  space  (3,  4)  is  a  special  case  of  this  type  of  F*  .  We 
shall  study  some  of  the  properties  of  these  F*  . 


4.  A  Relation  Between  the  Two  Distinct  h.  Substituting  (3.10)  into 

e 

(3.1) ,  the  latter  becomes 

(4.1)  +  K(m  —  l)Jax„  = 

Referring  the  tensor  to  its  principal  directions,  this  result  becomes 

(4.2)  I  =  A*  _  +  X  h^h, 

(4.3)  ^  “  ^^]- 

Upon  simplifying  (4.2),  we  obtain 

(4.4;  L  =  -A//3  +Zh), 

€\l  b/ 

where  £  denotes  summation  over  all  indices  except  the  c***.  By  use 
»*« 

of  two  equations  (4.4),  we  obtain 

(4.5)  h(0-\-Zh)  =‘h(0-\-Zh), 

P\1  r^P  */  «\1  k/ 

(4.6)  h  9^  h  (6,  c  =  1  . .  •  r;  p,  g  =  r  +  1  .  • .  m). 

p  • 

where  h  represents  one  class  of  equal  h*a  and  h  represents  the  other 

«  P 

class  of  equal  h'a 

(4.7) 

(4.8) 

If  A  is  zero,  then  from  (4.5) 

1 

(4.9)  /3  +  (m  —  r  —  1)A  =  0. 

1  1 


A  =  A  =  A, 

16c 

A  =  A  =  A.. 

Spa 
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If  none  of  the  h  are  zero,  then  (4.5)  can  be  written 


(4.Jo) 


If  m  >  2  and 

(4.11) 

then  (4.10)  becomes 

(4.12) 


h  /3  +  ^  A 

P  _  1  * 

h 

•  1  f*p  k 


A  ^  /3  +  A, 

P  1  k 


h  /3  -r  53  A 

P  ^  1  i4e,p  k  _  J 

A  ^n3  A 

•  1  ^>p  k 


This  contradicts  the  assumption  that  A,  A  are  distinct.  Hence 

(4.13) 

This  relation  can  be  written 


A  =  /3  +  2  A. 

P  1  k 


(4.14)  /3  +  (r  _  1)A  +  (m  -  r  -  1)A  =  0. 

1  1  t 

We  note  that  (4.9)  is  a  special  case  of  (4.14). 

Summarizing,  for  generalized  Einstein  spaces  Vm  in  Sm+i ,  the  second 
fundamental  tensor  may  be  written  as 

(4.15)  Ax,,  =  A  / t'xi,,  +  •  •  •  txtp^  +  A  ^  t'x  -}■•••  ixip\  , 

1  \1  1  r  f  /  *  V'+l  '■+1  mm/ 

where  A  and  A  are  connected  by  (4.14). 

1  1 


5.  The  Codazzi  Relations.  In  our  future  work,  we  shall  restrict 
these  Vm  by  requiring  that  they  be  “ordinary”  (positive  definite  metric 
tensor).  This  assumption  is  necessitated  by  the  difficulty  of  handling 
the  Ckxlazzi  relations  in  the  indefinite  case.  The  Codazzi  relations 
(2.8)  become 

(5.1)  -  0. 

Using  the  formulae  of  Schouten-Struik  (5),  the  equations  (5.1)  become 
when  referred  to  the  orthogonal  ennuple  determined  by  the  principal 
directions  of  Ax„ , 


(5.2) 

(5.3) 
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(h  -  +  (h-  =  0, 

\J  j  /  *  >  I  V*  ij  i  k  I 

t'viA  +  (h-h)  =  0, 

i  k  \k  ijkk  i 

(5.4)  I  9^  j  9^  k  =  1  •  •  •  m). 

Let  us  denote  the  principal  directions  belonging  to  h  by 

1 

(5.5)  (c,  6  =  1 


•r); 


and  those  principal  directions  which  belong  to  A  by 

s 

(5.6)  (p,  g,  =  r  +  1  . . .  m). 

P 

Then  (5.2,  5.3)  may  be  written 

(5.7)  =  0,  =  0, 

e  h  p  P  9  k 

(5.8)  i^Vxh  +  (h-h\  =  0, 

e  1  \»  I  /  p  p  e 

(5.9)  +  (h-h)  =  0, 

p  1  \1  \ )  c  a  p 

(5.10)  =  0,  =  0. 

<1  pi 

From  (5.7)  we  see  that  the  directions  of  (5.5)  build  oo"~'Fr ;  the 

C 

directions  of  (5.6)  build  co’’V„-r .  The  equations  (5.10)  denote  that 

P 

h  is  constant  over  each  F,  and  h  is  constant  over  each  Vm-r .  The 

1  t 

equations  (5.8),  (5.9)  may  be  written  as 

(5.11)  =  (t*vlh)(h  -  h)-^  =  e, 

(5.12)  =  (i^vlh)(h  -  hV^  =  e. 

a  a  p  \p  l/\i  1/  p 

In  order  to  interpret  these  equations,  we  introduce  the  fundamental 
quantities  of  the  F,  and  F,»_r .  Let  us  denote  the  metric  tensors  of  F, 
and  Vm-r  by 
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Furthermore, 

in 

let  us  write  for  the  connection  affinors  of  F,  and  F«_r 

(5.15) 

k  -  fi., 

0 

(5.16) 

p 

=  %^i,. 

P 

Since  t*  are  F,  normal  and  ^  are  normal,  we  find  for  the  second 

p  » 

fundamental  tensors  of  F,  and  F«_, 

(5.17) 

r  r 

hxp  =  — 

p  p 

(5.18) 

m— r 

€  a 

The  equations  (5.7),  (5.11),  (5.12)  yield  the  result 

(5.19) 

r  r 

P  P 

(5.20) 

M— f  HI— >r 

h)^  —  Oax^. 

c  c 

Furthermore, 

for  the  normal  ^  which  is  perpendicular  to  F^ ,  we  have 

11 

(5.21) 

n  n 

(5.22) 

n  f» 


By  use  of  (2.5)  and  (4.13),  these  last  equations  become 
<  »•  ' 

(5.23)  ™  , 

II  1 

(5.24)  hxf,  =  ha\f,. 

n  1 

The  equations  (5.19,  5.20,  5.23,  5.24)  express  the  fact  that  Vr  and 
Vm-r  possess  umbilical  points  in  Sm+i  •  From  Segre’s  theorem  (6), 
these  00  "-’'V,  and  oo'F.-r  are  hypersurfaces  of  constant  curvature  of 
00  "“'/Sm+i  and  00  ''Sm-r+i .  Hence  the  theorem : 
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The  generalized  Einstein  Vm  in  Sm+i  consist  of  a  system  0/  «"  'Sr 
in  00  and  a  system  of  completely  orthogonal  <»  'Sm-r  in  <»  • 

6.  An  Orthogonal  Coordinate  System  in  V^.  From  the  work  of  the 
last  section,  we  find  that  the  (m  —  r  +  1)  second  fundamental  tensors 
of  the  Sr  in  Sm+i  can  be  denoted  by 

r  r 

(6.1)  =  eai^ ,  (p,  g,  M  =  r  +  1, . . .  m,  n). 

P  P 

Let  us  drop  the  superscript  (r)  in  our  work  on  this  Sr .  From  (6.1), 
we  have 

(6.2)  =  0. 

p 

Let  us  denote  the  vectors  entering  into  the  Ricci  relations  (7)  of  S,  in 

Sw^i  by 

(6.3)  *"• 

Furthermore,  let  us  denote  differentiation  with  respect  to  S,  by 

r  r 

(6.4)  Vxu;^  =  B^VaWf. 

Then  the  Ricci  relations  for  Sr  in  Sm+i  become 

r  q  q  u  q 

(6.5)  V(x  Wdi  +  t>(x  t>„)  =  A«(xAf„]  =  0, 

pup  p 

the  last  simplification  having  been  made  by  use  of  (6.2).  It  can  be 

« 

shown  that  whenever  the  vectors  satisfy  an  equation  of  the  form 

P 

(6.5)  where  the  right  hand  side  is  zero,  then  a  set  of  mutually  orthogonal 
unit  vectors  exist  in  the  normal  space  (S»_r)  to  Sr  such  that  (8) 

P 

(6.6)  =  0. 

p 

We  shall  drop  the  (~)  and  use  this  particular  set  of  vectors  t*  for  which 

p 

(6.6)  is  valid.  From  (6.3),  the  condition  (6.6)  may  be  written  as 

(6.7)  Vxt^  »  0  (p,  g  =  r  +  1  • .  •  m,  n). 

•  p  « 
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If  we  restrict  the  range  of  the  indices,  we  may  use  (6.7)  in  the  form 

(6.8)  =  0  (p,  9  =  r  +  1  •  •  •  w). 

e  p  q 

Since  ^  belongs  to  the  (m  —  r)  domain  of  indeterminate  principal 

P 

directions  of  hx,, ,  the  equations  (5.7  to  6.10)  are  valid  for  this  new 
choice  of  principal  directions.  The  equations  (6.7)  may  be  written 

(6.9)  =  0,  =»  0. 

a  h  q  q  a  p 

Select  an  arbitrary  vector  of  the  above  set.  Let  us  denote  it  by  . 

q  r+1 

Then  / build  oo"~^‘Fr+i  in  in  virtue  of  (6.8),  (6.9). 

Vr+l  1  r  / 

We  now  define  the  second  fundamental  tensors  and  connection  afiinor 
of  these  Fr+i  in  Sm+i  in  an  analogous  fashion  to  that  of  Sr  in  Sm+i 
(5.13-5.20).  The  equations  (5.7),  (5.12)  and  (6.8),  (6.9)  enable  us  to 
write  for  these  second  fundamental  tensors 

r+1  r 

(6.10)  h\^  —  6a\^  +  a  »x  ,  (p  =  r  +  1  •  • .  m) 

P  P  P  r+1  r+1 

r+1  r 

(6.11)  hxft  =  hax^  +  k  i\  . 

n  1  1  r+1  r+1 


Again,  equations  for  these  Fr+i  similar  to  (6.2)  for  the  Sr  are  valid. 
By  reasoning  with  the  Codazzi  relations  for  the  Fr+t  in  a  similar  fashion 
to  that  of  Sr ,  we  find  equations  of  the  form  (6.7)  valid  where  (p,  q  = 
r  -{-  2,  •  •  •  m,  n).  Selecting  a  particular  vector  as  t*  ,  we  find  that 

r+1 

build  Fr+f  in  F„  .  By  continuing  this  process  a 

r+1  r+1  1  r  / 

finite  number  of  times  (m  —  r),  we  can  finally  select  a  set  of  vectors 

p 

in  the  Sm-r  such  that 


(6.12) 


=  0, 

y  *  p, 


(i,  *  =  1  . . . 

(k  9^  j  p). 


m;  p  =*  r  +  1  . . .  m) 


Likewise,  the  vectors  ^  in  Sr  may  be  selected  so  that 


(6.13) 


=  0, 

y  *  a 


(j.  A:  =  1  . . .  m;  c  =  1  •  •  •  r) 
(k  9^  j  9^  p). 


The  equations  (6.12),  (6.13)  are  the  necessary  and  sufficient  conditions 
(9)  that  an  orthogonal  coordinate  system  be  determined  by  the  con¬ 
gruences  1^.  Hence  the  theorem: 

4 
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The  generalized  Einstein  Vm  in  Sm+i  admit  at  least  one  orthogonal  co- 
ordinate  system.  In  this  coordinate  system  the  <*>  and  <x>  'Sm-,  are 
coordinate  snbspaces. 


7.  An  Existence  Theorem  (to  >  4).  The  existence  of  these  gen¬ 
eralized  Einstein  spaces  will  now  be  discussed.  From  the  general 
theory,  the  necessary  and  sufficient  conditions  for  the  existence  (10) 
of  these  V„  in  Sm+i  is  that  the  Gauss,  Codazzi  relations  (2.7)  (2.8)  be 
satisfied.  However,  the  theorem  of  T.  Y.  Thomas  (11)  states  that  for 
Vm  in  (S*+i  (m  >  4),  the  Codazzi  relations  are  consequences  of  the  Gauss 
relations.  Hence  we  have  only  to  show  that  the  Gauss  relations  will 
be  satisfied  for  some  class  of  these  Vm  • 

From  the  theorem  at  the  end  of  section  6,  we  see  that  the  Vm  will 
always  admit  an  orthogonal  coordinate  system  such  that 

(7.1)  (a  =  l...r), 
are  the  intrinsic  coordinates  of  Sr  and 

(7.2)  m”  (p  =  r  -b  1  •  •  •  m) 

are  the  intrinsic  coordinates  of  Sm-r  •  The  first  fundamental  form  of 
Vm  can  be  written 

(7.3)  a:.  =  (oe)*,  a„  =  (o,)*, 

(7.4)  ds'  =  [(ai  duy  -b  .  (a,  du^]  -b  [(or+i  du^^  -b  •  •  •  (a,»  du")*] 


We  determine  our  ,  Up  so  that  they  satisfy  the  Gauss  relations  for  Sr 
in  iS«+i  and  Sm-r  in  (S»+i .  Using  (6.19)  (5.21),  these  formulas  are 

(7.5)  KaffX^  “  f  S  ^  -b  A*  -b  I^  —  OapOflx)  , 

\p-r+l  p  I  / 

m—r  /  r  \  /w^r  »•— r  m—r  «•— r  \ 

(7.6)  KafiXp  =  f  ^  -b  A*  -b  k  \  ^  Oax  o^x  /  • 

From  the  formulas  of  Eisenhart  (12)  and  (7.4),  the  equations  (7.5) 
become 


(7.7) 


3  / 1  dat\  I  3  /  1  3a«\  i  V'  1  dat 
_du‘  \Oe  3w*/  3m*  \a*  3m*/  d,ib,e  oj  dw*  du'‘_  ’ 


=  -[Zf -f  + 

3*0*  3o,  3  log  o*  3o,  3  log  OxN  _  ^ 

.3m^3m*  3m‘'  3m*  3m*  dM^  /  ’ 
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and  similar  equations  for  (7.6)  with  d,  h  replaced  by  6,  k.  The  solutions 

p  \  at 

of  these  equations  exist  and  are  well  known  (13).  Let  us  condition 
these  solutions  by  making  the  permissible  restriction 

(7.9)  Od  =  /d(u*),  ap  =  /p(u*), 

(7.10)  Z  =  Z  ^  =  0. 

V 

From  (5.11),  (5.12)  we  see  that  a  solution  of  (7.10)  is 

(7.11)  h  =  ^i(m*),  h  =*  pi(u’0. 

1  t 

Now  the  formulas  of  Eisenhart  applied  to  the  Gauss  relations  of  in 
S»+i  give  the  sets  of  equations  (7.7)  and  (7.8)  for  the  indices  (c,  6  •  •  •  )» 
a  similar  set  for  the  indices  (p,  9  •  •  •  )  which  correspond  to  (7.6) ;  and 
for  the  mixed  indices  ip,  g,  c,  b  •  •  -  the  single  condition 

(7.12)  hh-\-K  =  0. 

s  1 

This  last  equation  will  condition  the  curvature  K  of  Sm+i .  Hence  the 
theorem: 

There  always  exist  some  spaces  of  constant  curvature  Sw,+i  such  that  a 
doss  of  generalized  Einstein  spaces  Vm  can  be  imbedded  into  Sm+i . 


Appendix  I 


In  this  section,  we  consider  a  Fm  in  .  We  shall  show  that  the 
necessary  and  sufficient  condition  that  a  set  of  unit  normal  vectors 
exist  in  the  normal  En-m  to  Fm  for  which 

(1)  =  0, 

p' 

is  that 


(2) 


t  «  « 

v[p  Pxj  +  P[p  »xi  =  0, 

p  »  p 


where  Vp  is  the  covariant  differentiation  operator  of  F*  . 

The  necessity  follows  at  once.  For  if  (1)  is  valid,  then  (2)  is. 

To  show  the  sufficiency,  we  study  the  orthogonal  transformations  in 
the  normal  , 


(3) 


f' 


t' t 

a  »*, 


f' 


« 


f'  < 
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where  the  orthogonality  relations  are 

f'  *  »'  t’  r  r  t'  9 

(4)  a  a  =  8,  a  a  ^  8,  a  =  a. 

9  r'  r'  9  9'  9  9  9' 


9 

From  the  definition  of  vx 

p 


9 

we  find  that  the  vx  transform  under  (3)  by 

p 


ff'  «'  r  $  g'  r 

(6)  .  Vx  =  a  via  +  aa  Vx  . 

p»  r  p*  p*  r  § 

Setting  the  left  hand  side  of  (6)  equal  to  zero,  we  have  the  system  of 
partial  differential  equations 

u  $  u 

(7)  Vxa  -h  a  Vx  =  0. 

p*  p*  • 

By  differentiating  and  using  (4),  (6),  we  find  that  the  integrability  condi¬ 
tions  of  (7)  are  the  equations  (2).  Hence  we  reason  if  (2)  is  valid, 

•  U 

,  then  a  can  be  found  so  that  (7)  is  valid  and  hence  (1)  is  valid.  By 

p' 

differentiation,  it  can  be  shown  that  (7)  is  consistent  with  (4).  Hence 
the  a  are  the  coefficients  of  an  orthogonal  transformation.  Thus  (2) 
is  sufficient  for  (1). 

Univebsitt  or  Texas. 
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Added  in  proof: 

The  following  note  will  explain  our  ideas  more  fully.  Let  us  assume  as 
in  the  text  of  this  paper  that  h  •••  h  are  the  only  distinct  h.  From  (3.1), 

1  •  e 

we  obtain 


h  -f-  a:(i  -  m)  J  1.  -  a  *. . 

If  A  —  A,  then  from  the  above,  we  find  A  —  A.  If  a  exist  such  that  (3.5) 

1  <  1  I  < 

is  valid  then  A  —  A  implies  A  i-  A.  But  these  last  two  results  imply  that 

1  I  i  I 

the  tensors  k^,  both  possess  the  same  undetermined  principal  directions. 

Conversely,  assume  both  tensors  possess  the  same  principal  directions. 
Since  ^  ^  implies  A  ~  A,  this  last  assumption  is  equivalent  to  A  ^  A 

implies  k  ^  k .  Then  by  reasoning  of  the  text,  a  can  be  found  such  that 

1  •  i 

(3.5)  is  valid.  Hence  our  theorem  should  be  generalized  to  read — if  and 
only  if  •  •  • . 


ON  THE  SOLUTION  OF  LINEAR  DIFFERENCE 
DIFFERENTIAL  EQUATIONS 

Bt  Albebt  £.  Heins 

In  1937,  Malti  and  Warschawski*  derived  the  solution  of  a  given 
ordinary  linear  inhomogeneous  difference  equation  with  constant  co¬ 
efficients  by  Laplacian  methods.  Given  the  difference  equation 

n 

S  Okfix  +  k)  =  <f>ix)  <t»ix)  =0  X  <  0 

k-o 

Oka  constant 

they  found,  under  appropriate  mathematical  conditions,  that 

fix)  =  ^  ai^ix  —  c  —  1)  +  2  2  Biuai^^fix  —  [x]  -h  s  —  1) 

c—0  •-! 

X  -  [x]  >  0;  X  >  0 

where  the  o*'«  are  the  roots  (assumed  here  to  be  distinct)  of  the  char¬ 
acteristic  equation 

Pi<^)  =  ^  =  0 

and  where 

P'(a*)  *  P'ioi)  '  ^ 

They  further  demonstrated  that  the  solution  may  be  made  to  fit  con¬ 
ditions  for  which  values  of  /(x)  different  from/(x  —  [x]  -H  X),  X  =  0,  1, 
•  •  •  n  —  1  were  fixed. 

The  following  question  may  now  be  raised.  Can  these  methods  be 
applied  to  linear  difference  differential  equations  with  constant  coeffi¬ 
cients  which  have  differences  on  one  variable  and  derivatives  on  the 
other?  Such  equations  are  not  uncommon  in  the  applied  sciences.* 

*  Malti  and  Warachawski,  Transactiona  of  the  American  Inatitute  of  Elec¬ 
trical  Engineera,  vol.  fi6,  1937,  page  153. 

*  See  for  example  the  work  of  von  Kirmdn,  Born  and  Schrddinger. 
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The  following  note  will  serve  to  illustrate  the  possibilities  of  the  Lapla- 
cian  methods  in  such  problems. 

Given  the  linear  difference  differential  equation 

+  (2i/x  —  yx-i  —  yx+i)  “  0  (1) 

We  desire  the  solution  to  (1)  under  the  boundary  conditions  yo(0  = 

y(*«+i)(0  =  0.  Further  we  assign  the  values  of  yx  and  ^  at  I  =  0.  If 

at 

then  we  let* 

gx(p)  =  ^ 

and  we  multiply  the  equation  (1)  through  by  and  integrate  over 
(0,  oo)  we  have 

yx+i  -  (2  +  p*)yx  +  yx-i  =  -lpyx(O)  +  yi[(0)]  (2) 

Thus  we  have  reduced  the  equation  (1)  to  an  ordinary  inhomogeneous 
linear  difference  equation  with  constant  coefficients.  These  coefficients 
depend  on  the  parameter  p.  If  we  let  f(x,  p)  =  yx-i(p),  X  —  1  <  x  <  X 
then  the  solution  of  the  difference  equation  (2)  is 

yx-i(p)  =  .Aoi  *  +  Bai  ‘  ^  - —^(x  —  [x]  +  X  —  c,  p)  (3) 

c-o  ai  —  at 

This  form  follows  from  the  work  of  Malti  and  Warschawski.  Here 


A  =  Bii/(x  -  [x])  +  Bu/(x  -  [x]  +  1)  =  BiiOo  + 

B  -  Bnfix  -  [x])  +  Bufix  -  [x]  -|-  1)  =  Btigo  +  Bt^i 

_  (2  +  p*)  +  \/ 4p*  +  p*  _  (2  -f-  p*)  —  V^4p*  +  p* 

2  “*  2 

^(x  +  1,  p)  =  -[pyiCO)  +  yx(0)] 


When  we  apply  the  boundary  conditions  to  the  solution  (3)  we  get 

/  X-l  X-l\  *11+1 
(at  —  oi  ; 


ffx-i(p)  =  - 


«! 

*11+1  lll+l 

«1  —  «! 


—  a* 


e-0  ai  —  at 

X  «  « 

Oi  —  at 


0(x  -  [xH-  2n  +  X  -  c,  p) 


(4) 


e-o  aj  —  at 


^(x  -  lx]  +  X  -  c,  p) 


*  For  details  on  the  Laplace  Transform  see  Bochner,  Vorlesungen  uber 
Fouriesche  Integrale,  Leipzig,  1932;  Courant-Hilbert,  Methoden  der  Mathema- 
tische  Physik,  vol.  II  Berlin,  1937. 


/ 
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This  in  turn  may  be  written  as 


aj  —  ai 


fn+l 
—  ai 


-z:(' 

tn+t  /  X-I  X-1  \  / 

-  5 


/  \  ai  —  at  / 


*11+1— »  ln+2— *\ 

«!  —  ai 


(5) 


ai  —  at 


j  <l>{x  —  [x]  +  <T,  p) 


The  coeflScients  of  <t>(x  —  [x]  +  <r,  p)  are  rational  fractions  in  p*  when 
they  are  simplified.  Moreover  except  for  the  boundary  points  X  =  1 
and  X  =  2n  +  2  these  are  proper  fractions.  At  X  =  1  or  X  =  2n  +  2 
the  sums  in  which  these  coeflScients  appear  will  vanish.  Hence  these 
proper  fractions  may  be  expanded  into  partial  fractions  in  terms  of  p 
and  we  will  then  have 


gx-iip) 

2 

In  In+l  n  j  I 
i^I 


.  kri\  —  1)  .  kx(a  —  1) 
sin  — ^-r-  sin 


(6a) 


2n  “}”  1 


2n  +  1 


p*  +  4  sin* 


kir 


<t>ix  —  [x]  +  <T,  p) 


2(2n  +  1) 


or 

gx-i(p) 


In  ln+1 

=  E  Z 


ti  Pi  2n  +  l 


_  _  (6b) 

2n  +  1  2n  +  1  pyUo)] 


.  A:t(X  —  1)  .  kria  —  1) 
sin  sm 


kr 


p*  +  4  sm  +  1) 

The  final  form  of  the  solution  will  be  obtained  if  the  integral 

1  ^e+»«o 

0-.  /  flfx-i(p)c"dp  =  yx-i(0  C  >  0 

Mitl  •'c— tte 

is  evaluated.  This  integral  may  be  evaluated  without  difficulty  and  we 
have  finally 

In  ln+1  2 


Ih 


-lit)  =  Z  E 


t=i  Pi  2n  + I 
y,_i(0)  cos  (21  sin 


.  A;ir(X  —  1)  .  kiri<T  —  1) 
sm 

sin  (21  sin 


2(2n 


2w  4"  1 


kir 


2  sin 


2(2n  +  1) 
kir 


(7) 


2(2n  +1)  J 

1  <  X  <  2n  +  2 
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This  solution  may  be  cast  into  another  form  which  will  enable  us  to 
consider  the  effect  of  n  becoming  infinite.  Thus  we  will  be  in  a  position 
to  treat  the  same  problem  with  boundary  conditions  yo  and  =  0. 
The  sums  over  the  k  index  may  be  evaluated  without  difficulty  if  we  note 
some  elementary  properties  of  Bessels  functions.  Here  we  have 

yx-i(t)  =  S  ly*-i(0)oi"i,x-i(0  +  y»-i(0)6i2i,x-i(0] 

where  oi*i,x_i(0  and  6i"i.x-i(f)  are  given  by  the  following  two  series 
which  are  convergent  for  any  finite  t. 

^*—•0 

6<:^}.x-i(0  =  faillx-iir)dr 
Jo 

and 

Pi  =  X  —  ff  “I"  2p(2n  -f-  1) 

p,  =  X  +  ff-2  +  (2p+  l)(2n  +  1) 

•  pi  =  X  +  <r  +  2p(2n  +  1)  —  2 

p«  =  X  -  <r  +  (2p  +  l)(2n  +  1) 

Thus  the  elimination  of  k  enables  us  to  consider  the  effect  of  n  becoming 
infinite.  We  have 

Lim  ai"i.x-i(f)  =  a,_i,x-i(0  =  Jt(x-»)(2<)  — 

and 

Lim  6i"i,x-i(0  =  5»-i,x-i(0  =  f  a^-i.x-iW  dr 
Hence  for  any  finite  t,  as  n  becomes  infinite 
y\-i(t)  =  Z  Il/»-i(0)o,_i,x_i(<)  +  y,_i(O)6,_i.x-i(01  X  =  1,  •  •  •  (8) 

#*l 


provided  this  sum  is  convergent. 

In  either  solution  (7)  or  (8)  for  a  given  X  and  t  =  0,  the  solution 
reduces  to  yx-i(O).  In  the  case  of  the  solution  (7)  this  takes  place 
because  of  the  identity 


A;ir(X  —  1)  . 
-7» — sm 
2n  +  1 


kx{a  —  1) 
2n  1 


f2n  +  1  1 

-  2  l<X<2n  +  2 

^  0  X  <rj 
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In  the  case  of  the  solution  (8)  this  takes  place  since  only  Bessels  functions 
of  this  t3rpe  are  unity  when  their  order  and  argument  are  zero.  At 
t  ^  0,  the  i  derivative  of  either  solution  satisfies  a  similar  condition. 
Furthermore  boundary  conditions  for  the  finite  or  infinite  case  are 
satisfied.  A  direct  substitution  will  show  us  that  (7)  and  (8)  both 
satisfy  (1). 

We  hope  to  treat  further  applications  and  mathematical  questions 
at  a  later  date. 

PuBDUE  University 
LArAYETTE,  INDIANA. 


CORRECTION 
By  I.  N.  Kagno 

The  author  wishes  to  call  attention  to  the  following  corrections  to  two 
of  his  papers: 

The  Mapping  op  Graphs  on  Surfaces;  This  Journal, 

Vol.  XVI,  (1937) 

P.  48,  lines  10  and  11 ;  these  lines  should  read  "orientable)  surface  is 
called  minimal  for  G  if  it  is  the  surface  of  least  possible  genus  on  which 
G  can  be  mapped.” 

Perfect  Subdivisions  of  Surfaces:  This  Journal,  Vol.  XVII,  (1938) 

P.  86,  line  14;  this  line  should  read  “The  cyclomatic  number  of  such 
a  graph  is” 

P.  86,  lines  26  and  27 ;  replace  “the  number  of  independent  circuits  in” 
by  “the  cyclomatic  number  of”. 

P.  88,  line  19;  replace  “(Theorem  11)”  by  “(Theorem  12)”. 

P.  94,  line  8;  this  line  should  read  “  —  1,  —2  exist.” 

P.  109,  line  19;  replace  “continued”  by  “contained”.  * 
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ON  HARDY’S  THEOREM  ON  THE  ZEROS  OF  THE  ZETA 
FUNCTION 

Bt  NoaifAN  Lb  VINSON 


Riemann  discovered  an  entire  function  2(0  whose  zeros  are  the  non¬ 
trivial  zeros  of  ^(s).  2(0  is  real  for  real  t  and  is  even.  The  real  axis 
for  2(0  plays  the  same  role  as  the  critical  line  for  f(s).  Here  we  shall 
give  a  proof  of  the  first  theorem  in  the  direction  of  the  Riemann  hypothe¬ 
sis.  This  theorem  first  proved  by  Hardy  states  that  there  are  an 
infinite  number  of  zeros  on  the  critical  line  of  the  zeta  function.  This 
is  the  same  as  proving  that  2(0  has  an  infinite  number  of  real  zeros.  If 

=  Z 


then  a  formula  due  to  Reimann  gives 

(1.0)  2»  ^  {z‘tf'(z)  I  =  ^  S(20z“'  dt. 

By  using  the  well  known  result 

it  can  be  easily  shown’  that  if  z  = 

e(z)  =  €-*  +  0(1) 

(1.1)  0'(z)  =  -it-* +  0(1)  ^ 

e"(z)  =  ir'  +  0(1)  J 

If  z  = 

(1.2)  <?’"‘(z)  =  0(6-’'*),  (« +0). 

Let  z  =  in  (1.0).  Then  by  (1.2) 

(1.3) 


lim  f  2(20e“'"‘’‘d<  =  0. 


(€  +0). 


‘See  for  example  Bieberbach,  Lehrbuch  der  Funktionen  Theorie,  Vol.  II,  2nd 
edition,  page  360. 
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Since  z,{2t)  is  a  real  even  entire  function  it  follows  that  if  H(20  has 
only  a  finite  number  of  real  zeros  (1.3)  implies 

(1.4)  f"  |E(2<)lc*'‘rff  <  00. 

Let  z  =  in  (1.0).  Then  by  (1.1) 

(1.5)  lim  [  S(202‘*‘c*‘'"‘^'df  =  oo. 

Clearly  (1.5)  implies 

1  S(20  1  e*'‘  df  =  00 . 

But  this  contradicts  (1.4).  Thus  S(2t)  has  an  infinite  number  of  real 
zeros. 

Massachcsktts  Institute  of  Tbchnologt. 


QUADRATURES  INVOLVING  TRIGONOMETRIC  SUMS 
Bt  R.  H.  Cameron 

1.  Introduction.  It  is  the  purpose  of  this  paper  to  investigate  the 
trigonometric  character  of  the  function 


when  the  functions  P{x)  and  Q(x)  are  given  trigonometric  sums  of  cer¬ 
tain  types.  This  is  of  course  equivalent  to  saying  that  we  shall  study 
the  trigonometric  character  of  the  solutions  of  the  differential  equation 

(2)  =  P{x)nx)  Qix) 

when  the  character  of  the  coefficients  is  known.  Moreover  we  shall 
obtain  results  from  a  direct  consideration  of  (2)  which  do  not  seem  to 
be  obtainable  simply  by  using  known  theorems  on  the  integration  of 
trignometric  sums  in  connection  with  the  formal  solution  (1). 

We  shall  deal  with  two  main  classes  of  trignometric  sums,  namely,  the 
class  U  of  uniformly  almost  periodic  functions  and  the  class  21  of  abso¬ 
lutely  convergent  Fourier-Stieltjes  transforms.  We  shall  consider  also 
certain  subclasses'  of  21.  Thus,  the  class  21#  ,  (0  <  0  ^  1),  will  consist 
of  all  functions  F(x)  expressible  in  the  form 

(3)  Fix)  ^  e'^da(\) 

where  a(X)  is  a  right  continuous  complex  function  of  the  real  variable 
X  and  is  such  that  the  norm 

(4)  V;[EI  =  2  I  dai\)  I J 

is  finite.  Similarly  the  class  21#  *,  (0  <  0  ^  1)  will  consist  of  all  func¬ 
tions  Fix)  expressible  in  the  form 

(6)  Fix)  =  r  dm  +  Z  • 

J-m  n-l 

*  R.  H.  Cameron  and  Norbert  Wiener,  Convergence  properties  of  analytic  func¬ 
tions  of  FourierStieltjes  transforms,  Transactions  of  the  American  Mathematical 
Society,  Vol.  46,  No.  1  (1939),  pp.  97-104,  esp.  pp.  97-99. 
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where  0(X)  is  a  continuous  complex  function  of  the  real  variable  X, 
the  Bn  are  complex,  the  X.  are  real,  and  the  norm 

(6)  iVriF]  =  2  I  d^(X)  1 J  +  2  E  I  Bn  \* 

is  finite.  We  shall  use  the  notation  to  mean  9(7  or  97*  just  as  we 
use  db  to  mean  +  or  — ;  and  of  course  Nt  will  have  the  analogous 
meaning.  We  note  in  passing  that  the  average  of  an  element  of  U  is 
its  constant  term,  while  the  average  of  an  element  of  9  expressed  in 
the  form  of  (3)  is  the  jump  at  the  origin  a(0  +  0)  —  a(0  —  0). 

Using  merely  the  hypothesis  that  P{x)  and  Qix)  both  belong  to  U  (or  to 
9«)  and  that  the  reed  part  of  the  cuterage  of  P{x)  is  not  zero,  we  shall  show 
that  there  is  one  and  only  one  value  of  C  in  (1)  which  makes  y{x)  bounded 
(—  «<x<  +  '»),  and  that  this  bounded  function  y{x)  belongs  to 
U  (or  to  9#). 

2.  Properties  of  the  norms.  It  has  been  shown'  that  the  norms 
N${0  <  d  ^  1)  have  the  following  properties: — 

I.  W,[F(.)  +G{.)]^  Ar,[F]  +  Ar,[G]. 

(7)  II.  W,[F(. )(?(.)]  ^  W,[F]Ar,[G] 

Ila.  iV,(aF(.)l  ^  |arAr,[F]. 

For  uniformly  almost  periodic  functions,  we  define  the  norm 

U[F]  =  m  1  Fix)  1 
—«<*<+• 

and  we  note  that  (7’[F]  has  the  same  properties  (7)  as  Ni . 

3.  Simple  operators.  Definition.  Let  F{x)  be  an  element  of  9 
expressible  in  the  form  (3).  Then  we  define  for  fR(a)  0, 

(D  -1l)  "  L  (iX  -  a) 

Moreover  if  fix)  is  not  an  element  of  9  but  is  an  element  of  U  having  the 
Fourier  Series 

f(x)  ~  i, 

w— I 
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then  for  ^Jl(o)  ^  0  voe  define 

(9)  IflW  = 

xohere  g{x)  c  U  and  has  the  Fourier  series 


(10) 


gix)  £ 


J^m* 


-1  (iX,  -  a) 


It  is  clear  that  (8)  uniquely  deOnes  an  element  of  21  under  the  specified 
conditions,  and  Takahashi^  has  shown  that  (10)  uniquely  defines  an 
element  of  U  under  the  conditions  given.  Moreover,  it  is  clear  that 
(9)  and  (10)  may  be  applied  even  when  /(x)  is  an  element  of  21  because 
then  (8)  applies  and  gives  the  same  result  as  (9)  and  (10). 

I.i£MMA  1.  If  F{x)  is  an  element  of  U  or  H  and 

Gix)  =  .  [F](x).  ma)  ^  0, 

(Z>  -  a) 


then  Gix)  has  a  derivative  everywhere,  and  for  all  x 


^  Gix)  -  a/Gix)  =  Fix), 
dx 


This  lemma  is  obvious  when  Fix)  c  21;  and  when  Fix)  e  U  it  follows 
from  the  fact  that* 

(11)  t(x)  =  Wx)  = 

where  the  db  «  is  to  be  taken  as  +  «  if  f)l(a)  >  0  and  —  »  if  91.(a)  <  0. 
I^EMMA  2.  If  Fix)  c  21  and  fix)  t  U  and  fRia)  ^  0,  0  <  0  ^  1,  then 

"'[(/)--'«)  ^  ^ 

*  S.  Takahashi,  On  the  formal  integration  of  the  Fourier  aeries  of  an  almost 
periodic  function,  Matematisk  Tidsskrift,  B,  No.  4,  1935,  pp.  82-85.  See  also 
B.  Jessen,  Remark  on  the  theorems  of  R.  Petersen  and  S.  Takahashi,  Matematisk 
Tidsskrift,  B,  No.  4,  1935,  pp.  85-86,  and  S.  Bochner,  Ueber  die  Struktur  von 
Fourierreihin  faatperiodischer  Funktionen,  Sitzungsberichte  der  Bayerischen  Aka- 
demie,  1928,  pp.  181-190.  While  Takahashi’s  theorem  is  stated  in  terms  of  nega¬ 
tive  a,  it  can  easily  be  extended  so  as  to  apply  to  any  a  which  is  not 
pure  imaginary. 


(12) 

and 

(13) 
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The  truth  of  (12)  can  be  veri6ed  by  substituting  (8)  in  (4)  (5);  while 
(13)  can  be  obtained  bv  taking  absolute  values  in  (11)  and  replacing 
m  by  U[f\. 


4.  The  solution  in  series.  Using  the  operators  just  defined,  we  can 
solve  (2)  by  the  method  of  successive  approximations. 

Lemma  3.  Let  0  <  6  ^  1,  and  let  P(x)  and  Q(x)  c  fU  and  Ar#[P]  < 
Then 

(14)  ^ 

dx 

has  one  and  only  one  bounded  solution  y(x).  Moreover  the  bounded  solu¬ 
tion  of  (14)  is  an  element  of  31#  and 

S  2V#(P1’ 

For  the  proof,  let 


(15) 


and  let 


Fo(x)  =  I  [QKx), 

Ynix)  *  (^X)  (n  =  1, 2,  . . .), 


(16)  Yix)  »  E  Yniz) 

n-O 

(provided  it  exists).  Then  if  p  =  N$[P]  \  ikK  |“*  and  q  =  JV#[Q1 1  iRK 

(17)  iV.[r,l  ^  |^.^*((?)  =9 
and 

N,iYn)  ^  j^^Ar,[P(.)r»-i(0] 

(18) 

^  (n  =  1,2,  ...). 

Thus 

(19)  AT.tr,]  ^  p"iV, IFp]  ^  p\ 
and  since  p  <  1, 

(20)  Z  N,[Yn]  ^  . 

n-O  1  —  P 
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Hence  ^  Kii(a:)  converges  absolutely  and  uniformly  and 

a-O 

N,m 


(21) 

But 


(22) 


Yix)  -  [Q](x)  =  Z  Y.ix) 

\U  —  A;  a~l 

=  Z  ,n  [^*(*)r»-i(-)](x) 

»-i  \U  —  K) 


”  (D~  K)  S  “  (D^K) 


SO  that 

(23) 
and 

(24) 


Y(x)  =  [P(-)n-)  +  Q(01(x) 


dYjx) 

dx 


-  KYix)  =  Pix)Y(x)  +  Q(x). 


(25) 


Hence  y{x)  is  a  solution  of  (14),  and  the  general  solution  of  (14)  is 

lCx+J^/-{|)d{ 


Y{x)  4-  ce 


Since  the  exponential  in  this  general  solution  becomes  infinite  either  as 
X— »  +  ooorasx— »  —  «,it  follows  that  y(x)  is  the  unique  bounded 
solution  of  (14). 

Now  let  us  replace  2U  by  U,  N$  by  U,  and  by  1  in  the  statement  of 
lemma  3  and  in  (14-25).  These  relations  all  remain  true,  and  we  have 
Lkmma  4.  Ijet  P(x)  c  U  and  Q{x)  c  U  and  U[P]  <  ]  [/^  ].  Then 

(14)  has  one  and  only  one  bounded  solution  y{x).  Moreover  the  bounded 
solution  y(x)  of  (14)  is  an  element  of  U  and  U[Y]  ^  f '[Ql{  ]  ^^{K)  \  — 

u[p\r\ 


5.  The  result  in  the  Urge.  By  transforming  (2)  we  are  able  to 
eliminate  the  quantitative  restrictions  of  lemmas  3  and  4. 

Theorem  1.  Let  P(x)  and  Q(x)  both  belong  to  U  (or  to  ;  0  <  9  ^  1), 
and  let  91(Af)  ^  0,  where  M  is  the  average  of  P{x).  Then  (2)  has  one 
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and  only  one  bounded  solution  y(x),  and  this  bounded  solution  y{x)  is 
an  element  of  U  (or  of 

We  shall  give  the  proof  only  for  the  case  in  which  P(x)  and  Q(x) 
belong  to  3l» ,  leaving  to  the  reader  the  simpler  but  entirely  analogous 
proof  for  the  other  case. 

Let  P(x)  =  da(\) 

where  a(X)  is  right  continuous,  and  let  >  0  be  so  small  that 

<  1  di(M)  1* 

when 

e'^  dai\)  -|-  j  e’^da(X). 

Then  since  M  =  a(0)  —  a(0  —  0), 

P(x)  -  -  M  =  +  j\'^’‘da(\); 

and  the  function* 

♦W  =  [/J  rf<,(X)  +  jf  da(X)] 

and  its  reciprocal  belong  to  3li ,  since  the  exponent  Ijelongs  to  and 
the  exponential  can  be  expressed  in  a  power  series  of  infinite  radius  of 
convergence.  Now 

J^4>(x)  =  4>(x)[P(x)  -  <l>ix)  -  M], 

and  the  solutions  of  (2)  are  all  of  the  foi-m  z(x)4>(x),  where  z(x)  Is  a 
solution  of 

(26)  '*=[>/  + ^(x)1j+9^>. 

But  by  Lemma  3  there  is  one  and  only  one  bounded  solution  z(x)  of 
(26),  and  this  is  an  element  of  3l« .  Thus  the  product  of  this  bounded 
z(x)  by  4>(x)  is  the  unique  bounded  .solution  of  (2)  and  it  belongs  to  31# . 

Massachusetts  Institute  of  Technology. 

*  In  the  uniformly  almost  periodic  case,  we  would  let  log  ♦(*)  »  f  (R(x)  — 
M']dx,  where  R{x)  is  an  exponential  polynomial  which  approximates  P(x),  and 
M'  is  its  mean. 


A  THEORY  OF  CLAY  CONSOLIDATION  ACCOUNTING 
FOR  SECONDARY  COMPRESSION 

Bt  Donald  W.  Taylor  and  Wilfred  Merchant* 


Synopsis 

The  Theory  of  Consolidation  developed  by  Dr.  Karl  von  Terzaghi 
is  one  of  the  most  important  theoretical  contributions  which  have  been 
made  in  the  new  branch  of  Foundation  Engineering  known  as  Soil 
Mechanics.  In  the  meaning  of  the  term  “consolidation”  as  applied  to 
soils,  there  is  included  the  concept  of  magnitude  of  compression  which 
results  when  a  load  is  applied  to  a  soil,  and  in  addition,  but  of  fully  as 
great  importance,  is  the  concept  of  continually  decreasing  spci'd  at 
which  this  compi'ession  proci'cds. 

If  a  building  is  constructed  above  a  buried  strata  of  compressible  clay 
it  may  undergo  large  settlements;  many  years  may  be  required,  howev’er, 
for  the  majority  of  this  settlement  to  occur.  By  the  combined  use  of 
the  consolidation  theory  and  the  results  of  laboratory  consolidation  tests 
on  natural  clay  samples,  the  .settlement  of  such  a  building  and  the  rate 
at  which  it  will  occur,  may  be  predicted.  Because  of  the  very  complex 
nature  and  liehavior  of  soils  such  predictions  cannot  be  expected  to  have 
the  high  degree  of  accuracy  often  aimed  for  in  many  engineering  esti¬ 
mates.  However,  even  though  such  predictions  may  on  occasion  be 
50  percent  or  even  much  more  in  error  they  represent  a  definite  advance 
over  the  pure  guess  which  was  the  only  available  procedure  before  the 
advent  of  Soil  Mechanics. 

This  paper  presents  a  brief  resume  of  the  performance  of  soils  accord¬ 
ing  to  the  standard  theory  of  con.solidation  and  of  the  observed  behavior 
of  laboratory  consolidation  tests  on  clays,  following  which  a  comparison 
of  the  two  is  made. 

The  presentation  of  an  amended  consolidation  theory  which  has  been 
developed  recently  and  which  gives  recognition  to  compressions  of  a 
secondary  nature  is  the  main  purpose  of  the  paper.  This  revised  theory, 
when  compared  with  laboratory  results,  shows  better  agreement  than 

'  Respectively  .\88iBtant  Professor  of  Soil  Mechanics  and  Commonwealth  Fel¬ 
low;  Soil  Mechanics  Laboratory,  Department  of  Civil  and  Sanitary  Engineering, 
Mass.  Institute  of  Technology. 
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do«*x  the  .standard  theory.  It  also  leads  to  better  understanding  of 
weondary  eompr(*s.sion.s  and  changes  of  structure  in  soils,  and  furnishes 
an  improv(‘d  method  for  predicting  rates  of  settlements  in  buried  clay 
deposits. 

Introduction 

The  inv(‘stigations  required  to  predict  the  l)ehavior  of  clay  strata, 
when  th<*y  occur  as  foundation  materials  under  important  structures, 
may  be  bi-oken  up  into  the  following  sections: 

1.  Obtaining  n‘prescntative  samples  of  clay  in  its  natural  condition. 

2.  Running  lal)oratory  tests  to  determine  the  action  of  the  soil  under 
load.  Thw  action  is  expre.s.s(‘d  as  relationships  between  stresses, 
strains  and  time*  rates. 

3.  Developing  theories  to  fit  the  Ix'haviour  of  small  samples  in 
laboratory  tests. 

4.  Using  the  thwries  so  developed  to  extrapolat(‘,to  the  conditions 
existing  under  the  proposed  structure. 

5.  Clucking  the  predicted  settlements  by  actual  time-settlement 
records  on  the  completed  structure. 

A  mistake  in  any  one  of  the  first  four  Sections  will  invalidate  the  pre¬ 
dicted  settlements  and  hence  the  necessity  for  check  investigations  as 
covered  by  Section  5.  Such  a  check  is  especially  desirable  when  the 
extrapolation  is  from  laboratory  samples  to  deposits  of  great  thickness 
occurring  in  nature.  However,  satisfactory  methods  of  accomplishing 
Sections  1  to  4  have  by  no  means  reached  finality  and  an  attempt  will 
be  made  herein  to  (‘xplain  why  the  behaviour  of  samples  does  not  con¬ 
form  to  the  classical  theory  w’hich  was  first  given  by  Terzaghi*  and  is 
at  present  generally  accepted.  Some  comments  on  Section  4  will  also 
be  given  and  a  revised  method  for  .settlement  predictions  will  be 
outlined. 

Notations 

z,  vertical  coordinate  distance 

t,  time 

y,  unit  weight  of  water 

*  “Erdbaumechanik,"  Karl  von  Terzaghi,  Franz  Deuticke,  Vienna,  1925.  For 
a  more  recent  and  very  thorough  treatment  of  Consolidation  Theory,  see  "Theorie 
der  Setzung  von  Tonschichten.”  K.  V  Terzaghi  and  O.  K.  Frohlich,  Franz 
Deuticke.  Leipzig  and  Vienna,  1936. 
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t,  Naperian  base 

e,  void-ratio,  ratio  of  void  volume  to  solid  volume  of  a  soil 

р,  intergranular  pressure  in  a  soil 

For  definitions  of  ei ,  et,  e, ,  pi  and  p*  See  Eq.  II  and 
XII  A' 

u,  hydrostatic  excess-pressure  in  the  pore  water 

a,  coeflBcient  of  total  compressibility  (See  Ek[.  II) 

a',  coefficient  of  primary  compressibility 

r,  primary  compressibility  ratio,  equal  to  a'  -J-  a 

k,  Darcy’s  coefficient  of  permeability 

H,  thickness  of  a  clay  stratum  with  drainage  on  one  face  only, 

or  the  half-thickness  of  a  stratum  drained  on  both  faces. 
M,  coefficient  of  rate  of  secondary  compression  (See  Eq.  VIII) 

i,  settlement  caused  by  compression  of  a  clay  stratum 

с,  coefficient  of  consolidation  (See  Ekj.  XII  A') 

r,  T,  F  fundamental  dimensionless  variables  used  in  the  consolida¬ 
tion  theory;  other  notations  used  are  M ,  4>i ,  4»i  and  ; 
for  further  description  see  Ekj.  XI. 

Nature  of  the  Standard  Consolidation  Test 

Descriptions  of  the  apparatus  and  testing  procedure  for  the  consolida¬ 
tion  test  have  been  given  in  numerous  publications.*  Briefly,  a  sample 
inches  in  diameter  and  with  an  original  thickness  of  1^  inches  is 
contained  laterally  in  a  rigid  ring  and  subjected  to  successive  vertical 
load  increments  during  each  of  which  deformation-time  readings  are 
taken.  Conditions  of  free  drainage  are  maintained  at  top  and  bottom 
of  the  sample  throughout. 

Except  for  frictional  effects  on  the  sides,  the  load  on  the  bottom  of 
the  sample  is  the  same  as  at  the  top  and  conditions  in  the  soil  are  alike 
at  all  points  at  like  depths.  Recent  experiments  made  in  the  Massa¬ 
chusetts  Institute  of  Technology  Soil  Mechanics  Laboratory*  show  that 
the  side  friction  is  of  the  order  of  10  to  20%  of  the  vertical  load.  While 
important,  the  effects  of  this  friction  are  only  indirectly  related  to  the 
problem  of  this  paper.  They  will  be  neglected  in  the  analysis  herein 
and  the  problem  will  be  treated  as  a  case  of  one-dimensional  compression. 

*  E.g.  See  “Improved  Soil  Testing  Methods”  by  G.  Gilboy,  Engineering  News- 
Record,  May  21,  1936,  or  Proceedings  of  the  International  Conference  on  Soil 
Mechanics  and  Foundation  Engineering,  Harvard  Univ.,  Cambridge,  Mass., 
June  1936,  Vol.  II,  pp.  1-97. 

*  M.  I.  T.  Soil  Mechanics  Laboratory  Research  Report  HI  2,  1939,  by  W.  G. 
Hiltner — Unpublished. 
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The  data  obtained  from  the  consolidation  tests  can  be  exhibited  in 
the  form  of  two  types  of  curves  of  which  examples  are  given  in  Figs. 
1  and  2.  Fig.  1  shows  the  relationship  between  void  ratio  and  pressure 
and  is  obtained  by  plotting  the  final  points  for  successive  loading  incre¬ 
ments  each  of  which  acts  an  equal  length  of  time  before  the  following 
increment  Ls  applied.  For  an  arbitrary  increment  of  load  the  pressure 
is  commonly  designated  as  increasing  from  pi  to  pt ,  the  corresponding 
void-ratio  change  being  from  ci  to  ci .  Fig.  2  shows  the  deformation¬ 
time  relationship  for  a  typical  load  increment.  The  logarithmic  time- 
scale  is  used  in  this  figim>  because  it  has  been  found  to  be  the  most 
convenient  form  of  plot  for  studies  of  the  type  presented  herein. 

The  object  of  Section  3  is  to  find  a  rational  theory  giving  a  function 
which  conforms  to  the  cur\’e  of  Fig.  2. 


Fig.  1  Fig.  2 

Theoretical  Analysis 

As  the  pore  water  is  squeezed  from  the  voids  of  a  soil  during  the  con¬ 
solidation  process,  the  flow  acro.ss  any  plane,  expressed  by  Darcy's  law, 

is  ^  =  ki,  wherein  Q  is  the  rate  of  discharge  across  area  A ,  i  the  hydraulic 
A  I 

gradient  and  k  the  coefficient  of  permeability. 

The  hydraulic  gradient  is  the  ratio  of  head  loss  to  distance  within 
which  this  loss  occurs  and  for  vertical  one-dimensional  compression  may 
dh 

be  written - ,h  being  the  head  and  the  minus  .sign  denoting  flow  in 

dz 

the  direction  of  decreasing  head.  Variations  in  hydrostatic  excess- 
pressure  in  the  pore  water  are  the  cau.se  of  the  head  variations  which 
occur.  As  compression  proceeds,  gradual  transfer  from  hydrostatic 
excess  pressure  to  intergranular  pre.ssure  takes  place,  the  change  in  the 
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latter  being  equal  in  magnitude  but  opposite  in  sign  to  the  change  in 
the  former.  Thus  the  relationships  between  changes  in  head,  hydro¬ 
static  excess  pressure  and  intergranular  pressure  are  —yAh  =»  —  Aw  * 


Ap. 


1  dp 


The  gradient  may,  therefore,  be  written  — - . 

y  dz 

Using  this  expression  for  gradient,  the  flow  per  unit  of  area  across  a 

plane  at  depth  z,  according  to  Darcy’s  law  \s  -  ~ .  Across  a  plane 

y  oz 

displaced  a  distance  dz  the  flow  per  unit  of  area  is  ^  dz Y 

7\9z  dz  dz  / 

Subtraction  of  the  first  of  these  expressions  from  the  second  gives  the 
rate  of  loss  of  water  from  an  element  of  unit  area  and  height  dz.  From 

ifc  3^0 

this  the  rate  of  loss  of  water  per  unit  of  volume  is - ^ . 

y  dz- 


The  above  rate  must  equal  the  rate  of  decrease  of  unit  volume  which, 

expressed  in  terms  of  void  ratio  is  —  -4—  —  .  The  factor  —  ap- 

edt  1  +  e*^ 

pears  here  because  void-ratio  is  a  ratio  of  void-volume  to  solid-volume, 

the  solid-volume  being  one  part  to  (1  +  e)  parts  of  total  volume. 

Thus  the  fundamental  equation  from  which  the  Standard  Theory  of 

Consolidation  proceeds  is 


y’dz*  edt 


According  to  theorj”.  Equation  I  governs  the  proeess  of  consolidation, 
but  it  is  not  capable  of  solution  as  the  relationship  between  p  and  e  is 
not  known.  Terzaghi,  to  whom  the  standard  approach  is  due,  used  the 
following  continuation.* 

The  smooth  curve  through  the  final  points  of  loading  increments  in 
Fig.  1  is  taken  as  representing  the  p  vs.  e  relationship  during  the  process 
of  consolidation  for  each  load  increment.  It  is  to  be  noted  that  this 
definitely  is  an  assumption.  For  a  small  load  increment  this  slope  is  a 
constant,  commonly  designated  by  a,  and  described  as  the  coeflScient 
of  compressibility.  The  mathematical  expression  is 


Cl  —  c* 

a  =  - 

Pi  —  Pi 


or 


de  =  —a  dp 


II 


The  bar  of  d  in  this  equation  is  used  herein  for  Terzaghi’s  derivation 
to  differentiate  this  from  the  amended  approach  which  is  given  later. 


*  See  Erdbaumechanik,  p.  140  and  following. 
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It  should  be  noted  that  the  true  value  of  a  is  equal  to  the  ratio  between 
the  overall  void-ratio  change  which  actually  occurs  in  the  clay  and 
the  pressure  change  causing  it.  The  full  line  curve  of  Fig.  1  is  obtained 
in  the  standard  test  by  allowing  each  loading  increment  to  act  for  one 
day.  If  any  one  increment  were  allowed  to  run  for  a  longer  time  a 
larger  value  of  (c*  —  ci)  would  be  obtained.  However,  if  each  incre¬ 
ment  were  allowed  to  stand  for  a  longer  interval,  for  example  for  one 
week,  the  resulting  curve  would  be  merely  displaced  vertically  without 
appreciable  change  of  slope,  as  shown  by  the  dotted  line  of  Fig.  1.  The 
value  of  a  is,  therefore,  independent  of  the  time  allowed  for  each  loading 
increment.  By  the  substitution  of  Ekiuation  II,  Ek|uation  I  becomes 

r fc(l  -b  e)~l  d*p  ^  jjj 

L  <*7  J  “  dt 


All  terms  contained  in  the  bracket  of  this  equation  are  soil  properties. 
While  each  of  these  is  a  variable  depending  on  the  pressure,  the  bracket 
as  a  whole  varies  only  to  a  minor  degree  and  is  assumed  to  be  constant 
for  small  pressure  increments.  On  this  basis,  Eki.  Ill  is  of  the  same  form 
as  a  well  known  equation  in  heat  conduction  and  has  known  solutions. 
The  solution*  for  a  clay  layer  of  thickness  2H  with  drainage  at  top  and 
bottom  is  the  following: 


.  {2m  -b  l)«n  ~L  *  J  y"* 

2H  J* 


IV 


This  equation  expresses  the  proportion  of  the  ultimate  pressure  change 
which  has  taken  place  at  depth  z  and  at  time  t.  From  the  practical 
viewpoint,  however,  it  is  the  average  value  of  this  proportion  over  the 
depth  of  the  clay  layer  which  is  of  interest  at  any  time.  This  average 
may  be  written 


wherein  pa  is  the  average  intergranular  pressure  at  time  t,  and  from 
which: 


P.  -  ^  1  _ 

Pi  -  Pi 


[(*in+l)iT*  *(!+«)( 

I  J 

f 


V 


*  See,  e.g.,  pages  105-6  of  “Fourier’s  Series  and  Spherical  Harmonies”  by  W.  E. 
Byerly,  Ginn  A  Co.,  Boston,  1893. 
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The  proportion  ^ ^  is  commonly  expressed  in  percent,  designated 
P*  —  Pi 

by  U  and  called  the  percent  consolidation.  Assuming  a  straight  line 
between  points  1  and  2  of  Fig.  1,  it  is  seen  that  U  also  is  equal 

to  ^  wherein  c«  is  the  average  void  ratio  at  time  t.  The  bar  of 

it  -  ei  ^ 

it  has  the  same  significance  as  that  of  d.  It  will  Ik;  seen  later  that,  while 
U  for  the  above  case  may  be  pictured  as  either  a  relative  pressure  change 


BASIC  THCOKmCAL  COMSOLIDATION  CURVE. 

Fio.  3 

TABLE  I 

BASIC  CONSOLIDATION  FUNCTION. 


KBI 

■qh] 

HEI 

mm 

\mm 

mm 

KS 

K3I 

ES3 

K!S 

IS3 

or  a  relative  void-ratio  change,  the  more  fundamental  conception  is 

that  in  terms  of  a  relative  void-ratio  change.  The  term 

is  a  dimensionless  expression  known  as  the  time  factor  and  designated 
by  T. 

A  plot  of  Eq.  IV  is  shown  in  Fig.  3,  wherein  the  logarithmic  aKscissa 
.scale  as  introduced  in  Fig.  2  is  again  used.  The  .solution  in  tabular 
form  is  given  in  Table  I, 
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Comparison  between  standard  theory  and  experimental  curves 

Inspection  of  Figures  2  and  3  shows  that  a  strong  similarity  of  shape 
exists  between  the  theoretical  and  laboratory  curves  in  the  early  stages. 
A  comparison  of  the  two  curves  may  be  made  by  applying  suitable 
changes  of  scale  to  the  theoretical  curve  so  that  it  may  be  superimposed 
onto  the  laboratory  curv'e.  This  scale  revision  and  superposition  is 
commonly  spoken  of  as  curve  fitting.  The  curve  of  Fig.  3,  as  drawn, 
has  already  been  subjected  to  suitable  scale  revision  and  the  super¬ 
position  of  Fig.  3  onto  Fig.  2  is  shown  in  Fig.  4. 

Two  procedures  for  curve  fitting  are  in  common  practice.  A  scheme 
proposed  by  the  senior  author^  in  1933  utilizes  plots  wherein  abscissae 
are  square  roots  of  time  or  time  factor.  This  method  furnishes  a  de¬ 
tailed  comparison  between  theoretical  and  laboratory  curves  in  their 


t  ZT  ,  Time  &  TIME  FACTOR  (LOG  SCALE) 

FITTED  CURVES. 

Fig.  4 


early  stages.  When  conditions  in  the  final  stages  of  consolidation  an* 
^le  main  subject  of  studj%  as  is  the  case  in  the  problem  treated  herein, 
a  second  method  using  the  logarithmic  time  plots  of  Figs.  2  and  3  is 
mon*  convenient.  This  method  was  advanced  by  A.  Casagrande  in 
1932  or  earlier  but  since  no  description  of  it  appears  in  literature,  the 
principle  behind  it  will  be  explained  briefly.  If  two  tangents  to  the 
theoretical  curve  of  Fig.  3  are  drawn,  one  being  the  final  assymptote 
and  the  other  the  tangent  at  the  point  of  inflection,  they  intersect  at 
the  point  where  Co  =  it  and  T  =  1.13.  An  intei*section  of  the  corre¬ 
sponding  tang(‘nts  to  the  laboratory  curve  may  Ix'  u.sed  to  find  the  values 
of  void-ratio  and  true  time  which  correspond  to  it  and  T  —  1.13,  thus 

^  See  first  reference  under  footnote  3. 
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fumiflhing  the  ties  between  scales  which  are  needed  to  determine  the 
scale  revisions. 

Inspection  of  Fig.  4  shows  that  while  theoretical  and  lalx)ratory  curves 
may  be  of  like  shape  in  the  early  stages,  they  show  pronounced  dis- 
agreemcMit  in  the  latter  stages,  since  the  experimental  curve  does  not 
reach  a  horizontal  asymptote  within  any  practicable  testing  time. 

dc 

Thus  in  Eq.  II  the  a.ssumption  of  —  equal  to  a  constant  gives  a  the- 

ap 

oretical  consolidation  curve  which  shows  a  good  initial  fit  with  labora¬ 
tory  curves  but  the  important  question  must  be  raised  as  to  whether  or 
not  this  constant  is  the  same  as  —a,  the  slope  of  the  curve  of  Fig.  1. 
Iteferring  to  Fig.  4  it  is  seen  that  the  theoretical  curve,  which  is  for  the 
pressure  increment  pi  —  Pi ,  falls  within  a  void-ratio  range  of  ei  —  e'^ 

(j^ 

rather  than  Ci  —  cj .  Therefore  the  expression  for  -p-  should  be  amended 

dp 


dp  Pi  —  Pi 

The  constant  a'  may  be  obtained  by  multiplying  the  constant  a  by 

9 

the  ratio  — - -  =  r,  as  determined  from  fitted  curves  of  Fig.  4.  It 

Cl  —  Cj 

may  now  be  noted  that  fqr  the  theoretical  curve  to  show  initial  agree¬ 
ment  with  the  laboratory  curve,  Ek}.  II  and  III  and  Fig.  3  must  be 
amended  by  replacing  d  by  a'  and  ithy  et . 

The  compression  corresponding  to  Ci  —  cj  is  spoken  of  as  the  total 
compression,  that  corresponding  to  Ci  —  ct  as  the  primary  compression, 
while  the  difference  between  these  represents  the  “secondary  com¬ 
pression.”  By  way  of  a  very  brief  explanation  it  may  be  stated  that 
the  primary  compression  causes  shearing  strains  which  constitute  a 
small  degree  of  remolding  or  destroying  of  structure  of  the  sample  and 
this  breakdown  of  structure  is  the  cause  of  the  secondary  compression. 

Considering  only  the  conditions  at  the  end  of  loading  increments, 
dc 

y-  is  equal  to  the  constant-o.  For  best  fit  between  theoretical  and 
dp 

dc 

laboratory  curves  at  small  values  of  f,  —  is  equal  to  the  smaller  con¬ 
ap 

stant-a'.  It  must  be  concluded  that  during  the  process  of  consolidation 
e  is  not  a  function  of  pressure  alone  but  that  it  depends  on  both  pressure 
and  time,  or,  expressed  mathematically 

«  -  SiV,  0  VI 
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From  Equation  VI,  the  rate  of  variation  of  e  may  be  expressed  as 
follows: 


de  ^  de  ,  ^  dp 
5  W  ^  ^ 


This  relationship  may  be  stated  in  words  as  follows.  The  speed  at 
which  the  void-ratio  undergoes  change  at  any  point  in  the  sample 
equals  the  speed  at  which  it  would  change  were  there  no  variation  of 
intergranular  pressure  (this  speed  being  the  rate  of  secondary  compres¬ 
sion)  plus  the  product  of  —  and  the  speed  with  which  the  intergranular 
op 

pressure  undergoes  change  (this  product  being  the  primary  compression). 

In  Terzaghi’s  derivation  the  first  term  is  neglected  while  —  is  assumed 

dp 


equal  to  the  constant-a.  It  has  already  been  indicated  that  —  actuallv 

is  not  a  simple  constant.  Equation  VII  will  later  be  substituted  for 
the  right  hand  side  of  Equation  1,  but  since  Eq.  1  contains  the  additional 
variable,  z,  the  total  differentials  must  be  replaced  by  partial 
differentials. 

Before  proceeding  with  the  analysis  it  is  necessary  either  to  obtain 
experimental  evidence  or  make  assumptions  about  the  nature  of  the 
terms  in  Equation  VII  above.  Consider  the  possibility  of  deriving 
direct  experimental  evidence.  The  equation  deals  with  point  relations 
of  the  clay  skeleton  and  not  with  the  specimen  as  a  whole.  This  re¬ 
quires  that  an  experiment  be  made  with  the  conditions  the  same  at 
all  points  in  the  specimen.  However,  clay  is  a  two  phase  system  and 
there  is  continual  transference  of  stresses  from  the  pore-water  to  the 
clay  skeleton  and  in  all  experiments  which  are  at  present  conceivable, 
gradients  are  set  up  in  the  pore-water  preventing  any  possibility  of  like 
conditions  at  all  points. 

Thus,  the  procedfire  must  be  to  introduce  assumptions  as  to  the 
nature  of  the  relationship  in  Equation  VI,  obtaining  a  revised  plot  of 
the  type  of  that  in  Fig.  3  and  then  to  check  the  assumptions  experi¬ 
mentally  on  the  basis  of  the  accuracy  of  the  fit  between  this  curve  and 
the  experimental  curve  of  Fig.  2.  The  assumptions  which  are  made 
should,  if  possible,  be  expressions  of  physical  concepts. 

It  has  been  shown  that  the  theoretical  analysis  is  in  agreement  with 
the  first  part  of  the  laboratory  consolidation  process  if  it  is  assumed  that 
de  =  —a' dp.  This  state  of  affairs  is  represented  in  Fig.  5  wherein 
points  0  and  b  correspond  to  points  of  the  same  notations  in  Fig.  1. 
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Here  the  first  part  of  the  consolidation  process  may  be  considered  as 
taking  place  along  line  og.  Also  ultimately  the  curve  must  go  through 
b.  One  curve  which  meets  these  two  it'quirements  is  sketched  in.  Let 
it  be  assumed  that  the  consolidation  process  has  continued  as  far  as 
point  c.  If  the  pressure  increment  had  been  (p  —  pi)  instead  of  (pj  —  pi) 
the  specimen  would  ultimately  consolidate  to  point  d.  Thus  when  the 
void  ratio  c  has  been  reached,  cd  represents  an  available  amount  of 
secondary  compression  that  has  not  yet  taken  place. 

If  it  were  possible  for  the  intergranular  pressure  to  remain  constant 
at  the  value  obtaining  at  point  c,  then  as  time  progre.ssed  (referring  to 


Avtrog*  int«rgronuWr  pressure, 

KCLATIONSHIP  BET^iCEN  p.&«. 
BUfUNC  A  SmCLE  PRESSURE  INCREMEHT. 

Fio.  5 


Equation  VII)  the  settlement  represented  by  cd  would  occur  at  a  rate 

expressed  by  —  .  It  seems  reasonable  to  believe  that  this  rate  of  strain 
dt 


should  follow  a  law  resembling  that  for  viscous  flow  or  for  creep.  This 
physical  concept  furnishes  the  assumption  that  secondary  compression 
will  develop  at  a  rate  proportional  to  the  amount  of  undeveloped 
secondary  compression.  It  may  be  expressed  mathematically  as 
follows: 


I  - 

where  n'ls  &  constant  of  proportionality  which  will  be  designated  as  the 
coeflScient  of  secondary  compression.  Since  (cd)  =  (/d)  —  (/c),  while 
ife)  «  (ci  -  e)  and  (jTd)  =  a(o/)  *  a(p  -  pi) 
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By  the  use  of  Equation  VIII,  noting  that  when  t  is  small  e  = 
«i  —  a'(p  —  Pi)  while  for  very  large  values  of  time  c  =  ei  —  o(p  —  pi), 
a  solution  for  Ek^uation  VI  may  be  obtained  which  is  as  follows: 

e  =  ei  -  a{p  -  pi)  +  (a  -  a')(p  -  Pi)€"'“ 
and  from  this 


-o  +  Co-oV" 

dp 

Insisting  this  expression  and  Equation  VIII  into  Equation  VII  and 
then  (‘ombining  Equations  VII  and  I,  the  following  is  obtained. 

r k(l  +  c)"!  3*p  _  _  de 

L  T  J  to*  "  M  ^ 

=  ti[aip  -  pi)  -  (c  -  ei)l  +  [o  -  (a  -  aOe""*]  ^ 

ot 


Solutions  of  Equation  IX  have  not  yet  been  obtained  so  no  direct 
comparison  can  be  made  with  experimental  curves.  However,  when 
fd  is  small,  c”***  =  1  and  Ekiuation  IX  reduces  to  a  form  which  has  been 
solved. 


=  n[a(p  -  pi)  -  (e  -  ci)]  +  ^  X 


Ek}uation  X  was,  in  fact,  obtained  prior  to  Equation  IX.  From  physi¬ 
cal  intuition  based  on  Fig.  5  and  on  the  fitted  curves  of  Fig.  4,  it  was 

assumed  that  —  was  equal  to  the  constant-a'.  In  addition  the  concept 
dp 

expressed  by  Equation  VIII  was  introduced.  Thus,  by  inserting  one 
mon‘  assumption  than  was  necessary  Equation  X  was  obtained  and  it 
was  not  until  later  that  this  equation  was  found  to  be  a  good  approxima¬ 
tion,  at  small  values^  of  time,  of  the  more  rigorous  Elquation  IX. 

The  following  is  the  solution*  of  Equation  X: 


*  Details  of  this  solution  and  other  material  covered  in  this  paper  appear  in 
“Some  Theoretical  Considerations  on  the  One-Dimensional  Consolidation  of 
Clay,”  by  Wilfred  Merchant;  Master’s  Degree  Thesis,  Dept,  of  Civil  and  Sanitary 
Engineering,  M.  1.  T.  1939. 
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wherein 


M 

T 


i(2m  +  1)t 

*(1  +  e)l 
ya!W 

-\{F  +  Af*) 

W(F  +  Af*)*  -  4rf’M* 

♦i  4-  rM' 

o' 

a 


F 


//* 

rT  jb(l  +  c) 


The  factor  F  play»  a  very  important  role  in  this  solution.  It  is  well 
known  that  the  8|)eed  at  which  primary  compression  takes  place  is  in¬ 
versely  proportional  to  the  square  of  the  thickness  of  the  sample. 
Secondary  compression,  however,  occurs  at  a  rate  proportional  to  the 
coefficient  and  independent  of  the  sample  thickness.  The  factor  F 
is  a  measure  of  the  ratio  between  rates  of  primary  and  secondary  com¬ 
pressions.  For  the  thin  samples  used  in  standard  laboratory  testing  F 
will  be  very  small  as  compared  to  its  value  for  a  thick  clay  stratum  in 
nature. 

The  left  hand  side  of  the  equation  is  an  expression  of  the  ratio  between 
the  compression  which  has  occurred  and  the  ultimate  compression 
and  therefore  may  be  replaced  by  percent  consolidation,  U.  It  should 
be  noted  that  Equation  XI  is,  for  a  given  soil,  of  the  form  U  =  f(F,  T). 
The  Fourier  Series  in  this  equation  converges  slowly  and  a  large  amount 
of  computational  work  is  required  to  obtain  from  it  plots  of  the  nature 
of  Fig.  3.  However,  for  several  values  of  F,  the  equation  has  been 
evaluated  for  both  r  =  0.7  and  r  =  0.3  and  the  curves  for  r  =  0.7 
are  presented  in  Fig.  6. 

Equation  X  must  be  considered  to  be  but  an  approximation  of 
Equation  IX.  Thus,  in  order  to  indicate  an  arbitrary  limit  of  the 
applicability  of  solutions  based  on  Equation  X  the  curves  of  Fig.  6  have 
been  dotted  in  the  range  where  [o  —  (a  —  o')*""']  differs  by  more  than 
10%  from  the  constant  value  o'.  Within  the  range  where  the  curves 
are  not  dotted  the  shape  of  the  theoretical  curves  are  in  good  agreement 
with  those  from  experimental  tests. 

No  development  of  secondary  compression  occurs  if  m  =  0  for  which 
case  F  =  0.  On  the  other  hand  there  is  no  time  lag  in  the  development 
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of  the  secondary  compression  if  m  =  ®  for  which  case  F  =*  oo.  It  is 
of  especial  interest,  that  for  either  F  =  0orf’=»  oo,a8  may  be  found 
from  analysis  of  Eq.  IX  to  XI  or  from  inspection  of  the  curves  of  Fig.  6, 
the  function  reduces  to  the  basic  form  given  by  Terzaghi  in  Eq.  IV. 
This  may  be  written 

=  1  -  "E  e— XII 

m-C 

For  the  zero  and  infinite  values  of  F  there  are,  however,  different  con¬ 
cepts  of  the  compressibility.  When  F  *=  0  the  primary  compressibility 


TIM(E  FACTOR,  T 

CONSOLIDATION  CURVES  BY  AHENDCD  CONSOLIDATION  THEORY. 
FOR  r-0.7 
Fio.  6 


is  described  by  coefficient  o'  =  ro  while,  since  no  secondary  compression 
takes  place,  the  effective  total  compressibility  is  also  described  by  o'. 
When  F  =  00  the  total  compressibility  is  described  by  the  coefficient 
o,  while,  since  all  secondary  compression  superimposes  itself  without 
time  lag  onto  the  primary  compression,  the  effective  primary  compres¬ 
sibility  is  also  represented  by  the  coefficient  o.  These  two  interpreta¬ 
tions  of  Eq.  XII  may  be  presented  as  follows: 

When  F  =  0,  the  solution  is  Eq.  XII  wherein 


rei-  e. 


k(l  -|-  e)t 
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When  F  =  00,  the  solution  is  Eq.  XII  wherein 

I/(^— )  »  and  =  *(1_;^I 

*1  —  «i  ayti* 

The  above  expressions  do  not  involve  the  approximation  used  in 
Eq.  X  and  the  curves  for  F  =■  0  and  F  *  oo  are,  therefore,  shown  by 
full  lines  throughout  in  Fig.  6. 


Final  Discussion  and  Recommended  Practical  Application 


If  Sections  1  and  2  of  the  introduction  have  been  carried  out  correctly, 
then  by  use  of  solutions  of  Ek).  IX  and  by  adopting  some  method  of 
fitting  theoretical  curves  to  laboratory  curves,  a  prediction  of  the  settle¬ 
ment  and  its  rate  may  be  made  for  a  site  overlying  a  clay  layer  in  nature. 
For  such  a  problem  a  satisfactory  approximation  of  Eq.  IX  is  probably 
given  in  most  cases  by  Eq.  X,  plots  of  which  are  presented  in  Fig.  6. 
Tlje  problem  would  involve  the  determination  of  the  value  of  F  which 
could  be  obtaintnl  by  some  method  of  comparison  of  the  shapes  of  full 
line  portions  of  curves  of  E'ig.  6  and  laboratory  time-compression 
curves. 

A  simpler  approach,  however,  will  be  suggested  which  is  believed  to 
be  as  accurate  as  the  conditions  of  such  a  prediction  would  warrant. 
Precise  methods  cannot  be  justified  when  it  is  recalled  that  in  nature 
the  assumption  of  one-dimensional  compression  is  but  an  approximation. 
Actually,  secondary  compression  in  the  consolidation  test  may  be  of  the 
nature  of  a  plastic  adjustment  of  the  clay  structure,  wherein  all  or  prac¬ 
tically  all  of  the  shearing  stresses  are  eventually  dissipated.  In  nature, 
in  contrast  to  this,  the  shearing  stresses  induced  in  the  underground  by 
building  loads  will  of  necessity  be  retained.  While  this  condition  is  a 
variation  from  assumed  conditions  of  the  theory  and  its  consideration  is 
beyond  the  scope  of  this  paper,  it  should  be  noted  that  it  exists  and  may 
lead  to  slow  long-time  settlements  of  a  plastic  nature  which  are  not 
covered  by  the  theory.  Other  variations  from  the  assumed  ideal  condi¬ 
tions  also  exist.  To  mention  one  important  example,  recent  laboratory 
research*  indicates  that  the  value  of  the  coefficient  of  consolidation 
which  is  described  below  in  Eq.  XII A  is  dependent  not  only  on  the 


intensity  of  pressure 


^best  expressed  by 


Pi  +  Pi\ 
2  / 


but  also  on  the  relative 


*  M.  1.  T.  Soil  Mechanics  Laboratory  Research  Report  It 3,  1930,  by  W.  G. 
Hiltiior,  unpublished. 


182 


DONALD  W.  TAYLOR  AND  WILFRED  MERCHANT 


magnitudes  of  initial  and  final  pressures  ( i.e.,  on  — ) .  This  later  varia- 

\  Pi/ 

tion  is  not  indicated  by  the  theory. 

The  simplified  procedure  consists  of  two  parts,  first  the  interpretation 
of  the  test  data  and  secondly  the  prediction  of  settlements  in  nature. 

By  one  of  the  recognized  fitting  schemes  the  basic  theoretical  curve 
may  be  superimposed  on  any  time  curve  obtained  by  laboratory  test, 
as  was  done  to  obtain  Fig.  4.  This  may  be  considered  to  be  merely 
superimposing  a  curve  for  F  =  0  u{X)n  a  curve  for  which  F  has  a  small 
value.  The  order  of  magnitude  of  F  for  a  typical  laboratory  time  curve 
is  indicated  by  inspection  of  Figs.  2  and  6  to  be  about  0.1.  At  any 
point  common  to  the  fitted  curves,  the  fundamental  time  relationship, 
as  given  by  expressions  following  Eq.  XI  or  by  Elq.  XII  A,  may  be 
written 


Herein  c  is  the  combination  of  soil  properties  shown  in  the  bracket,  and 
is  designated  as  the  coefficient  of  consolidation.  It  is  standard  labora¬ 
tory  practice  to  assume  that  in  this  equation  is  the  average  of  the 
initial  and  final  values,  i.e.,  \{ei  e*).  Since  the  ratio  between  T  and 
t  may  be  taken  from  the  fitted  curves  and  since  H  and  are  known, 
the  coefficient  of  consolidation  may  be  evaluated  for  each  load  incre¬ 
ment.  A  summary  of  data  from  a  typical  laboratory  consolidation  test 
may  be  presented  in  the  form  of  Fig.  7,  which  consists  of  plots  of  pres¬ 
sure  p,  against  void-ratio  e,  coefficient  of  consolidation  c,  and  primary 
compressibility  ratio,  r.  In  this  Figure  the  values  of  c  and  r  for  each 
increment  are  plotted  against  p*  which  is  equal  to  J(Pi  +  P*)- 

In  order  to  predict  the  settlement  of  an  actual  structure  some  knowl¬ 
edge  of  the  value  of  F  for  the  clay  strata  in  nature  is  required.  If  for 
a  standard  laboratory  test  on  a  sample  with  a  total  thickness  of  U 
inches  it  is  assumed,  that  F  =  0.1,  then  since  F  is  proportional  to  H*, 
its  value  would  be  1000  for  a  strata  10  ft.  thick  and  100,000  for  a  strata 
100  ft.  thick.  It  is  indicated  by  Fig.  6  that  for  such  large  values  of  F 
as  these,  the  theoretical  consolidation  curve  is  closely  approximated  by 
the  curve  for  F  =»  «.  The  F  =  <»  curve  will  be  assumed,  in  this 
simplified  approach,  to  hold  for  clay  strata  in  nature.  The  fact  that 
curves  for  high  values  of  F  in  Fig.  6  are  dotted,  raises  some  question 
as  to  the  degree  of  inaccuracy  involved  by  this  approximation.  While 
the  amounts  of  inaccuracy  in  the  dotted  curves  is  unknown,  it  is  likely 


r 
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due  to  compression  of  thick  clay  strata,  the  time  may  be  obtained,  as 
given  in  Eq.  XII  B,  from 


t  = 


H  Y  r  ray  (I  -j-  e,)~i  1 
1  +  c«/  L  k  Jr 


XII B' 


wherein  H  is  the  thickness  of  the  clay  strata  in  nature  if  it  is  drained  at 
one  surface  only, — the  half  thickness  if  drained  at  both  surfaces.  The 
values  for  c  and  r  to  be  used  in  this  equation  are  those  obtained  by  the 
laboratory  tests;  since  both  vary  somewhat  with  pressure,  the  values 
that  should  be  used  are  taken  from  curves  of  the  type  of  Fig.  7  for  the 
average  pressure,  i(pi  +  p*),  of  the  strata  in  nature. 

The  relationship  between  Tr-*  and  is  given  by  Eq.  XII  and 
Table  I.  A  value  of  =  100%  corresponds  to  a  void  ratio  change 
of  «!  —  e* .  For  a  clay  strata  drained  at  both  surfaces  the  correspond¬ 
ing  change  in  thickness,  or  ultimate  settlement  may  be  written 


(Ci  -  Cl) 


2H 

1  +  e- 


and  at  any  time  tin;  settlement,  6,  is 


a 


f/(c.«)(ei  —  ei) 


2H 
1  + 


XIII 


If  the  strata  is  drained  at  one  face  only,  2H  in  the  above  expressions 
should  be  replaced  by  H.  In  this  use  of  the  basic  consolidation  equa¬ 
tion,  Pi  and  pt  must  be  taken  as  the  average  values  of  intergranular 
pressure  throughout  the  clay  strata  before  and  after  the  consolidation 
period,  while  Ci  and  Ci  are  the  corresponding  values  of  average  void- 
ratio.  The  values  of  pi  and  pi  are  essentially  constant  in  the  standard 
consolidation  test,  but  it  is  evident  that  they  will  not  be  constant  in  a 
natural  clay  deposit.  Actually  the  assumption  that  pi  —  pi  is  constant 
for  all  values  of  z  is  involved  in  the  theory  used  herein.  However, 
equations  have  been  derived  for  consolidation  curves  for  cases  in  which 
Pi  —  Pi  varies  with  depth  as  in  natural  clay  deposits  and  such  expres¬ 
sions  vary  to  only  a  minor  degree  from  the  basic  relationships. 

The  steps  of  the  simplified  procedure  may  be  summarized  as  follows : 
by  curve  fitting  and  the  use  of  Ek^.  XII  A  the  coefficient  of  consolida¬ 
tion  may  be  evaluated:  then  by  means  of  basic  Ekj.  XII,  using  Elq. 
XII  B  to  transform  from  time  factor  to  true  time  and  Eki.  XIII  to  trans¬ 
form  from  percentage  consolidation  to  settlement,  the  relationship  be¬ 
tween  settlement  and  time  for  the  clay  strata  in  nature  may  be  obtained. 
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Conclusion 

Further  work  could  be  done  toward  amending  the  consolidation 
theory.  For  example,  when  loading  increments  act  for  only  one  day 
there  is  undeveloped  secondary  compression  of  one  increment  existing 
at  the  start  of  the  succeeding  increment.  This  factor  could  also  be 
taken  into  account  in  the  mathematical  treatment.  However,  the  main 
value  of  a  theory  such  as  that  presented  herein  rests  in  the  concepts  it 
offers  and  it  is  believed  that  further  refinement  would  be  of  little  value. 

The  practical  application  given  in  this  report  is  presented  as  a  rational 
treatment  of  secondary  compressions.  However,  it  must  be  recognized 
that  its  accuracy  cannot  exceed  that  of  the  assumptions  which  have 
been  introduced.  Also,  as  is  the  case  in  any  prediction  of  strains  in 
soils,  the  variations  in  the  properties  of  the  soil  itself  throughout  the 
soil  mass,  preclude  a  high  degree  of  accuracy. 

The  research  represented  by  this  paper  was  carried  out  in  the  Soil 
Mechanics  Laboratory  at  the  Mass.  Institute  of  Technology  during  the 
school  year  1938-9.  The  ideas  uix>n  which  the  amended  theory  is 
based  are  the  combined  work  of  the  two  authors.  All  mathematical 
derivations  and  computations,  as  well  as  the  general  development  of 
the  research  and  an  original  draft  of  the  report  are  the  work  of  Mr. 
Wilfred  Merchant.  Conditions  in  England  made  it  necessary  for  Mr. 
Merchant  to  cancel  an  appointment  as  Assistant  in  the  Soil  Mechanics 
Laboratory  of  the  Institute  for  the  present  school  year  and  prevented 
his  aiding  in  the  final  preparation  of  the  paper.  The  authors  wish  to 
acknowledge  suggestions,  made  by  Professor  G.  P.  Wadsworth  of  the 
Department  of  Mathematics,  which  aided  in  solving  the  general  con¬ 
solidation  equation. 


THE  PHYSICAL  PROPERTIES  OF  FLUID  INTERFACES  OF 
LARGE  RADIUS  OF  CURVATURE.  I.  INTEGRATION  OF 
LAPLACE’S  EQUATION  FOR  THE  EQUILIBRIUM  MERID¬ 
IAN  OF  A  FLUID  DROP  OF  AXIAL  SYMMETRY  IN  A  GRAVI¬ 
TATIONAL  FIELD.  NUMERICAL  INTEGRATION  AND 
TABLES  FOR  SESSILE  DROPS  OF  MODERATELY  LARGE 
SIZE* 

Bt  B.  Edwin  Blaibocll 
1.  Introduction 

In  this  laboratory  an  experimental  study  of  the  thermodynamic 
temperature  scale  has  been  under  way  for  some  years.*  The  thermo¬ 
dynamic  scale  has  been  realized  in  the  range  0®  to  450®C.  by  the  use  of 
constant  volume  gas  thermometers,  and  the  experimental  technique  has 
been  refined  to  such  an  extent  that,  at  the  higher  temperatures,  the 
uncertainty  in  the  capillary  depression  and  meniscus  volume  of  mercury 
is  a  relatively  large  source  of  error.  For  this  work  we  wish  to  know  the 
capillary  depression  to  2%  and  the  meniscus  volume  to  0.2%  for  tubes 
of  about  20  mm.  diameter;  these  quantities  to  be  given  in  terms  of  the 
readily  measurable  variables:  tube  diameter,  meniscus  height,  and  capil¬ 
lary  constant,  where  the  capillary  constant  is  to  be  deduced  from 
simple  measurements  made  upion  the  meniscus  in  situ.  Such  informa¬ 
tion  is  not  at  present  available. 

Capillary  depressions  of  mercury  in  large  tubes  have  not  been  tabu¬ 
lated  anywhere  with  sufficient  accuracy.  Stulla-Gotz*  has  reported  a 
few  scattered  measurements  for  large  tubes.  Heuse,*  and  Cawood  and 
Patterson*  have  made  extensive  investigations  on  capillary  depressions 
in  tubes  up  to  a  maximum  diameter  of  19  mm.  flach  set  of  values  is 
internally  consistent,  but  the  differences  between  the  values  of  the  two 

‘  Contribution  from  the  Research  Laboratory  of  Physical  Chemistry,  Massa¬ 
chusetts  Institute  of  Technology,  No.  437. 

*  J.  A.  Beattie  and  co-workers.  Proc.  Am.  Acad.  Arts  Sci.,  60,  167  (1930); 
7/,  327  (1937);  7f,  361  (1937);  7/,  376  (1937);  7«,  137  (1938);  and  forthcoming  papers. 

*  J.  Stulla-Gdtz,  Physik.  Z.  SS,  404  (1934). 

*  W.  Heuse,  Z.  Instrumentenk.,  47,  324  (1927);  W.  Cawood  and  H.  8.  Patterson, 
Trans.  Faraday  Soc.,  t9,  614  (1930). 
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investigators  become  as  large  as  100%.  These  large  discrepancies  are 
undoubtedly  due  to  differences  in  the  capillary  constants  of  the  mercury 
used,'  although  it  is  also  true  that  the  problem  of  the  accurate  observa¬ 
tion  of  the  height  and  crown  of  a  mercury  meniscus  is  one  of  great 
diflBculty.* 

The  volumes  of  mercury  menisci  in  large  tubes  are  tabulated  in  the 
International  Critical  Tables/  but  the  data  given  are  not  smooth  to  the 
desired  accuracy  and  represent  the  approximate  average  of  two  series 
of  experimental  determinations,  one  by  Scheel  and  Heuse'  and  one  by 
Palacios,*  which  differ  systematically  by  5  to  8%,  The  more  recent 
measurements  of  Keesom,  van  der  Horst,  and  Taconis*  agree  with  those; 
of  Scheel  and  Heuse  to  about  1%. 

Theoretical  values  of  the  capillary  depression  and  meniscus  volume 
of  mercury  are  also  lacking.  The  differential  equation  for  the  equilib¬ 
rium  meridian  of  a  meniscus  of  axial  symmetry  has  been  given  by  La¬ 
place.'*  But  the  exact  solution  of  this  equation  in  terms  of  known 
functions  has  proved  impossible,"  while  approximate  solutions  have 
been  obtained  only  for  the  cases  of  very  small  and  of  very  large  tubes. 
For  mercury,  tubes  of  20  mm.  bore  fall  slightly  below  the  range  of 
validity  of  the  large  tube  formulae.  Of  the  large  tube  approximations 
only  that  of  Lohnstein'*  gives  the  capillary  depression  and  meniscus 
volume  explicitly  in  terms  of  tube  diameter,  meniscus  height,  and 
capillary  constant.  The  usual  large  tube  approximation  is  an  asymp¬ 
totic  expansion  for  the  equilibrium  meridian  which  is  usually  called 
Rayleigh’s  formula.'*  Mathieu'*  has  obtained  the  most  extended 

*  Part  II,  This  Jocrnal,  19,  217  (1940). 

*  R.  S.  Burdon,  Nature,  198,  456  (1931);  S.  C.  Collins  and  B.  E.  Blaisdell, 
Rev.  Sci.  Instruments.,  7,  213  (1936);  see  also  a  forthcoming  paper  by  B.  E. 
Blaisdell,  J.  Kaye,  and  J.  A.  Beattie. 

^  International  Critical  Tables,  McGraw-Hill,  New  York  (1926),  Vol.  I,  p.  72. 

'  K.  Scheel  and  W.  Heuse,  Ann.  Physik.,  SS,  291  (1910);  J.  Palacios,  Physik. 
Z.,  94,  161  (1923). 

*  W.  H.  Keesom,  H.  van  der  Horst,  and  K.  W.  Taconis,  Common  Kamerlingh 
Onnes  Lab.,  Univ.  Leiden,  id  248a  (1937). 

I*  M.  Laplace,  Oeuvres  Complets,  Gauthier  Villars,  Paris  (1880),  Vol.  IV,  p. 
340. 

G.  Bakker,  Kapillarit&t  und  Oberfl&chenspannung,  Akademische  Verlags- 
gesellschaft,  M.  B.  H.,  Leipsig  (1928). 

T.  Lohnstein,  Ann.  Physik.,  SS,  291  (1910). 

Lord  Rayleigh,  Scientific  Papers,  Cambridge  University  Press,  Cambridge 
(1920)  Vol.  6,  p.  350;  M.  E.  Mathieu,  Th6orie  de  la  Capillarity,  Gauthier  Villars, 
Paris  (1883). 


1 


188  B.  KDWIN  BLAISDELL 

asymptotic  approximations  which  have  been  derived  up  to  the  present 
time.  However,  all  of  these  formulae  are  too  inflexible  for  convenient 
use,  and  are  of  insufficient  accuracy  for  our  purposes.**  The  table  of 
capillary  depressions  given  by  Gould, “  which  have  been  calculated  from 
unspecified  theoretical  considerations  for  the  surface  tension  of  mercury 
equal  to  0.444  gm.-cm.“*,  is  in  error  for  large  tubes  by  10  to  40%. 

The  integration  of  Laplace’s  equation  by  numerical  methods  has  been 
accomplished  to  five  significant  figures  by  Bashforth  and  Adams.'* 
Their  published  values  are,  in  the  case  of  mercury,  for  tubes  of  about 
1.5  to  11.5  mm.  bore,  which  is  below  the  diameter  used  in  precise 
mercury  manometry.  In  order  to  achieve  ease  of  initial  computation, 
the  tables  have  been  prepared  in  a  form  extremely  inconvenient  for  use 
in  manometry. 

Porter”  has  bridged  the  gap  between  the  tables  of  Bashforth  and 
Adams  and  the  estimated  lower  limit  of  validity  of  Rayleigh’s  formula 
by  a  graphical  method.  His  results  are  insufficiently  accurate  for  our 
purix)se8. 

The  dearth  of  information  just  cited  led  to  a  decision  to  extend  the 
accurate  results  of  numerical  integration  into  the  region  of  use  in 
precise  manometry,  and  to  provide  tables  of  a  form  of  maximum  useful¬ 
ness  for  manometry.  In  the  first  place  the  tables  should  give  the  de¬ 
sired  quantities,  capillary  depression  and  meniscus  volume  as  a  function 
of  all  the  relevant  independent  variables,  in  particular,  of  independent 
variables  susceptible  of  easy  measurement  at  the  time  of  each  pressure 
determination.  Capillary  depression  and  meniscus  volume  are  direct 
functions  of  tube  diameter,  meniscus  height  (or  contact  angle)  and  capil¬ 
lary  constant;  and  indirectly,  through  the  capillary  constant  (see  Eq.  2 
below)  of  pressure,  temperature,  gravitational  field  and  interfacial 
tension.  Tube  diameter  is  a  readily  determined  characteristic  of  the 
apparatus.  Meniscus  height  is  readily  measured'*  at  each  determina¬ 
tion  of  the  pressure^  and  this  measurement  is  necessary  at  each  deter- 

“  Part  III,  This  Joubnal,  19,  240  (1940). 

F.  A.  Gould,  A  Dictionary  of  Applied  Physics,  Macmillan,  London  (1923), 
Vol.  3,  p.  159. 

*•  F.  B.  Bashforth  and  J.  C.  Adams,  An  Attempt  to  Test  the  Theories  of  Capil¬ 
lary  Action,  Cambridge  University  Press,  Cambridge  (1883). 

‘»A.  W.  Porter,  Trans.  Faraday  Soc.,  99,  702  (1933);  99,  1307  (1933);  Phil. 
Mag.,  17,  611  (1934);  91,  703  (1936);  99,  726  (1936). 

"  The  technical  details  of  this  measurement,  as  well  os  other  practical  features 
of  the  use,  in  practical  manometry,  of  the  formulae  and  tables  of  this  series  of 
three  papers,  will  be  discussed  in  a  forthcoming  paper  by  B.  E.  Blaisdell,  J.  Kaye, 
and  J.  A.  Beattie. 
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mination  8incc  the  contact  angle  (of  which  meniHcus  height  is  a  function) 
of  mercury  on  glass  is  well  known  to  be  inconstant.**  The  capillary 
constant  is  quite  difficult  to  measure.  However,  it  is  apparently  quite 
insensitive  to  changes  in  pressure  and  relatively  so  to  changes  in  tem¬ 
perature,  being  a  function  of  these  variables  only  to  the  extent  that  the 
difference  in  the  densities  of  the  fluids  on  either  side  of  the  interface 
and  the  interfacial  tension  itself  are  functions  of  pressure  and  tempera¬ 
ture.  The  gravitational  field  is  of  course  constant  for  any  given  ap¬ 
paratus.  Since  the  mercury  column  is  thermostated,  and  the  mercury 
carefully  purified  and  subsequently  protected  from  contamination,  the 
capillary  constant  can  be  regarded  as  a  constant  which  needs  only 
occasional  determination  to  guard  against  possible  change  in  the  purity 
of  the  mercury.  These  occasional  determinations  are  absolutely  neces- 
.sary  since  slight  traces  of  impurity  will  cause  large  variations  in  the 
capillary  constant  of  mercury;  and  capillary  depression  and  meniscus 
volume  are  strong  functions  of  the  capillary  constant. 

Advantage  is  taken  of  the  virtual  invariance  of  the  capillary  constant 
in  any  one  apparatus,  and  of  a  simple  transformation  of  variables  (see 
Eq.  3  below)  to  present  the  tables  in  dimensionless  form,  independent 
of  the  capillary  constant.  This  accomplishes  about  a  ten-fold  decrease 
in  total  bulk  by  presenting  essentially  trivariate  tables  as  bivariate 
tables. 

Therefore,  there  have  been  prepared  tables  giving  the  slope,  tan  tp 
or  cot  <p,  and  radial  coordinate  X  of  the  meridian  curve  of  sessile  drops 
of  moderately  large  siie  as  functions  of  the  height  Y  of  the  drop  at  X 
and  the  shape  determining  parameter  //o ,  the  quantities  X,  Y,  and 
A/o  being  given  as  dimensionless  ratios.  For  values  of  //o  from  0.148 
to  0.004  the  tables  have  been  prepared  by  the  method  of  numerical 
integration  outlined  below. 

These  tables  permit  the  determination  of  the  capillary  constant  of 
the  mercury  while  it  is  in  use  in  the  manometer.'*  By  recomputation, 
tables  have  been  prepared  giving  in  dimensionless  units  the  capillary 
depression  and  meniscus  volume  as  functions  of  tube  diameter  and 
meniscus  height.*  Supplementary  tables  are  included  which  give  in¬ 
formation  of  special  use  in  problems  of  capillar>’  rise,  sessile  drops  and 
bubbles  under  plates. 

2.  Method  of  Numerical  Integration 

The  tables  were  prepared  by  the  numerical  integration  of  Laplace’s 
differential  equation  for  the  equilibrium  meridian  curve  of  a  surface  of 

**  International  Critical  Tables,  McGraw-Hill,  New  York  (1928),  Vol.  4,  p.  434. 
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revolution  defined  by  the  interface  between  two  fluidH  when  the  force 
of  gravity  is  directed  along  the  axis  of  revolution. 


(1  +  y'*)*'*  xii  Vy'^yi^  <T  ^  ^  a* '  "  ^  ' 

The  variables  x  and  y  are  the  Cartesian  coordinates  of  the  meridian  curve 
of  the  interface  of  the  two  fluids.  The  origin  is  taken  at  the  intersection 
of  the  axis  of  revolution  with  the  surface  of  revolution ;  y  being  directed 
along  the  positive  radius  of  curvature  and  x  lying  in  a  meridian  plane 
(se«*  Fig.  1).  The  densities,  pi  and  pi ,  of  the  two  fluids  separat«Hl  by 
the  interface  are  so  assigncHl  that  pi  is  the  density  of  the  fluid  Inflow  the 
interface  with  respect  to  the  gravitational  field.  The  acceleration  of 
gravity  is  g  and  the  interfacial  tension  is  <r.  The  parameter  is  the 


Kio.  1.  Cases  of  real  capillary  constant,  pi  >  pi .  a.  Capillary  depression. 
6.  Capillary  rise.  e.  Sessile  drop.  d.  Rubble  under  plate. 


value  of  y”  when  x  =  0,  y  =  0,  and  y'  =  0,  that  is,  it  is  the  common 
value  of  the  reciprocals  of  the  principal  radii  of  curvature  at  the  origin 
of  coordinatos.  It  is  readily  seen  that  ho  is  al.so  the  negative  of  the  value 
of  y  when  y'  =  0  and  y"  =  0,  that  is,  when  the  interface  is  an  infinite 
horizontal  plane.  In  mercury  manometry  ho  is  thus  the  capillary  de¬ 
pression.  The  capillary  constant  a  is  given  by  the  expression: 


In  the  present  series  of  papers  numerical  integration  is  carried  out 
only  for  the  case  that  o  is  real  (pi  >  pi)  since  the  case  of  imaginary 
u(pi  <  Pi)  corresponds  to  a  hanging  drop,  a  case  which  has  no  bearing 
on  problems  of  manometry. 
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'Fhe  traiiHformation  to  dimeiiHionlenH  coordinatea,  independent  of  the 
value  of  the  capillary  constant,  is  made  by  the  change  of  variables: 

=  F  =  (3) 

a  a  a 

which  gives  on  substitution  in  Eq.  (1): 


(1  +  ^  X(1  + 


=  2iHo  +  F). 


For  purposes  of  numerical  integration  Eq.  (4)  is  replaced  by  the  sys¬ 
tem  of  Eqs.  (6),  (6)  and  (7). 


f  Y'dX 
j  Y"dX 


Y"  -  2(Ho  +  F)(1  -I-  F'*)*'*  -  ^  (1  +  yy'-  (7) 

Forward  integration  technique  was  employed.”  Though  this  tech¬ 
nique  uses  formulae  which  do  not  converge  as  rapidly  as  some  that  have 
been  suggested  for  numerical  integration,**  the  formulae  do  possess  the 
considerable  advantage  of  having  on  the  right  side  at  any  stage  only 
quantities  which  are  definitely  known,  thus  obviating,  in  the  case  of 
slowly  varying  functions,  the  need  for  repeated  approximations. 

The  formulae  are  obtained  by  an  appropriate  integration  with  respect 
to  0  of  Newton’s  formula  for  backward  interpolation.** 

Fe  -  F:_, +  0AiF':_, 

^  0(0  -I-  1)  ^  0(0  -I-  1)(0  +  2)  ^ 

+  - 2 -  ^  - 3!~ — ~~  Aa  /  »_i  -|-  •  •  • . 

Here  the  quantities  AiF',^_i  =  F','_i  -  F1'_j,  AiF','_i  *  “  ^iFn-*, 

•  ••are  the  first,  second,  etc.,  tabular  differences  of  F*_i,  Fe  is  the 

X  —  X  -I 

value  of  F"  at  X^,  where  0  *  =5 - is  the  fraction  of  the  way 

Xn  ~  Xn-l 

from  X„_i  to  Xn  ,  that  Eq.  (8)  gives  the  value  of  F",  and  AX  = 
X„  —  X,_i  is  the  constant  value  of  the  tabular  difference  of  the  argu- 


**  J.  B.  Scarborough,  Numerical  Mathematical  Analysis,  Johns  Hopkins  Press, 
Baltimore  (1930)  page  225. 

L.  J.  Comrie,  Interpolation  and  Allied  Tables,  His  Majesty’s  Stationery 
Office,  London  (1936). 
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mctit  X.  The  general  significance  of  the  notation  used  will  be  evident 
from  an  inspection  of  Table  I. 

The  method  of  integration  used  is  as  follows.  Suppose  that  the 
numerical  integration  be  completed  through  row  n  —  1  of  Table  I,  so 
that  all  the  entries  of  this  row  are  known.  Then  the  value  of  Y'  in 
row  n,  ,  is  obtained  from  Eq.  (6) 

r:  =  +  re(AA')de  (9) 

where,  by  the  definition  of  0 

dX  =  (AX)  <Z0  (10) 

Upon  .substitution  of  To  from  Eq.  (8)  and  performance  of  the  indicat(Kl 
integration  between  the  limits  0  and  1  there  results  as  a  special  form 
of  Eq.  (6)  the  relation 

=  Yn-i  +  AX[Yn.i  +  .5Ai  r':_,  +  .4166667A,  r','-, 

+  .375A,r','_i  +  .34861 11  A«K!,'_i  +  .329861 1  A. 

4-  .3155919A,r','_i  +  .3042245A7  K'J-i  +  .2948680A*  kll) 

+  .2869755A.  Y'Li  +  .2801896A,o 

-b  .2742655A,,  Y'l.i  +  .2690289A,,  Y'i-i  +  .  •  •  1 

which  gives  Y^  in  terms  of  the  tabular  differences  of  Y'n^i  of  the  pn*- 
(•(“ding  row  of  the  scheme.  Thus  F*  is  calculated  and  by  successive 
differences  AiFI  ,  AjFI  •  •  •  are  determined. 

When  Y"  is  replaced  by  Y'  in  Bkj.  (8)  and  F'  by  Y  in  Eq.  (9),  and  the 
Pxj.  (9),  thus  obtained,  is  integrated  between  the  limits  —  1  and  0  then* 
is  obtained  as  a  special  form  of  Eq.  (5)  the  relation 

F,  -  F_,  +  AX[FC  -  .5A,  F1  -  .0833333A,  F'  -  .0416667 A,  F^' 

-  .0263889A4  F'  -  .01875AiF1  -  .0142692A*F1 

-  .0113674A7F1  -  .0093665A,  FI,  -  .0078926A,  FI  (12) 

-  .0067859AioF1  -  .0069241AiiF!. 

-  .0052367AU Fl  -  .0046776Au F'  - 

which  gives  F,  in  terms  of  the  tabular  differences  of  Yn  of  the  same  row 
of  the  scheme.  Thus  Fn  is  calculated. 
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Then  Y'l  is  calculated  by  Eq.  (7),  and  by  successive  differencing 

•  •  •  are  determined. 

In  Elq.  (12)  we  may  replace  Y'  by  Y”  thus  obtaining  a  special  form 
for  Eq.  (6)  more  rapidly  converging  than  the  form  Eq.  (11).  By  the 
use  of  this  improved  formula  the  value  of  Y'  first  obtained  is  checked. 
If  a  difference  is  found,  Yn  is  corrected  and  the  now  cyclical  process 
repeated  until  the  row  n  of  the  scheme,  Table  I,  is  consistent  with  the 
system,  Eqs.  (5),  (6)  and  (7),  where  (5)  and  (6)  are  replaced  for  prac¬ 
tical  purposes  by  the  appropriate  forms  of  Eq.  (12). 

In  this  way  the  integration  is  advanced  step  by  step.  After  each 
advance  of  four  steps,  a  check  on  the  previous  work  is  obtained  by 
means  of  strongly  convergent  Eq.  (13),  the  special  form  of  Eq.  (5)  or 
Ekj.  (6)  obtained  by  integrating  the  appropriate  form  of  Eq.  (10)  be¬ 
tween  the  limits  —4  and  0. 

Yn=  Yn-4  +  AX[4y;  -  8Ai  +  6.6e66667A, 

-  2.6666667A,yl  -|-  .3IIIIIIA4FI  -  .0084689A»F1 

-  .OO2II7IA7FI  -  .00I8870A«F'  -  .0016579A,F'  (13) 

-  .0014616Aio  Yn  -  .0012986Au  F1 

-  .0011630A«F!,  -  .0010495Ai, F1 

Since  it  is  known  by  physical  reasoning  that  F  and  its  first,  second 
and  higher  derivatives  are  uniformly  increasing  functions  of  X,  the  con¬ 
vergence  of  the  procedure  just  described  is  assured  by  seeing  that  all 
the  orders  of  differences  of  F'  and  F"  increase  regularly  with  increasing 
n  and  that  at  every  stage  of  the  calculation  enough  terms  of  Eqs.  (11) 
and  (12)  are  included  so  that  the  inclusion  of  more  would  not  influence 
the  result  of  the  calculation. 

A  glance  at  Table  I  will  show  that  the  above  method  needs  modifica¬ 
tion  at  the  start  because  of  a  lack  of  several  of  the  higher  order  dif¬ 
ferences.  In  the  particular  case  under  consideration  starting  is  made 
easy  by  the  use  of  approximate  formulae.” 

F  -  HoIo{y/2X)  -  Ho  (14) 

F'  -  V2HoIi{V2X)  (15) 

which  give  quite  accurate  values  near  the  origin  in  the  case  of  large 
drops.  In  these  equations  lo  and  Ii  are,  respectively,  the  modified 

**  Part  III,  This  Journal,  19,  230  (1040). 
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Scheme  of  the  UtlK. 
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.04687324 
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.000057 
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Bessel’s  functions  of  orders  zero  and  one,  and  are  tabulated  in  the 
British  Association  Mathematical  Tables.” 

The  first  few  values  of  Y  and  Y'  are  calculated  by  Eqs.  (14)  and  (15), 
and  the  corresponding  values  of  Y"  by  Eq.  (7).  Then  the  whole  block 
of  values  are  made  consistent  with  the  system,  Eqs.  (5),  (6)  and  (7),  by 
use  of  the  following  relations  which  are  obtained  in  a  manner  similar  to 
that  used  to  derive  Eq.  (11): 


Yn-i  =  -f  AX[Y'^  -  LSAiTl  +  .4166667 Air' 

-f  .0416667A3F'  +  .0152778A4K1  +  .0076389A6F1  )>(16) 
+  .{)044808A*rl  +  ...) 

=  Yn-z  +  AXIFl  -  2.5Air!.  +  1. 9166667 A,  Fl. 

-  .375A,F|.  -  .0263889A4F1  -  .0076389A6  F' ^(17) 

-  .0031585A,F'  -  ...] 

F,_,  =  Yn-i  +  AX[F'  -  3.5A,  Fl  +  4.4166667A,  F'  1 

-  2.2916667A, Fl  +  .3486IIIA4FI  +  .01875A»F' i(18) 

+  .0044780A*y'n  +  •••]  J 

F,_4  =  Yn-t  -I-  AXIF;  -  4.5Ai  Fl  +  7.9166667A,  F1 

-  6.7083333A,  F'  +  2.6402778A4  F1  -  .3299042A6  F'  »(19) 

-  .0142816A,F'  -  J 

Yn-z  =  Yn-z  +  ^X[Yn  -  5.5A,  Yn  +  12.4166667A,  F^ 

-  14.625A,f1  +  9.34861 11 A4FI  -  2.970225A»F1  i(20) 
+  .3155519A,F1  +  ...]. 


As  the  numerical  integration  progresses  it  will  be  found  that  due  to 
the  monotonic  and  accelerating  increase  of  F  and  its  derivatives,  more 
and  more  terms  of  Eq.  (12)  must  be  used  in  order  to  maintain  con¬ 
vergence  of  the  integration  process,  and  that  eventually  convergence 
fails  altogether.  Convergence  may  be  restored  by  reducing  the  incre- 


*'  British  Association  for  the  .\dvahcement  of  Science,  Committee  for  the 
Calculation  of  Mathematical  Tables.  Mathematical  Tables,  8,  Bessel  Functions, 
Part  I.  Functions  of  Orders  Zero  and  Unity.  Office  of  the  British  Association, 
London  (1937). 
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ment  of  the  independent  variable.  Since,  however,  the  integration  is 
finally  to  be  continued  slightly  beyond  the  edge  of  the  drop,  where  the 
slope  Y'  goes  to  infinity,  and  since  at  this  point  convergence  fails  even 
for  an  infinitesimal  value  of  the  increment,  it  is  necessary  eventually  to 
seek  another  solution.  This  is  provided  by  the  transformation  of  vari¬ 
ables 

i  (21) 


which  changes  the  infinity  of  V'  into  a  zero  of  X',  and  in  general,  effeets 
an  inversion  of  Y  and  X  in  all  the  formulae  given  above.  Thus  the 
.system,  hkjs.  (5),  (6)  and  (7),  transforms  into  the  .system 

X  =  j  X'dy  (22) 

X'  =  f  X"dY  (23) 

X"  =  i  (1  -f  Xy*  -  2iHo  +  r)(l  -j-  Xy\  (24) 
JL. 


The  practical  method  of  effecting  this  change  of  variables  is  as  follows. 
The  numerical  integration*  is  carried  forward  by  the  scheme  of  Table  I 
until  convergence  fails.  Then  by  the  method  of  inverse  interpolation 
described  by  Comrie**  a  scheme  similar  to  Table  I  is  constructed,  but 
with  Y  as  the  independent  variable  given  at  regular  intervals,  and  X, 
X\  and  X"  as  the  dependent  variables.  The  inverse  interpolation 


gives  the  new  values  of  X  and  X' 


Y' 


directly,  and  X”  is  then  calcu¬ 


lated  by  Eq.  (24).  By  a  method  analogous  to  that  described  above  the 
solution  is  then  carried  one  or  two  increments  beyond  the  point  X'  =  0. 
The  convergence  of  the  first  few  steps  of  the  solution  of  the  system, 
I'kjs.  (22),  (23)  and  (24),  in  the  range  where  it  overlaps  the  solution  of 
the  system,  Eqs.  (5),  (6)  and  (7),  can  be  proven  by  application  of  the 
error  test.^ 

The  integration  finally  yields  values  of  Y  at  regular  intervals  from 
Y  =  0.0  to  slightly  beyond  the  point  X'  =  0.0,  together  with  the  corre- 
.sponding  values  of  X,  X'  and  X”. 


**  J.  F.  Steffenson,  Interpolation,  Williams  &,  Wilkins,  Baltimore  (1927)  p.  4. 
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3.  Computation  of  the  Volume  of  the  Meniscus  from  the  Results  of 
the  Numerical  Integration 

The  values  of  the  meniscus  volume 


where  v  is  the  volume  contained  between  the  surface  of  revolution  and  a 
plane  perpendicular  to  the  axis  of  revolution  at  y,  are  obtained  from  the 
first  integral  of  the  differential  equation,  Eq.  (4).  I^et 


=  tan"*  F'  =  cof*  X' 

(26) 

and 

Y' 

u  Bin  y^ty/t 

(27) 

then,  by  Eq.  (4) 

=  2X(Ho  +  Y). 

(28) 

But 

V  =  r  xX'dY, 

Jo 

(29) 

and  integrating  by  parts,  gives 

V  =  TX*r  -2w  r  XYdX 

Jo 

(30) 

=  tX*Y  -  X  r*  d(Xu)  +  2ir  r  HoXdX 

Jo  Jo 

(31) 

=  rX*{Y  +  f/o)  -  tX  sin  ^  ~  rX\Y  -f  Ho)  -  tX  sin  cof*  X\  (32) 

Since  all  of  the  quantities  on  the  right  hand  side  of  Fk).  (32)  are  known 
for  each  value  of  T,  the  value  of  V  is  readily  tabulated  by  direct  com¬ 
putation. 

4.  Accuracy  of  the  Tables  Obtained  by  Numerical  Integration 

The  solution  of  the  system,  Eqs.  (5),  (6)  and  (7)  was  carried  out  with 
an  increment  of  the  independent  variable  X  of  .1  unit,  and  with  reten¬ 
tion  of  the  0.000001  unit  in  Y,  Y'  and  Y”.  With  this  value  of  AX 
the  process  of  integration  is  convergent  up  to  the  value  Y\  approxi¬ 
mately  equal  to  0.6  at  which  point  the  transformation  to  the  system. 
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Eqs.  (23),  (24)  and  (25)  was  effected.  The  solution  of  this  latter  sys¬ 
tem  was  carried  out  with  an  increment  of  the  independent  variable  AK 
of  0.02  unit  and  with  retention  of  the  0.000001  unit  in  X,  the  0.00001 
unit  in  X'  and  the  0.0001  unit  in  X".  The  volume  was  computed  to 
0.001  unit  by  use  of  Eq.  (32),  and  the  seven-place  natural  trigonometric 
tables  of  Brandenburg.® 

These  calculations  were  carried  out  for  each  of  twenty  values  of  the 
drop  shape  determining  parameter  Ho ,  namely,  for  Ho  equal  to  0.148, 
.132,  .116,  .100,  .084,  .068,  .052,  .044,  .036,  .028,  .024,  .020,  .016,  .014, 
.012,  .010,  .008,  .006,  .005,  .004. 

The  data  thus  obtained  were  retabulated  as  follows: 

(a)  Tan  v*  (=  Y')  was  tabulated  to  the  0.00001  unit  for  each  value 
of  Ho  and  for  values  of  Y  extending  from  0.00  to  0.60  by  increments 
of  0.02. 

(b)  Cot  was  tabulated  to  the  0.00001  unit  for  each 

value  of  Ho  and  for  values  of  Y  extending  from  0.60  to  1.12  by  incre¬ 
ments  of  0.02. 

(c)  The  volume  V  was  tabulated  to  the  0.001  unit  for  each  value  of  Ho 
and  for  values  of  Y  extending  from  0.00  to  1.12  by  increments  of  0.02. 

(d)  Values  of  X  were  tabulated  to  the  0.0001  unit  for  each  value  of  Ho 
and  for  values  of  Y  extending  from  0.00  to  1.12  by  increments  of  0.02. 

The  very  small  values  of  Y  (0.0  <  Y  <  0.1)  were  tabulated  to  the 
0.00001  unit  in  a  supplementary  table  for  each  value  of  Ho  and  for 
values  of  X  extending  upward  from  0.0  by  increments  of  0.02. 

Flach  of  the  tables  (a),  (b),  (c)  and  (d)  was  extended  by  Lagrangean 
subtabulation,®  by  the  insertion  of  complete  sets  of  values  for  each  of 
seventeen  values  of  Ho ,  namely,  for  Ho  equal  to  0.140,  .124,  .108,  .092, 
.076,  .060,  .048,  .040,  .032,  .026,  .022,  .018,  .015,  .013,  .011,  .009,  .007. 
However,  in  the  tables  for  V  and  X  even  the  ten  ordinate  Lagrangean 
failed  to  converge  for  Ho  equal  to  0.060,  and  the  corresponding  values 
of  X  were,  therefore,  obtained  by  the  integration  of  the  interpolated 
values  of  tan  ^  and  cot  v>,  and  the  values  of  V  by  direct  calculation  with 
Eq.  (32).  In  each  of  the  tables  thus  obtained  the  .second  differences 
were  computed  both  for  rows  and  columns  and  slight  adjustment  made 

**  H.  Brandenburg,  Siebenatellige  Trigonometriache  Tsfel,  Alfred  Lorentz, 
Leipzig  (1931). 

**  K.  Pearson,  Tracts  for  Computers,  II,  On  the  Construction  of  Tables  and 
on  Interpolation,  Part  I  Uni-variate  Tables,  Cambridge  University  Press,  London 
(1920). 
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in  the  tabulated  values  to  assure  smoothness.  It  is  felt  that  these 
adjusted  values  are  not  in  error  by  more  than  unit  in  the  last 
place  given. 


5.  The  Equator  of  the  Drop :  Data  Resulting  from  Numerical  Integration 

The  tables  just  described  are  given  in  such  a  form  as  to  be  most 
useful  for  the  determination  of  the  capillary  corrections  in  precise  ma¬ 
nometry.  In  addition  the  point  at  which  ^  ^  has  particular  interest 

A 

in  measurements  upon  sessile  drops  or  bubbles  under  plates,  and  also 
measurements  of  capillary  rise  at  zero  contact  angle.  Therefore,  pairs 

of  values  of  X  and  T  at  ^  ^  were  evaluated  to  the  0.001  unit  for 

each  of  the  twenty  directly  calculated  curves  by  application  of  the 
formula  for  an  extremal.*^ 


Y\Xt  -  X_,  -  2Xi  +  2X-i) 

-h  4F(X.  -b  X_,  -  2Xo)  -  J(X,  -  X_, 


(34) 

8X,  -  8X_,)  =  0. 


The  corresponding  volumes  were  calculated  to  the  0.001  unit  by  Eq. 
(32).  These  results  are  tabulated  in  Table  VI,  where  X*  ,  K*  and  V* 

are  the  values  of  X,  Y  and  F  at  5 ,  respectively. 

Since  in  measurements  upon  a  sessile  drop  or  of  capillary  rise  the 
region  of  greatest  interest  is  that  for  larger  drops  or  tubes  than  are 

covered  by  Table  VI,  the  values  of  X  and  T  at  ^  were  extended 

to  indefinitely  large  drops  or  tubes.  It  is  known  that  as  the  radius 
of  the  drop  or  tube  becomes  indefinitely  large,  the  equations 


log  ^  ;=  .614185Xi,  -  .5  log  X«  -  .288713 
no 


(r«  +  Ho)' 


,  ,  .6094757  ,  .3047379  ,  .1523689 

^  '  \r  *  V*  V* 

Ajj  Am  Am 


(35) 

(36) 


become  increasingly  exact.** 

The  differences  between  the  twenty  directly  calculated  points  of 


K.  Pearson,  Tracts  for  Computers,  IK II,  On  the  Construction  of  Tables  and 
on  Interpolation,  Part  I,  Uni-variate  Tables,  Cambridge  University  Press, 
London  (1920)  p.  36. 
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Table  VI  and  Eq.  (35)  were  fitted  by  least  squares  to  an  expression  of 
the  form 

Ax  =  loR  ^  -  .614185^-*  +  .5  log  Xn  +  .288713  =  A  +  (37) 

When  added  to  E]q.  (35)  this  gives: 

log  ^  =  .614185.x:  -  .5  log  X  -  .288713  -  'AHA  _ 
no  Xh  Xr 

Similarly,  the  differences  between  the  twenty  directly  calculated  points 
of  Table  VI  and  Eq.  (36)  were  fitted  by  least  squares  to  an  expression  of 
the  form 


Ax  =  (r«  +  Ho?  -  1  - 

Xr 


.3047379 


X\ 

.1523689 


X*u 


A  4.  A  -L  ^ 

y4  "b  yl  •*  ^ 

J\,R  ^R  A  A 


When  added  to  Eq.  (36)  this  gives: 


(K*  +  Ho?  =  1  + 


.6094757  ,  .3047379  .  .1523689 


+ 


+ 


xl 

.0978896 

xi 


+ 


+ 


Xi 

8969952 

xi 


(39) 


.9643730 

X‘x 


(40) 


The  large  size  and  opposite  signs  of  the  coeflScients  of  the  last  two  terms 
in  Eq.  (40)  show  that  the  function  (Eq.  (39))  is  not  of  the  proper  form, 
but  since  it  does  represent  the  results  very  well  (see  Fig.  5)  and  since 
these  last  two  terms  drop  out  in  extrapolation  to  larger  drops  or  tubes, 
the  use  of  Eq.  (39)  for  this  latter  purpose  is  fully  justified. 

Plots  of  the  difference  functions  Ax  and  Ar  Eqs.  (37)  and  (39)  against 
the  reciprocal  of  the  equatorial  radius  of  the  drop  are  given  in  Figs.  2 
and  4,  respectively.  These  plots  show  the  nature  of  the  extrapolation 
incurred  by  the  use  of  Eqs.  (38)  and  (40).  Plots  of  the  differences 
between  the  directly  calculated  values  given  in  Table  VI  and  those 
computed  from  Eqs.  (38)  and  (40),  against  the  reciprocal  of  the  equa¬ 
torial  radius  of  the  drop  are  given  in  Figs.  3  and  5,  respectively.  Fig.  3 


shows  that  Eq.  (38)  fails  for  the  smallest  drops  considered  (f.  >  .35^ 
but  fits  well  for  the  larger  drops.  Fig.  5  shows  that  Eq.  (40)  gives 
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excellent  agreement  for  all  sizes  of  drops.  A  comparison  of  these  devia¬ 
tion  plots  with  the  curves  of  Figs.  2  and  4  indicates  that  extrapolation 
to  the  origin  should  be  good  to  five  significant  figures.  Accordingly, 
by  means  of  Eqs.  (38),  (40)  and  (32)  there  was  computed  Table  VII 
which  extends  Table  VI  throughout  the  range  of  use  for  sessile  drops 
and  capillary  rise  measurements,  that  is,  the  range  >  0.000000. 
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I 

Fig.  2.  Plot  of  the  difference  function  Ax  (£q.  37)  against  the  reciprocal  of  the 
equatorial  radius  of  the  drop.  The  dotted  portion  shows  the  nature  of  the  ex¬ 
trapolation  to  indefinitely  large  drops. 

0  00002 

0  00000 

-0  0000  4 

00  01  02  03  04  ,  05 

X. 

Fig.  3.  Deviation  plot  of  the  values  of  derived  from  numerical  integration 
minus  the  values  given  Eq.  (38)  against  the  reciprocal  of  the  equatorial  radius 
of  the  drop. 

There  are  likewise  plotted  in  Figs.  3  and  5  the  deviations  for  four  points 
from  the  tables  of  Bashforth  and  Adams"  corresponding  to  the  largest 
drops  computed  by  these  authors,  of  which  the  three  greater  overlap  the 
range  covered  in  the  present  work.  The  agreement  with  our  calcula¬ 
tion  is  very  good.  In  addition,  Bosanquet*  gave  approximate  values, 

«  C.  H.  Bosanquet,  Phil.  Mag.  (7),  5,  296  (1928). 
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good  to  about  0.01%  of  the  coordinates  at  y  =  ^  for  6ve  values  in  the 

A 

range  covered  here.  These  five  values  of  Xh  are  likewise  plotted 
(Fig.  3)  together  with  the  five  corresponding  values  of  Fu  (Fig.  5)  de¬ 
duced  by  Porter.”  The  agreement  with  our  calculation  is  within  the 
estimated  error. 


Fia.  4.  Plot  of  the  difference  function  Ar  (Eq.  39)  against  the  reciprocal  of 
the  equatorial  radius  of  the  drop.  The  dotted  portion  shows  the  nature  of  the 
extrapolation  to  indefinitely  large  drops. 
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Fig.  5.  Deviation  plot  of  the  valuea  of  Ym  derived  from  numerical  integration 
minus  the  values  given  by  Eq.  (40)  against  the  reciprocal  of  the  equatorial  radius 
of  the  drop. 


7.  Description  of  the  Tables 


(a)  Notation: 

a  is  the  capillary  constant  in  cm. 


(pi  -  Pi)g 


a  is  the  interfacial  tension  in  dynes,  cm. 
g  is  the  acceleration  of  gravity  in  cm.  sec. 


”  A.  W.  Porter,  Ibid.,  (7),  H,  823  (1937). 
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.86072 

.86467 

.86860 

.86378 

.86708 

.87603 

.88633 

.89480 

.00470 

.91473 

.93493 

.93639 

.94681 

.96646 

.96726 

.97818 

.98934 


.74m 

.74803 

.74m 

.76064 

.7UM 

.7M44 

.7im 

.76008 

.76363 

.707M 

.HIM 

.nS33 

.78344 

.701M 


.70607 


.HM7 

.03884 

.mio 


.OUM 

.tlOTW 

.036171 

.93693! 

.94000 


.79187 


.80991 

.aim 

.omo 

.88764 


.793131 
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lUI 

bum  {cot  <p) 


•.N 


JR77 

jni4 

JNOO 

JM8 

JM7 

JHM 


UNT 

|jN48 

■M2 

M73 

■M2 

MM 

■Ml 

MU 

■K7 

■106 

ma 

MN 

■MO 

no6 

MO 

M77 

■m 

Mf2 


■M7 

■174 

■MO 

■TW 

■m 

MOI 

MMI 

am 


0.88 

0.00 

0.02 

0.04 

0.06 

0.08 

1.00 

1.03 

1.04 

1.06 

1.08 

1.10 

1.12 

0.33066 

0.20067 

0.36304 

0.33664 

0.10007 

0.16861 

0.11674 

0.07M4 

0.04308 

O.OMM 

-0.03607 

-0.07801 

-0.11613 

.33804 

.30210 

.26680 

.23004 

.10362 

.16611 

.11041 

.08230 

.04401 

.00551 

-.03204 

-.07186 

-.11284 

.34082 

.30400 

.26744 

.23103 

.10463 

.16817 

.12152 

.08466 

.04714 

.0M12 

—  .00551 

-.00937 

-.11024 

.34233 

.30684 

.26000 

.23261 

.10626 

.16084 

.13323 

.06632 

.OMM 

.01101 

—  .08770 

-.00734 

-.iai2 

.343M 

.30677 

.27036 

.33300 

.10768 

.16120 

.13463 

.08n6 

.01015 

.M8M 

-.08808 

—  .06555 

-.10635 

.34463 

.30770 

.37130 

.23407 

.10868 

.16233 

.13680 

.06807 

.06170 

.OIIW 

-.02473 

-.004M 

-.10487 

.34834 

.30862 

.27216 

.33884 

.10068 

.16336 

.13676 

.08096 

.06273 

.01493 

-.02361 

-.00907 

-.10364 

.34600 

.30020 

.27288 

.33666 

.20032 

.16402 

.12756 

.00078 

.01150 

.9ua 

—  .08887 

—  .05005 

-.10261 

.34661 

.30083 

.27341 

.23716 

.20003 

.16466 

.12831 

.00147 

.06410 

.01W7 

-.am 

-.MIM 

-.10174 

.34608 

.31027 

.27387 

.33763 

.20143 

.16618 

.13876 

.00306 

.06401 

.01721 

-.08ia 

—  .00065 

-.10099 

.34726 

.31062 

.27434 

.23802 

.20184 

.16661 

.13031 

.00262 

.06641 

.01773 

—  .00057 

-.00097 

-.10087 

.84740 

.31087 

.27461 

.23831 

.30216 

.16604 

.13066 

.00380 

.066801  .01814 

-.03023 

—  .01060 

-.06987 

.34768 

.31104 

.27470 

.23863 

.30238 

.16610 

.13083 

.00318 

.06611 

.01847 

-.019M 

-.0M13 

-.06947 

.34780 

.31123 

.37403 

.33877 

.20367 

.16651 

.13018 

.00367 

.06663 

.oiaa 

-.01088 

—  .06558 

-.09888 

.34773 

.31120 

.37403 

.23880 

.30273 

.16660 

.13031 

.00373 

.06072 

.01016 

-.01912 

—  .06805 

-.09866 

.34748 

.31008 

.27474 

.23866 

.30361 

.16661 

.13036 

.00360 

.06671 

.M018 

-.M007 

—  .05800 

-.09846 

.34708 

.31061 

.27440 

.33834 

.20233 

.16626 

.13002 

.00340 

.05051 

.Moa 

-.oloa 

—  .05855 

-.06867 

.34666 

.31013 

.27304 

.23701 

.30103 

.16687 

.12066 

.00314 

.06680 

.01870 

-.OlOU 

-.06863 

-.09884 

.34602 

.30082 

.27336 

.33736 

.20130 

.16636 

.13016 

.00366 

.06674 

.01826 

-.OlOM 

-.069M 

-.09926 

.34436 

.30802 

.27103 

.23606 

.20004 

.1(406 

.13780 

.00142 

.06462 

.017M 

-.M114 

-.oooa 

-.10042 

.34260 

.30623 

.27017 

.33426 

.10838 

.16243 

.13620 

.08084 

.06200 

.01660 

-.888N 

-.M179 

-.10199 

.34040 

.30417 

.26817 

.23230 

.10646 

.16064 

.12442 

.06708 

.06111 

.OltM 

—  .00454 

-.08968 

-.ia89 

.33811 

.30103 

.26608 

.23015 

.10434 

.16844 

.12234 

.06601 

.04004 

.01167 

-.08084 

-.06678 

-.10606 

.33666 

.20063 

.26363 

.33782 

.10204 

.16617 

.13008 

.06366 

.04078 

.05500 

-.00855 

-.06811 

-.10843 

.33306 

.20608 

.36111 

.32636 

.18080 

.16373 

.117U 

.06133 

.01455 

.806M 

-.03141 

-.OToa 

-.11101 

.32760 

.20162 

.26674 

.32004 

.18432 

.14840 

.11242 

.07600 

.00008 

.OMtt 

-.03681 

-.17014 

-.11666 

.32101 

.28672 

.26000 

.21436 

.17867 

.14386 

.10678 

.07083 

.55557 

-.804a 

-.048a 

-.oni4 

-.ia80 

.31646 

.27064 

.24308 

.30837 

.17373 

.13601 

.10081 

.06432 

.03731 

-.OlOM 

—  .04555 

.30000 

.273U 

.23774 

.30317 

.16663 

.13071 

.00460 

.06806 

.08006 

-.016M 

—  .06555 

1  .30267 

.26600 

.23134 

.10680 

.16016 

.13433 

.08817 

.06167 

.01410 

—  .50555 

-.088U 

.20802 

.26080 

.23478 

.18036 

.16362 

.11777 

.08167 

.04400 

.007a 

-.03041 

-.00680 

.28018 

.26360 

.21810 

.18360 

.14606 

.11107 

.07483 

.08807 

.00070 

-.0O7M 

-.07664 

.28230 

.24678 

.21132 

.17683 

.14016 

.10424 

.06703 

.08110 

—  .00610 

-.04472 

-.801M 

.27640 

.23002 

.30447 

.16807 

.13330 

.00733 

.06004 

.02401 

-.01361 

-.OttM 

-.wia 

.26844 

.23200 

.10786 

.16306 

.13633 

.00031 

.06386 

.01682 

<—.55004 

-.068M 

-.OOOU 

.26144 

.22602 

.10060 

.16606 

.11031 

.08323 

.04668 

.00063 

-.man 

-.06721 

-.10719 

.26440 

.21000 

.18367 

.14802 

.11233 

.07608 

.06044 

.00317 

-.aum 

-.074M 

-.11614 

_ 
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B.  KDWIN  BLAI8DELL 


0.004 

0.006 

0.006 

0.007 

0.008 

0.000 

0.010 

0.011 

0.012 

0.013 

0.014 

0.016 

0.016 

0.018 

0.020 

0.023 

0.024 

0.026 

0.038 

O.OS3 

0.0*6 

0.040 

0.044 

0.048 

0.062 

0.060 

0.068 

0.076 

0.084 

0.093 

0.100 

0.108 

0.116 

0.134 

0.113 

0.140 

0.148 


TAB- 
Radius  to  if 


0.10 

1 

! 

j  0.13 

1 

0.14 

1 

1  0.16 

0.18 

1  0.30 

1  0.33 

1 

O.M 

0.36 

1 

I  0.38 

0.30 

i  0.31 

3.4061 

3.6341 

3.7606 

1  3.8610 

1.1003 

4.0170 

4.0886 

4.1637 

4.3113 

4.3663 

4.3160 

4.3411 

3.3361 

i  3.4637 

3.6800 

;  3.6804 

3.7686 

3.8473 

3.0170 

3.0831 

4.0407 

4.0046 

4.1444 

4. INI 

{  3.1878 

3.3361 

3.4411 

1  3.6413 

3.6306 

3.7080 

3.7787 

3.8430 

3.0016 

3.0664 

4.0063 

4.0614 

3.0712 

3.3080 

3.3337 

3.4337 

3.6118 

3.6003 

3.6600 

3.7360 

3.7836 

3.8376 

3.8873 

3.93U 

3.0707 

3.1070 

3.3334 

3.3332 

3.4101 

3.4886 

3.6600 

3.6331 

3.6817 

3.7366 

3.7863 

3.83U 

3.8834 

3.0183 

3.1333 

1  3.3338 

3.3306 

3.3088 

3.4603 

3.6333 

3.8*10 

3.6467 

3.6064 

3.74U 

2.8086 

3.0380 

3.0636 

3.1630 

3.3406 

3.3186 

3.3880 

3.4830 

3.6114 

3.6663 

3.6149 

3.6IU 

3.7326 

3.8674 

3.0817 

3.0808  j 

3.1681 

3.3461 

3.3164 

3.3802 

3.4387 

3.4934 

3.6431 

3.6MI 

2.6682 

3.8024 

3.0163 

3.0163 

3.1033 

3.1801 

3.3603 

3.3140 

3.3734 

3.4361 

3.4767 

3.6311 

3.6003 

3.7430 

2.8664 

3.0660 

3.0410 

3.1106 

3.1806 

3.2833 

3.3116 

3.3661 

3.4147 

3.IW 

3.6648 

3.6870 

2.8011 

2.8004 

3.0801 

3.0636 

3.1334 

8.1070 

8.2663 

3.3067 

3.3683 

3.40a 

3.6043 

3.6360 

3.7407 

3.8477 

3.0343 

3.0114 

3.0813 

3.1446 

3.3037 

3.2662 

3.3066 

3.36U 

3.4673 

2.6803 

3.7017 

3.7004 

3.8867 

3.0638 

3.0834 

3.0067 

3.1837 

3.3071 

3.3666 

3.30M 

3.1723  ! 

3.60*1 

3.6147 

3.7118 

3.7077 

3.8744 

3.0437 

3.0068 

3.0646 

3.1179 

3.1671 

3.31» 

3.2068 

3.4366 

3.6373 

2.6338 

3.7101 

3.7066 

3.8646 

3.0376 

3.0861 

3.0383 

3.0873 

3.13N 

3.2303 

3. *678 

3.4677  1 

2.6637 

3.6486 

3.7346 

3.7034 

3.8860 

3.0134 

3.0663 

3.0163 

3.04M 

I  2.1670 

3.3066  j 

3.4047 

3.6000 

1.6844  1 

3.6600  i 

3.7286 

3.7008 

3.8480 

3.0008 

3.0496 

2. DON 

3.1130 

2.3386 

2.3460  1 

3.4416  i 

2.6366  i 

3.0008 

3.6600 

3.7311 

3.7880 

3.8406 

3.8803 

3.9141 

2.0600 

3.1863  1 

3.3030 

2.3880 

3.4716 

3.6464 

3.6143 

3.6761 

3.7338 

3.7863 

3.8337 

2.87a 

1.0600  j 

3.0032  1 

3.1003 

3.2032  1 

3.3748  { 

3.4480 

3.6161 

3.6776 

3.6337 

3.6867 

3.7330 

3.f7« 

1.8008  i 

3.0133 

3.1168 

3.3086  j 

2.3003 

2.3636 

3.4303 

2.4010 

3.6468 

2.6084 

3.6463 

2,m 

1.8314 

1.0400  1 

3.0441  1 

3.1347  j 

3.3164  1 

3.3881 

3.3640 

3.4143 

3.4607 

2.6300 

3.6686 

3.418 

1.7606  1 

1.8773 

1.0700  { 

3.0686  1 

3.1484  ! 

2.3308 

3.3866 

2.3464 

3.4004 

3.4613 

3.4984 

2.648 

1.7040 

1.8100  1 

1.0303 

3.0087 

3.0677 

3.1680 

3.3336 

3.3830 

3.3374 

2.3879 

3.4348 

2.47N 

1.6637  1 

1.7670 

1.8670 

1.0644  1 

3.0*36 

3.1030 

3.1671 

3.2360 

3.3800 

3.3301 

3.3766 

3.41N 

1.V668  1 

1.6760 

1.7734 

1.8688  ' 

1.0362  i 

3.0043 

3.0673 

3.1261 

2.1784 

2.2377 

3.3736 

2.318 

!  1.4000 

1.6000 

1.0032 

1.7767  ' 

1.8616  j 

1.0104 

1.0813 

3.0881 

3.0005 

2.1391 

3.1843 

2.2IN 

;  1.4362 

1.6316 

1.6336 

1.7063  1 

1.7787  1 

1.8463 

1.0060 

1.0610 

3.0136 

3.0614 

3.1060 

2.14n 

1  1.3606 

1.4723 

1.6623 

1.6423  1 

1.7143  1 

1.7706 

1.8303 

1.8043 

1.0461 

1.9033 

3.0363 

3.07B 

1.3103  { 

1.4106  1 

1.6076  1 

1.6860  1 

1.0666 

1.7308 

1.7796 

1.8337 

1.8837 

1.9302 

1.9786 

3.018 

1.3741  1 

1.3733  j 

1.4684 

1.6363  ; 

1.6047  ‘ 

1.6678 

1.7366 

1.77W 

1.8383 

1.8740 

1.9167 

1.N8 

1.2334  1 

1.3304 

1.4U0 

1.4803 

1.6676  { 

1.6106 

1.6764 

1.7380 

1.7778 

1.8337 

1.8648 

l.Mfl 

1.1064 

1.3004 

1.3733 

1.4474  1 

1.6144  i 

1.6764 

1.6314 

1.6831 

1.7310 

1.7766 

1.8171 

1.881 

1.1636 

1.3647 

1.3*60' 

1.4088  1 

1.4747  1 

1.6347 

1.6800 

1.6400  1 

1.6881 

1.7331 

1.7731 

1.81M 

1  1.1316 

1.3310 

1.3017 

1.3733 

1.4381 

1.4072 

1.6616 

1.6018  1 

1.6484 

1.6918 

1.7323 

1.778 

1  1.1030 

1.1016 

i.roo 

1.3404  1 

1.4043  : 

1.4634 

1.6160 

1.6666  1 

1.6114 

1.6643 

1.6043 

1.7311 

1.0763 

1.163*  : 

1.3404 

1.3006 

1.3734 

1.4308 

1.4836  1 

1.6318 

1.6768 

1.6101 

1.6686 

i.Ni; 
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oM 

M 

IV 

(X) 

iM 

0.30 

0.38 

0.40 

0.43 

0.44 

0.40 

0.48 

0.50 

0.53 

0.54 

0.50 

0.58 

0.60 

Mil 

<«10 

4.4440 

4.4814 

4.5105 

4.5405 

4.5805 

4.0007 

4.0373 

4.MS3 

4.0877 

4.7108 

4.7330 

4.7533 

4.77r 

\m 

‘m 

4.27M 

4.3111 

4.3402 

4.3703 

4.4103 

4.4305 

4.4071 

4.4031 

4.5170 

4.5408 

4.50r 

4.5834 

4.6039 

0U4 

!S13 

4.1344 

4.1710 

4.3071 

4.3403 

4.3713 

4.3005 

4.3381 

4.3543 

4.3788 

4.4030 

4.4330 

4.4446 

4.4641 

931i 

4.0106 

4.0541 

4.0603 

4.1334 

4.1535 

4.1838 

4.3104 

4.2305 

4.3011 

4.3843 

4.3003 

4.3360 

4.3465 

nii 

!^}5 

3.0144 

3.0531 

3.0873 

4.0204 

4.0515 

4.0808 

4.1085 

4.1340 

4.1503 

4.1834 

4.2044 

4.3351 

4.3447 

74U 

■TUi 

3.8340 

3.8031 

3.8073 

3.0304 

3.0015 

3.0000 

4.0185 

4.0440 

4.0003 

4.0035 

4.1145 

4.1353 

4.1540 

MH 

; 

3.7440 

3.7815 

3.8107 

3.8408 

3.8800 

3.0103 

3.0370 

3.0040 

3.0880 

4.0110 

4.0330 

4.0547 

4.0743 

SSH 

310 

3.0711 

3.7080 

3.7438 

3.noo 

3.8080 

3.8373 

3.8040 

3.8010 

3.0157 

3.0380 

3.0000 

3.0817 

4.0013 

Ull 

S« 

3.0047 

3.0431 

3.0773 

3.7104 

3.7415 

3.7708 

3.7084 

3.8345 

3.8403 

3.8734 

3.8044 

3.0153 

8.0348 

40V 

mi 

3.5430 

3.5810 

3.0103 

3.0403 

3.0804 

3.7000 

3.7373 

3.7033 

3.7880 

3.8113 

3.8333 

3.8540 

3.8736 

40tt 

tffO 

3.4870 

3.5344 

3.5500 

3.0030 

3.0337 

3.0530 

3.0800 

3.7007 

3.7313 

3.7540 

3.7705 

3.7073 

3.8160 

m14 

*714 

3.4343 

3.4717 

3.0008 

3.0308 

3.5700 

3.0003 

3.0378 

3.8538 

3.0784 

8.7017 

3.7337 

8.7444 

3.7640 

30N 

lai 

3.3850 

3.4234 

3.4575 

3.4005 

3.5315 

3.5508 

3.0784 

3.0044 

3.0200 

3.0533 

3.0743 

3.6050 

3.7146 

21« 

3.3058 

3.3337 

3.3077 

3.4000 

3.4310 

3.4008 

3.4884 

3.5144 

3.5300 

3.5033 

3.5843 

8.6040 

3.6345 

ISM 

‘ffu 

3.3153 

3.3535 

3.3874 

3.3308 

3.3512 

3.3804 

3.4070 

3.4330 

3.4585 

3.4817 

3.5030 

3.5343 

3.5430 

OOM 

m 

3.1438 

3.1800 

3.3140 

3.3477 

3.3785 

3.3070 

3.3351 

3.3011 

3.3850 

3.4088 

3.4307 

3.4514 

3.4700 

IS7l 

3.0708 

3.1130 

3.1487 

3.1814 

3.3133 

3.3413 

3.3087 

3.3040 

3.3101 

3.3423 

3.3041 

3.3848 

3.4043 

P 

;(w7 

3.0101 

3.0581 

3.0878 

3.1305 

3.1513 

3.1803 

3.3070 

3.2335 

3.2570 

3.3810 

3.3038 

3.3335 

3.3430 

3.0003 

3.0071 

3.0317 

3.0843 

3.0050 

3.1340 

3.1513 

3.1771 

3.3015 

3.2345 

3.2403 

8.2660 

3.3864 

.TTV 

3.8507 

3.8004 

3.0308 

3.0033 

3.0038. 

3.0337 

3.0400 

3.0754 

3.0008 

3.1238 

3.1445 

3.1650 

3.1844 

3.7713 

3.8078 

3.8430 

3.8743 

3.0047 

3.0334 

3.0005 

3.0801 

3.0103 

3.0331 

3.0547 

3.0751 

3.0044 

[Q 

V40 

3.0037 

3.7380 

3.7030 

3.7051 

3.8353 

3.8530 

3.8808 

3.0003 

3.0308 

3.0531 

3.0747 

2.0050 

3.0143 

Lll 

3.0318 

3.0078 

3.0017 

3.7330 

3.7537 

3.7831 

3.8080 

3.8343 

3.8583 

3.8800 

3.0033 

3.0336 

3.0417 

4711 

nil 

3.5573 

3.0031 

3.0308 

3.8580 

3.0885 

3.7188 

3.7435 

3.7887 

3.7035 

3.8151 

3.8304 

3.8566 

3.8756 

.4!fl 

m 

3.4084 

3.5340 

3.5075 

3.0001 

3.0388 

3.8500 

3.0835 

3.7080 

3.7333 

3.7547 

3.7750 

3.7060 

3.8150 

.31tt 

3.3037 

3.4300 

3.4831 

3.4033 

3.5238 

3.5504 

3.5707 

3.0010 

3.0350 

3.0473 

3.6083 

3.6881 

3.7060 

.23H 

3.3020 

3.3377 

3.3704 

3.4013 

2.4308 

3.4578 

3.4838 

3.5084 

3.5310 

3.5530 

3.5744 

3.5040 

3.6136 

.1471 

m 

3.3331 

3.3574 

3.3807 

3.8303 

3.3480 

3.3701 

2.4018 

3.4381 

3.4401 

3.4700 

3.4014 

3.5106 

3.5303 

.0771 

r,s 

3.1518 

3.1857 

3.3177 

3.3478 

3.r83 

3.3081 

2.3385 

3.3535 

3.3753 

3.3008 

3.4171 

3.4363 

3.4545 

.0141 

3.0870 

3.1311 

3.1537 

3.1835 

2.3108 

2.3373 

2.3823 

3.3800 

3.3085 

3.3308 

3.3400 

3.3680 

3.3860 

.9M7 

HI 

3.0303 

3.0034 

3.0030 

3.1331 

3.1500 

3.1773 

3.3030 

2.3355 

3.3477 

3.3088 

3.3887 

3.3075 

3.3353 

.900 

A'^ 

1.0700 

3.0087 

3.0300 

3.0087 

3.0003 

3.1333 

2.1407 

3.1000 

3.1010 

3.3137 

3.3334 

2.3510 

3.3686 

.8MI 

1.0370 

1.0003 

1.0808 

3.0185 

3.0457 

3.0714 

3.0007 

3.1187 

3.1404 

3.1010 

3.1804 

3.1088 

3.3162 

.010 

IT? 

1.8810 

1.0135 

1.0437 

1.0721 

1.0080 

3.0343 

2.0484 

3.0711 

2.0030 

3.1130 

2.1331 

3.1503 

3.1675 

.(/0 

m 

1.8304 

1.8710 

1.0008 

1.0380 

1.0554 

1.0805 

3.0043 

3.0308 

3.0480 

3.0081 

3.0871 

3.1051 

3.1231 

•  Till 

1.8001 

1.8313 

1.8008 

1.8880 

1.0148 

1.0300 

1.0031 

1.0853 

3.0003 

2.0303 

3.0450 

3.0638 

3.0706 

1  i 

1.7083 

1.7040 

1.8331 

1.8500 

1.8700 

1.0011 

1.0343 

1.0403 

1.0071 

1.0808 

2.0054 

3.0230 

3.0805 
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111.1  nn*t»Mni.Pi 


4.0M6 

4.8528 

4.8584 

4.8633 

4.8676 

4.8710 

4.8787 

4.0756 

4.0768 

4.8773 

4.8770 

4.0758 

4.0740 

4.7778 

4.7887 

4.7884 

4.7843 

4.7085 

4.8030 

4.8048 

4.8068 

4.8061 

4.8086 

4.8083 

4.8073 

4.8055 

4.A3IIO 

4.6455 

4.6513 

4.6563 

4.6604 

4.6640 

4.6668 

4.6688 

4.6701 

4.6707 

4.6705 

4.0685 

4.6677 

4.5218 

4.5288 

4.5841 

4.5381 

4.5484 

4.5470 

4.5488 

4.5610 

4.5533 

4.5588 

4.5536 

4.5536 

4.5508 

4.4203 

4.4268 

4.4336 

4.4877 

4.4420 

4.4456 

4.4484 

4.4505 

4.4518 

4.4535 

4.4524 

4.4515 

4.4488 

4.8807 

4.8872 

4.8480 

4.8481 

4.3634 

4.3560 

4.3588 

4.8611 

4.3636 

4.3631 

4.8630 

4.3631 

4.3605 

4.2503 

4.2568 

4.2636 

4.3677 

4.2731 

4.2757 

4.3786 

4.3808 

4.3833 

4.3830 

4.3838 

4.3818 

4.2803 

4.1775 

4.1841 

4.1888 

4.1850 

4.1884 

4.3030 

4.3050 

4.3081 

4.2086 

4.3103 

4.3103 

4.2084 

4.3077 

4.1111 

4.1177 

4.1285 

4.1386 

4.1330 

4.1367 

4.1386 

4.1418 

4.1433 

4.1430 

4.1438 

4.1431 

4.1414 

4.0500 

4.0566 

4.0634 

4.0675 

4.0718 

4.0756 

4.0785 

4.0807 

4.0833 

4.0830 

4.0838 

4.0621 

4.0104 

3.V083 

8.8888 

4.0068 

4.0108 

4.0153 

4.0180 

4.0310 

4.0341 

4.0256 

4.0363 

4.0263 

4.0255 

4.0238 

8.8404 

8.8470 

8.8638 

8.8680 

8.8634 

8.8661 

8.8601 

8.8713 

8.8738 

8.8785 

8.8735 

8.8737 

8.0711 

8.8810 

8.8876 

8.8035 

8.8086 

8.8130 

8.8167 

8.0187 

8.0310 

8.0234 

8.8241 

8.8341 

8.8233 

3.9318 

8.8008 

8.8075 

3.8184 

3.8185 

8.8238 

8.8366 

8.8206 

8.8818 

3.8333 

8.8340 

3.8840 

3.8333 

8.8817 

8.7201 

8.7267 

8.7336 

8.7877 

8.7431 

8.7458 

3.7488 

8.7510 

8.7535 

8.7533 

8.7533 

8.7525 

3.7509 

8.5470 

8.6536 

8.6586 

8.6646 

8.6680 

8.6727 

3.6756 

8.6778 

8.6784 

8.6801 

3.6801 

3.6703 

3.6778 

8.5801 

3.5867 

8.5836 

3.5877 

8.6031 

3.6058 

8.6087 

8.6110 

8.6125 

3.6132 

8.6132 

8.6124 

8.6108 

8.5184 

3  6252 

3.6310 

3.5361 

3.5406 

8.5442 

3.5471 

3.5484 

8.5508 

8.5516 

8.5516 

8.5508 

3.5402 

8.4617 

3.4683 

8.4741 

8.4782 

3.4836 

8.4873 

8.4802 

8.4834 

3.4038 

8.4846 

8.4846 

8.4838 

8.4032 

8.3581 

3.3656 

3.3714 

3.3765 

3.3808  , 

8.3845 

3.3874 

3.3886 

3.3011 

3.3818 

3.8817 

3.3800 

8.3893 

3.2684 

3.2748 

8.3807 

3.3857 

3. 2800* 

3.3836 

3.3865 

8.3887 

8.3001 

8.3008 

3.3007 

3.2808 

8.2983 

3.1874 

3.1888 

3.1886 

3.3046 

3.3088 

3.2133 

8.2153 

8.3174 

3.3188 

8.3104 

3.3183 

8.3184 

8.3168 

3.1140 

3.1204 

8.1361 

3.1311 

3.1353 

3.1388 

3.1416 

8.1437 

3.1451 

8.1457 

3.1455 

3.1446 

8.1420 

3.0470 

3.0534 

8.0680 

3.0638 

3.0681 

3.0716 

3.0744 

8.0764 

8.07n 

8.0783 

8.0781 

3.0773 

3.0754 

2.8855 

2.8818 

2.8873 

3.0023 

3.0064 

3.0088 

3.0135 

3.0145 

3.0157 

8.0163 

3.0160 

3.0150 

3.0132 

2.8754 

2.8816 

2.8871 

3.8810 

2.8850 

3.8882 

3.8018 

3.8037 

3.8048 

3.8052 

3.0048 

3.8038 

3.9010 

2.7781 

2.7852 

2.7806 

3.7862 

2.7081 

3.8023 

3.8048 

3.8066 

2.8076 

3.8070 

3.8075 

3.8063 

2.8042 

2.6836 

2.6886 

2.7048 

2.7084 

2.7131 

3.7163 

3.7187 

3.7303 

2.7313 

3.7314 

3.7308 

3.7104 

3.7173 

2.6168 

2.6227 

3.6278 

3.6322 

3.6368 

2.6388 

2.6411 

2.6426 

3.6434 

2.6434 

2.6427 

3.6413 

3.6389 

2.5470 

2.5627 

3.5577 

3.5630 

3.5655 

2.5684 

2.5705 

3.5710 

3.5736 

3.5735 

3.5716 

3.5700 

3.5676 

2.4832 

2.4888 

2.4836 

3.4878 

3.5013 

2.5038 

3.5050 

3.5072 

3.5077 

3.5074 

3.5064 

3.5046 

3.5021 

2.4243 

2.4288 

2.4345 

3.4385 

3.4417 

2.4443 

2.4463 

3.4473 

3.4477 

3.4473 

3.4462 

2.3687 

2.3750 

3.3786 

2.3835 

3.3866 

3.3881 

3.3808 

3.3018 

2.3830 

3.3815 

3.3803 

2.8188 

3.3240 

3.3384 

3.3331 

2.3351 

2.3875 

3.3301 

3.3380 

3.3388 

3.3303 

3.8878 

2.2712 

3.3763 

3.2805 

3.3841 

2.3870 

2.3882 

3.3806 

3.3818 

3.3812 

2.2804 

3.3888 

2.2265 

3.3313 

3.3355 

3.3380 

3.2417 

3.3437 

3.3450 

3.2456 

2.3454 

3.3444 

3.3427 

2.1842 

3.1888 

2.1838 

3.1863 

3.1888 

2.2007 

3.2010 

3.3023 

3.3030 

3.3008 

3.1880 

iiftiftmirtfliTif 
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TlLE  V 

iilow  1/ertdt  an  (F) 


iWMO 
Jt742| 

.mo\ 
mni 
«4S4! 

11781 1 

.W78l 

JB76|  .onoe 

0108 


.00701 

.00877 

.01061 

.01401 

.01763 

.02104 


.iM4 

AlOOl 

4B13 

JU47 

4r46 

.M67 

UNI 

f 


.04211 


1.7 

1.8 

1.0 

2.0 

2.1 

2.2 

2.3 

2.4 

3.6 

2.6 

2.7 

2.8 

2.0 

•.•■Ml 

•.00003 

0.01121 

0.01301 

0.01606 

0.01738 

0.02002 

0.02301 

0.02642 

0.03020 

0.03469 

0.03969 

0.04S8 

.OlOM 

.01204 

.01402 

.01627 

.01882 

.M17I 

.02603 

.02877 

.03303 

.03787 

.04338 

.04064 

.06676 

.mm 

.01444 

.01482 

.01062 

.02260 

.01607 

.03003 

.03463 

.03064 

.04646 

.06206 

.06068 

.06814 

.•{•IT 

.01026 

.02243 

.02403 

.03012 

.01477 

.04006 

.046(» 

.06288 

.06064 

.06947 

.07062 

.00004 

.02060 

.02408 

.02804 

.03264 

.03766 

.04M7 

.06008 

.06760 

.00614 

.07684 

.08602 

.00062 

.11388 

.02471 

.02880 

.06366 

.03006 

.04620 

.0I218 

.06012 

.06016 

.07042 

.00111 

.10443 

.11081 

.13606 

.0M83 

.03371 

.03027 

.04668 

.06276 

.06060 

.07017 

.08072 

.oor3 

.10041 

.12200 

.13980 

.08206 

.03864 

.04480 

.06211 

.06031 

.06064 

.08026 

.00224 

.10610 

.12178 

.13068 

.04121 

.04810 

.06612 

.06617 

.07646 

.08714 

.10046 

.11663 

.13203 

.MMS 

.06787 

.06741 

.07827 

.00064 

.Ml» 

.12078 

.mn$ 

.06766 

.07871 

.00141 

.10680 

.UNO 

.mm 

.08600 

.10140 

.11784 

.13660 

.mm 

.10662 

.12424 

.lono 

.12610 

.14IM 

. 

3.0 


0.06186 

.06487 

.07788 

.10400 

.13028 
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Pi  and  ps  arc  the  dciiHitics  in  gm.  cm.”*  of  the  two  fluidH  separated  by 
the  interface,  where  pi  >  pi ,  and  where  pi  is  the  density  of  the  fluid 
below  the  interface  at  the  crown  with  respect  to  the  gravitational  field. 

X  y 

X  =  -  and  Y  =  ,  where  x  and  y  are  the  Cartesian  coordinates,  in 

a  a 

cm.,  of  the  equilibrium  meridian  curve  of  a  fluid  drop  of  axial  symmetry 
in  a  gravitational  field.  The  origin  is  taken  at  the  intersection  of  the 
interface  with  the  axis  of  symmetry,  y  directed  along  the  positive  radius 
of  curvature  and  x  lying  in  a  meridian  plane. 

tan  ^  ^  is  the  slope  of  the  meridian  curve  at  any 

cot  dX  dx  ^ 

point  (X,  K)  and  <p  is  the  angle  between  the  tangent  to  the  curve  at  the 
point  {X,  Y),  and  the  X  axis. 

V  =  -  ,  where  v  is  the  volume  of  the  drop,  in  cm.*,  lying  between  the 

at 

interface  and  the  plane  y  =  constant. 

^ ,  where  Ao  is  a  shape  determining  parameter  of  the  drop,  in 
a 

cm.,  and  is  the  reciprocal  of  the  value  of  the  radius  of  curvature  at  the 
origin.  Also  Ao  is  the  negative  of  the  value  of  the  y  coordinate  when 
y'  =  y"  =  0,  that  is,  when  the  interface  is  an  infinite  plane  (see 
Fig.  1). 

Xh  and  Yr  an^  the  values  of  X  and  K,  resixictively,  when  ^ 

£ 

Vr  is  the  value  of  V  when  ^  ^ . 

(b)  Tables: 

Table  II  gives  values  of  tan  ^  corresponding  to  the  values  of  Y  given 
in  the  column  headings  and  the  values  of  Ho  given  in  the  row  headings. 

Table  III  gives  values  of  cot  corresponding  to  the  values  of  Y  given 
in  the  column  heading^  and  the  values  of  Ho  given  in  the  row  headings. 

Table  IV  gives  values  of  X  corresponding  to  the  values  of  Y  given 
in  the  column  headings  and  the  values  of  Ho  given  in  the  row  headings. 

Table  V  gives  values  of  Y  corresponding  to  the  values  of  X  given  in 
the  column  headings  and  the  values  of  Ho  given  in  the  row  headings. 

Table  VI  gives  the  values  of  Xr  ,  Yr  and  Vr  for  the  values  of  Ho 
given  in  the  row  headings. 

1  Y 

Table  VII  gives  the  values  of  log  ^  ,  Yr  ,  ^  ,  and  Vr  corresponding 

Ho  Xr 

to  the  values  of  X*  given  in  the  row  headings. 
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TABLE  VI 


H, 

x» 

y* 

F* 

.004 

4.9773 

1.0620 

67.328 

.006 

4.8086 

1.0636 

62.611 

.006 

4.6707 

1.0647 

58.707 

.006 

4.4626 

1.0666 

62.936 

.010 

4.2829  , 

1.0678 

48.656 

.012 

4.1440  ; 

1.0687 

45.286 

.014 

4.0264  i 

1.0693 

42.624 

.016 

3.9242 

1.0697 

40.196 

.020 

3.7634  1 

1.0701 

36.466 

.024 

3.6133 

1.0700 

33.520 

.028 

3.4947 

1.0696 

31.134 

.036 

3.3009 

1.0682 

27.427 

.044 

3.1467 

1.0661 

24.628 

.062 

3.0163 

1.0636 

22.411 

.068 

2.8079 

1.0678 

19.064 

.084 

2.6436 

1.0611 

^  16.616 

.100 

2.5077 

1.0440 

14.723 

.116 

2.3920 

1.0366 

I  13.203 

.132 

2.2914 

1  1.0290 

1  11.962 

.148 

2.2023 

1.0211 

10.806 

TABLE  VII 


1 

\ 

log  — 

Ym 

^  i 

R  1 

V 

3.0 

1.27488 

1.0632  1 

.36440 

22.14 

3.5 

1.66679 

1.0606  i 

.30560 

31.24 

4.0 

1.83889 

1.0604 

.26736  ! 

41.92 

4.6 

2.12406 

1.0662 

.23693 

54.17 

6.0 

2.41106 

1.0618 

.21236  1 

67.99 

6.0 

2.98963 

1.0630 

.17660 

100.36 

7.0 

3.57306 

1.0466 

.14937  i 

139.01 

8.0 

4.16023 

1.0308 

.12998 

183.94 

9.0 

4.76034 

1.0362 

.11602  ; 

235.16 

10.0 

5.34284 

1.0316 

.10316  ! 

292.67 

11.0 

5M72d 

1.0286 

.00361 

366.46 

12.0 

6.53338 

1.0262 

.08662 

426.62 

13.0 

7.13086 

1.0241  ' 

.07878 

602.88 

In  all  of  these  tables,  in  order  to  save  space,  the  second  differences 
are  not  given,  but  it  should  be  noted  that  linear  interpolation  is,  in 
general,  not  adequate,  and  that  fourth  order  (or  rarely,  higher  order) 
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interpolation  is  necessary.  It  should  also  be  noted  that  in  all  cases 
the  condition 

y  =  X  =  tan«>-F  =  0  (41) 

obtains,  a  fact  which  aids  interpolation  near  the  beginning  of  many  of 
the  tables. 
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Summary 


The  need  for  accurate  capillary  corrections  in  precise  manometry  is 
pointed  out,  and  the  lack  of  adequate  methods  for  evaluating  these 
corrections  is  discussed. 

Numerical  methods  are  outlined  for  integrating  Laplace’s  differential 
equation  for  the  equilibrium  meridian  of  a  fluid  drop  of  axial  symmetry 
in  a  gravitational  field. 

The  numerical  integrations  have  been  carried  out  for  real  values  of 
the  capillary  constant  a  and  for  drops  of  moderately  large  size;  and  the 
results  presented  in  tables.  The  tables  give  the  slope  of  the  meridian 


(tan  (fi)  and  also  the  radial  coordinate  of  the  meridian 


in  terms 


of  the  height  coordinate  of  the  meridian 


of  the  radius  of  curvature  at  the  origin 


=  l) 

igin  (h,  -  fj. 


and  the  reciprocal 
The  tables  cover 


the  range  0.0  <  ^  and  0.004  <  Ho  <  0.148  to  five  significant  figures. 

Special  tables  give  the  characteristics  of  the  curves  at  the  point 
=  ^ .  These  characteristics  are  given  for  very  large  drops  by  analytic 


expressions. 


THE  PHYSICAL  PROPERTIES  OF  FLUID  INTERFACES  OF 

LARGE  RADIUS  OF  CURVATURE.  11.  NUMERICAL 
TABLES  FOR  CAPILLARY  DEPRESSIONS  AND  MENISCUS 

VOLUMES  IN  MODERATELY  LARGE  TUBES^* 

Bt  B.  Edwin  Blaisdbll 
1.  Introduction 

In  the  preceding  paper*  the  need  in  precision  manometry  for  more 
accurate  values  of  the  capillary  depressions  and  meniscus  volumes  in 
large  tubes  has  been  discussed.  The  integration  of  Laplace’s  differential 
equation  for  the  equilibrium  meridian  of  a  fluid  drop  of  axial  symmetry 
in  a  gravitational  field  has  been  carried  out  by  numerical  methods  and 
the  results  tabulated  for  drops  of  equatorial  radius  X  lying  between 
2.2  and  5.0.  These  tables  give  the  radial  coordinate  X,  slope  Y\  and 
volume  V  as  functions  of  the  height  coordinate  Y  for  various  values  of 
the  shape  determining  parameter  Ho  (capillary  depression). 

By  means  of  inverse  interpolation*  these  tables  have  been  converted 
to  Tables  I  and  II  below,  which  list  capillary  depression  Ho  and  meniscus 
volume  V  as  functions  of  meniscus  height  Y  and  tube  diameter  X. 
V  was  computed  directly  to  0.001  imit.  Ho  was  computed  to  0.00001 
unit  for  2.0  <  Y  <  3.0,  and  to  0.000001  unit  for  3.0  <  Y  <  4.5.  How¬ 
ever,  in  the  region  3.0  <  Y  <  3.5  and  for  Y  >  0.9,  Ho  cannot  be  de¬ 
rived  to  this  accuracy  from  the  tables  previously  given.*  This  region 
was  filled  in  with  approximate  values  in  the  usual  way  and  then 
smoothed  to  be  consistent  with  the  values  given  at  the  equator  of  the 
drop  by  Eqs.  (38)  and  (40)  of  the  preceding  paper.*  The  extreme 
upper  right-hand  and  lower  left-hand  comers  were  supplied  from  unpub¬ 
lished  work  now  underway  for  the  extension  of  these  tables  to  larger 
and  smaller  tube  diameters.  The  completed  tables  were  second  differ¬ 
enced  both  for  rows  and  columns  and  slight  adjustment  made  in  the 

'  Contribution  from  the  Research  Laboratory  of  Physical  Chemistry,  Massa¬ 
chusetts  Institute  of  Technology,  No.  438. 

*  Supported  in  part  by  a  grant  from  the  American  Philosophical  Society. 

'  B.  E.  Blaisdell,  This  Journal,  19,  186  (1940). 

*L.  J.  Comrie,  Interpolation  and  Allied  Tables,  His  Majesty’s  Stationery 
Office,  London,  1936. 
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tabulated  values  to  assure  smoothness.  It  is  felt  that  these  adjusted 
values  are  not  in  error  by  more  than  ±1  unit  in  the  last  place  given. 


2.  Description  of  Tables 


(a)  Notation 


a  is  the  capillary  constant  in  cm. 


ff  is  the  interfacial  tension  in  dyne-cm.~ 
g  is  the  acceleration  of  gravity  in  cm.-sec.”* 

Pi  and  pt  are  the  densities  in  gm-cm.'~*  of  the  two  fluids  separated  by 
the  interface,  where  p\  >  pt ,  and  where  pi  is  the  density  of 
the  fluid  below  the  interface  at  the  crown  with  respect  to 
the  gravitational  field. 


A’  =  where  x  is  the  radius  of  the  circular  tube  in  cm. 
a 

K  *  where  y  is  the  meniscus  height,  crown  to  intersection  with 
a 

tube  wall,  in  cm. 

V  ,  where  v  is  the  meniscus  volume  in  cm.*  between  the  curved 
o* 

interface  and  a  plane  through  its  circular  intersection  with 
the  tube  wall 

//o  *  — ,  where  Ao  is  the  capillary  depression  in  cm. 
a 

Thus,  X,  Y,  V,  and  Ho  arc  dimensionless  ratios. 

(b)  Tables 


Table  I  gives  values  of  Ho  corresponding  to  the  values  of  Y  given  in 
the  column  headings  and  the  values  of  X  given  in  the  row  headings. 

Table  II  gives  values  of  V  corresponding  to  the  values  of  Y  given  in 
the  column  headings  and  the  values  of  X  given  in  the  row  headings. 

In  both  of  these  tables,  in  order  to  save  space,  the  second  differences 
are  not  given,  but  it  should  be  noted  that  linear  interpolation  is,  in 
general,  not  adequate,  and  that  fourth  order  (or  rarely,  higher  order) 
interpolation  is  necessary.  It  should  also  be  noted  that  in  all  cases  the 
condition 

y  «  V  -  f/o  -  0 


obtains,  a  fact  which  aids  interpolation  near  the  beginning  of  the  tables. 

I  gratefully  acknowledge  a  grant  from  the  American  Philosophical 
Society,  which  made  possible  the  completion  of  the  work. 
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Summary 

Tables  to  five  significant  figures  are  given  of  capillary  depression 


height  (y  -  ^ 


and  meniscus  volume 


and  tube  diameter 


(-■i) 

(-:) 


as  functions  of  meniscus 


The  tables  cover  the 


range  2.0  <  X  <  4.5  and  0.0  <  K  <  approximately  1. 


THE  PHYSICAL  PROPERTIES  OF  INTERFACES  OF  LARGE 
RADIUS  OF  CURVATURE.  III.  INTEGRATION  OF  LA¬ 
PLACE’S  EQUATION  FOR  THE  EQUILIBRIUM  MERIDIAN 
OF  A  FLUID  DROP  OF  AXIAL  SYMMETRY  IN  A  GRAVITA¬ 
TIONAL  FIELD.  APPROXIMATE  ANALYTIC  INTEGRA¬ 
TION  FOR  SESSILE  DROPS  OF  LARGE  SIZE* 

Bt  B.  Edwin  Blaibdbll 
1.  Introduction 

In  a  previous  paper*  the  need  in  precise  manometry  for  more  accurate 
values  of  the  capillary  depressions  and  meniscus  volumes  in  large  tubes 
has  been  discussed.  The  integration  of  Laplace’s  differential  equation 
for  the  equilibrium  meridian  of  a  fluid  drop  of  axial  symmetry  in  a  gravi¬ 
tational  field  has  been  carried  out  by  numerical  methods  and  the  results 
tabulated  for  drops  of  equatorial  radius,  Xm,  lying  between  2.2  and  5.0. 

Data  for  larger  values  of  Xg  are  of  occasional  practical  interest, 
especially  in  simple  pressure  measurements  where  the  use  of  largi? 
manometer  tubes  with  consequent  decrease  of  capillary  depression 
correction  is  not  prohibited  by  inability  to  determine  with  sufficient 
accuracy  the  correspondingly  larger  meniscus  volume  correction.  I.Arge 
values  of  Xg  are  also  of  interest  in  the  precise  determination  of  surface 
tension  by  the  capillary  rise  and  sessile  drop  methods. 

However,  with  increasing  Xg  the  numerical  integration  of  the  meridian 
curve  becomes  increasingly  tedious,  while  at  the  same  time  the  well 
known  approximate  analytic  integrations  valid  for  large  Xg  become 
increasingly  accurate.*  The  present  paper  gives  extensions  of  these 

i 

*  Contribution  from  the  Research  Laboratory  of  Physical  Chemistry,  Massa¬ 
chusetts  Institute  of  Technology,  No.  439. 

*  Part  I.  This  Journal,  19,  186  (1940). 

*  For  a  review  of  the  approximate  formulae  for  large  drops,  see  N.  E.  Dorsey, 

Bur.  Standards,  Sci.  Papers,  H,  563  (1926)  and  J.  E.  VershalTelt,  Commun  Kamer- 
lingh  Onnes  Lab.,  Univ.  Leiden,  ^42c  (1918),  (1918).  The  most  extended 

approximations  have  been  given  by  M.  E.  Mathieu,  Th5orie  de  la  Capillarity, 
Gauthier  Villars,  Paris  (1883),  and  I^ord  Rayleigh,  Scienti6c  Papers,  Cambridge 
University  Press  (1920).  All  of  these  authors  give  two  separate  solutions,  one 
for  the  center  and  one  for  the  edge  of  the  drop.  The  solution  for  the  edge  is  an 
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approximate  formulae  which  are  accurate  to  about  0.1%  for  X*  greater 
than  5.0,  as  checked  against  the  numerical  integration. 

The  differential  equation  has  already  been  given  in  Paper  I  of  the 
present  series,  to  which  reference  is  made  for  the  notation  and  sig¬ 
nificance: 

Y"  Y' 

(1  +  y'*)*/*  “  2(/fo  +  T).  (1) 

It  is  convenient  to  break  the  approximate  solution  of  this  equation 
into  two  parts: 

For  one  of  these  Y*  and  Y"  are  taken  to  be  small,  which  corresponds 
to  the  flat  central  portion  of  the  drop.  For  this  case  the  initial  condi¬ 
tions  are  X  =  0,  F  =  0,  Y'  =  0,  Y"  —  Ha  for  the  first  approximation. 

The  second  approximation  introduces  an  asymptotic  expansion  in  ^ 

JL 

which  goes  to  infinity  at  the  origin  and  therefore  the  initial  conditions 
for  the  second  approximation  must  be  taken  from  the  first  approxima¬ 
tion  at  a  point  where  the  asymptotic  expansion  and  the  first  approxima¬ 
tion  are  both  valid.  This  part  of  the  solution  gives  Y  and  Y'  as 
functions  of  X.  The  corresponding  values  of  the  volume  V  may  then 
be  calculated  by  Eki.  (32)  of  Part  I : 

V  =  irX*(F  +  Ho)  -  tX  sin  tan"*  Y\  (2) 

For  the  second  part  of  the  solution  X  is  taken  to  be  large  which  corre¬ 
sponds  to  the  edge  of  the  drop.  For  this  case  the  initial  conditions  are 
X  =*  X*,  F  =  F*.  F'  =  ao,  and  F"  is  finite.  The  solution  gives  X 

and  F  in  parametric  form  as  asymptotic  expansions  in  ,  X  as  an  im- 

.A 

plicit  function  of  ^(=  tan~*F'),  F  as  an  explicit  function  of  ^  and  X. 
The  corresponding  values  of  the  volume  may  be  calculated  as  for  the 
first  part  of  the  solution. 

It  is  necessary  to  establish  a  connection  between  the  initial  conditions 
for  the  first  (center  of  the  drop)  and  second  (edge  of  the  drop)  parts  of 


asymptotic  expansion  entirely  different  method  which  establishes  upper 

and  lower  bounds  to  the  solution  and  which  yields  complicated  and  not  very 
accurate  formulae  was  developed  by  T.  Lohnstein,  Wied  Ann.,  44,  ^2  (1891), 
Wied  Ann.,  5S,  1062  (1894),  Ann.  Physik,  SS,  296  (1910).  For  a  general  review  of 
surface  tension  phenomena  and  theory,  see  G.  Bakker,  Kapillarit&t  and  Ober- 
flAchenspannung,  Akademische  Verlagsgesellschaft  M.  B.  H.,  Leipzig  (1928). 
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the  Holution  so  that  the  two  solutions  may  be  made  to  apply  to  the  same 
meridian  eun'e.  This  eonnwtion  is  Riven  by  Eq.  (37)  of  Paper  I. 

I  1  V  Cl  V  .101151  .180383 

log  rj-  -  .614185  Xh  -  .5  log  X*  -  .288713  - = - -= —  (3) 

no  A*  Xm 

In  this  equation  a  small  change  in  //o  corresponds  to  a  large  change  in 
X*.  Hence  it  is  desirable  to  give  the  initial  conditions  for  both  parts 
of  the  approximaU*  solution  in  terms  of  the  easily  observable  quantity 
Xh  and  to  solve  for  Ho  by  Eq.  (3),  rather  than  the  reverse. 

2.  Approximate  Solution  for  the  Center  of  Large  Drops 

Ijiplace*  gave  a  first  approximation  to  the  solution  of  Eq.  (1)  for  T' 
small,  which  corresponds  to  the  center  of  a  large  drop.  The  change  of 
variables 

i  =  y/2X,  ti  =  y/2iY  +  Ho)  (4) 

is  made  in  hk|.  (1),  which  liecomes 

_  7 _ _  I _ 1 _ —  «  ar  n 

(1  +  n'*)*'*  (1  +  V*)*'*  ^ 

The  denominators  of  the  fraction  an*  expanded  in  power  series  in  the 
small  quantity  ii',  giving 

n  =  +  ••••  (o) 

For  values  sufficiently  near  the  center  of  the  drop  the  right-hand  side  of 
Pkj.  (6)  may  be  .set  to  zero,  so  that 

ti"  +  j  -  n  =  0.  (7) 

This  is  Bessel’s  modified  equation  of  order  zero,  and  its  solution 

I 

v  =  V2HoIoii)  -  V2(r  +  Ho)  -  y/2HoIoW2X)  (8) 

has  been  tabulated.*  The  slope  of  the  meridian 

tan  ^  =  n'  *  y/2HoIi{i)  »  y/^HoIi{\^2X)  (9) 

is  Bessel’s  modified  function  of  the  first  order  and  is  tabulated  in  the 
same  place.* 

*  The  British  .\880ciation  for  the  Advancement  of  Science,  Committee  for  the 
('alculation  of  Mathematical  Tables,  6,  Bessel  Functions,  Pt.  1.  Functions  of 
Order  Zero  and  Unity.  Office  of  the  British  Association,  London  (1937). 
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This  approximation  is  good  to  about  0.1%  up  to  F  0.05  for  the 
smallest  Ht(=  0.004)  which  was  numerically  integrated. 

For  Y  ~  0.06  and  for  Hq  <  0.004,  which  is  the  region  of  larger  drops, 
ij  ~  If'  ~  0.07  and  {  >  4.5,  so  that  in  the  region  in  which  it  is  desired 
to  extend  the  approximation  Eqs.  (8)  and  (9),  the  first  tenn  on  the  right 
side  of  Eq.  (6)  is  much  larger  than  any  of  the  others. 

Thus  a  second  approximation  to  the  center  of  the  drop  solution  may 
be  obtained  by  integrating 

+  (10) 

using  l..agrange’8  method  of  variation  of  constants. 

Let* 

i;  *■  AIo  +  BKq  (If) 

then 


hA'  +  KoB'  =.  0 

7,^'  -  KiB'  -  3  V2  HUoI\.  (12) 

The  solution  of  these  simultaneous  equations  is 

A  +  Q  =  JaV^HiKoIolUdi 
-B  +  6  =  I  (13) 


where  a  and  b  are  integration  constants  to  be  determined  by  the  initial 
conditions. 

The  integrations  are  performed  by  substituting  the  following  asymp¬ 
totic  expansions  for  the  Bessel’s  functions.* 


(14) 

v4{(' 

-1--) 

(16) 

0-^+ •) 

(16) 

*  The  notation  for  Besoel’s  functions  and  the  formulae  used  may  be  found  in 
A.  Gray,  G.  B.  Mathews,  and  T.  M.  MacRobert,  Treatise  on  Bessel’s  Functions 
and  Their  Applications  to  Physics,  Macmillan,  London  (1931). 
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Thiw,  the  firet  of  Eqh.  (13)  gives 


which,  upon  integration  by  parts,  gives 


08) 

Since  {  >  4.5  throughout  the  region  of  interest  the  second  term  in  the 
bracket  of  Eq.  (18)  is  negligible  compared  with  the  first,*  so  that 


Similarly, 


Therefore 


(1.) 

Similarly, 

-b  +  8  =  ?^h;Q^*).,  (20) 

Therefore 

,  -  - «]  - 
Differentiation  gives 

-  .]  t  -  •] 

Since  the  asymptotic  expansions  are  invalid  for  small  values  of  the 
argument,  initial  conditions  at  X  »  F  «  0  cannot  be  applied.  But 
as  stated  above,  the  first  approximation,  Eq.  (8)  is  valid  to  0.1%  up 
to  F  =  0.05,  so  that  the  best  practicable  initial  conditions  are  the  values 
given  by  Eq.  (8)  fof  F  *  0.05.  These  initial  conditions  are  applied 
and  the  variables  changed  to  X,  F,  and  Hn  ,  giving. 


*  Cf.  British  Association  for  the  Advancement  of  Science,  Committee  for  the 
Calculation  of  Mathematical  Tables,  Math.  Tables,  f,  .  .  .  Exponential  Integral 
.  .  .  Table  VII,  Cambridge  University  Press,  London  (1931). 
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tan  ifi  = 


«'{¥«G$SD 


-  K, 


3y^ 

4t» 


Hi  : 


V2X 

fAy/iX 

Vi'x 


3e»v'*-sf 

4“^ 


IJ 


1  e4v^xy  I 

2  W  Jx,/ 


(24) 


where  Xo  is  the  value  of  X  at  F  ~  0.05. 

3.  Approximate  Solution  for  the  Edge  of  Large  Drops 

I..aplaoe  gave  a  first  approximation  to  the  solution  of  Eq.  (1)  for  X 
large  which  corresponds  to  the  edge  of  a  large  drop.  The  substitution 


y'  =  tan  ip 


is  made  in  Eq.  (1),  which  becomes 


(26) 


sin  =  2(//o  +  y).  (26) 

The  solution  of  this  equation  is  obtained  in  a  form  giving  X  and  Y  as 
parametric  functions  of  tp. 

The  solution  for  Y  is  obtained  as  follows.  Eq.  (26)  is  rewritten 

2(y  +  Ho)dY  =  j*  sin  <pdip-Y  ^-^dY.  (27) 

Since,  for  the  edge  of  large  drops,  X  is  large  and  Ho  is  small,  the  last 
integral  may  be  omitted  and  the  negligible  small  quantity.  Hi ,  may  be 
inserted. 

(y  +  /f,)*  =  1  -  cos  =  2  sin*  I  (28) 

y  +  Ho  =  V2  sin  (29) 

A 


This  is  the  solution  for  a  plane  wall  and  semi-infinite  fluid  interface.  By 
repeated  substitution  of  such  partial  solutions  in  the  last  term  of  Eq. 
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(27),  and  subsequent  integration  by  parts,  the  solution  for  V  at  negli¬ 
gible  ffo,  may  be  developed  as  a  power  series  in  ~ .  Thus 


(V  +  Hoy  =  2  sin*  ^  + 


=  2  sin 


Upon  integration  by  parts,  this  last  gives 


^  .  ffi  ifi 

2  8in  \  cos  ^  j 

•l  +  l  ^  V2c«|f 

.2V2 

2^  3  Jo  X 


(F +  //»)*=  28in*^-f^ 


where  terms  in  an*  small  eompartKl  with  the  others.  The  square  root 

of  the  right  hand  side  is  obtained  to  terms  of  the  order  of  by  the 
binomial  theorem. 


«n  s  -I-  s  '  '  +  •  •  • 


y +  A/o=  >/28inr  +  ^\  +  (33) 

i  JC  Bin  2 

A  further  approximation  was  obtained  by  Mathieu.*  By  differentia¬ 
tion,  Eq.  (33)  gives  to  terms  of  the  order  of  ^ 
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1  ^ 

jv  *  2  2dY  jip  ,„_v 

dA  =  cot  s  (35) 

i  n  •  fp  jip  i 

*2  28mjCo.|  rf| 

which,  upon  substitution  into  Eq.  (30)  and  inclusion  of  the  neglected 
term  in  h]q.  (32),  gives  after  some  simplification 

2V2('-'“i) 


(V +  //.)■=.  2  sin’ I +  ‘-’p 


2  f« -'“’s)] 

3  Jo  X* 


(36) 


Upon  integration  by  parts,  this  gives 


(y  +  //J)  =2sin*|-f  g 


X 


+IV(' -'“■!)+[*/ 


?(l  -oos’l) 


,  (37) 


dX 


X* 


where  terms  in  ^  are  small  compared  with  the  others.  The  .square  root 

of  the  right  hand  side  is  obtained  to  terms  of  the  order  of  ^  by  the 

A. 

binomial  theorem. 


Y  +  Ho  =  y/2  sin  ^  5 

l  6  ^  .  <p 

XHn  j 


^  6 


cos 


^(l  -cos*^) 


X*sin| 


36 


(l-cos’l)’ 


^  (38) 


X*  sin 
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By  dropping  the  small  term  in  brackets  a  further  approximation  of 
not  too  complicated  form  may  be  obtained  by  the  same  method  as  above. 

By  differentiation  Eq.  (38)  gives  to  terms  of  the  order  of 


dy  =  V2  cos  ^  cos*  ^  - 


+  7.  ^ 


1  3V2 


/  * 

r.  /o.  /  \  /  cos  ^  \ 

t  (f  2  'v  2  I  1  t  <p\  I  21. 

\  2/. 


which  upon  substitution  into  Eq.  (30)  and  inclusion  of  the  neglected 
term  in  Eq.  (37)  gives,  after  some  simplification 

+  H,)'  =  2»m-|  +  ?(r  - 

6  A  X* 

Upon  integration  by  parts  this  gives 

(F  +  /fo)*  =  2  sin*  % 

r  -I 

ip  }  M 

r.  /  \  COS  -  COS  ^ 

+  -  (l  -  COS*  ^  ^  _ -  +  . . . 

^  3  v  2/  L  X  ^  X*  ^  2  X*  J  ^ 

where  terms  in  are  neglected.  This  is  the  solution  for  Y. 

JL 

The  solution  for  X'is  obtained  as  follows.  The  differential  dX  is 
obtained  from  Eqs.  (35)  and  (39) 
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This  is  to  be  integrated  with  initial  conditions  ifi  X  =  Xm.  Inte¬ 
gration  of  the  first  bracket  gives  the  first  approximation  valid  for  very 
large  X«, 


X  -  X.  -  / 


2 


cos  ^ 

2  .  <p 

-  -  sin  - 


sin 


2 


\/2 


\/2  cos  5  -b  In  tan  J  -  .3767747  =  A. 


(43) 


(44) 


Mathieu*  obtained  the  second  approximation  by  integration  by  parts 
of  the  terms  in  the  second  bracket. 


X  -  Xm 

^  xJ  2 


^  J  X'J  2 


/ 

(‘^2) 

t  p  •  i 

cos  ^  —  sin 

\  •  f 
r"  2/. 

.  ^  <p 

sin  rt  cos  rt 
JL  z  z 

p 

i^2 

ip  'ip 

COS  s  —  sin  - 
2  2 

. 

sin  2 

•  P  P 

sin  2  COS  2 

(46) 


dtp 

T‘ 


The  first  integral  (»  B)  of  Eq.  (45)  may  be  simplified  and  integrated. 


B 


il\ 


6x 

X-Xm 


i  <p  t<p 

^  cos  ^  cos  s  , 

2q  •  <p  2,  2,1 

- 3  cos  ^  sin  ^ - 4-  - 4-  — 

.  tp  Z  Z  •  X  'P  •  X  P  •  P  \ 

sin  J  sin*  ^  sm*  J  sin 


(46) 


1  1  1  ®08  ^  \ 

+  -«*■¥) 


.2691589 

Xm 


(47) 


A  further  approximation  may  be  obtained  by  integration  by  parts  of 
the  third  bracket  of  Eq.  (42)  plus  the  neglected  bracket  of  Eq.  (46)  in 
which  is  substituted  the  value  of  dX  given  by  Eq.  (35).  The  value  of 
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these  integrals  ( >«  C)  to  terms  of  the  order  of  ^  is  obtained  as  follows. 
After  some  simplification  there  is  obtained 


C  = 


_  y/2 


12X* 


/ 


cos  ^ 


4  <P 

cos  ^ 


cos 


TT  out  — 

2  2 

2  . 

8in*| 

2  .  , 

2 

2  ^ 

cos*^ 

cos*^ 

cos^ 

2 

+  2  * 

—  3  cos*  ^ 

sin  ^  + 

2 

sin-J 

2 

2 

sin  2 

sm 


(48) 


+  1 


In  tan  ^  / — 
\  sin 


- 2  sin  ^ 

y»  2 

2  J 


In  Eq.  (48)  all  terms  an*  easily  integrable  but  the  last  which  may  be 
evaluated  as  follows: 


,  Intan?  S,  .  f  »  fL<h 

2  J  L  L  4  4j  4  4f  4 


2  sin  7  cos  f  cos*  7 

4  4  4 


3  /•*'*‘^*“*4/  “4  \  „  .  ^  .A  (49 

=  -  I  - i - *  I  —  8  sin  7  In  Sin  7  I  cos  ^d-.] 

*  4V  4  4^ 

-  8  CM  ?  In  cos  ^  (-sin  I 

=  7  ( In  tan  7 )  —  6  sin*  7  In  tan  7  —  6  In  cos  7  +  const. 

4  \  4/  4  4  4 

=  7  (in  tan  7 )  —  3  In  tan  7  -f  3  cos  ^ In  tan  7  —  6  In  cos  7  +  const. 

4  \  4/  4  2  4  4 
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Using  this  result  there  is  obtained 


/rt  11  o  C08  S  1  COS  ^  COS  ^ 

V2— 11  ^.3  2.1  2  tp  .  i  Ip  2 

U  =  ,-Kw  — T-  COS  ^  +  - - 1-  - - COS  ^  Sin  ^  —  - 

12X*  4  2  4., ^  4.,^  2  2  .  ,  ip 

sm*  I  sin*  ^  sin*  ~ 

+  ^^In  tan  —  3  cos  In  tan  ^  -|-  3  In  sin  ^  (50) 


—  6  In  cos  ^  r  +  const. 


The  last  two  terms  may  be  simplified 


3  In  sin  ^  —  6  In  cos  ^  =  3  In  2  +  3  In  sin  ^  —  3  In  cos  ^ 

(51) 

=  3  In  2  +  3  In  tan  ^ 

4 

so  that  the  approximate  parametric  representation  of  X  as  a  pow«*r 

series  in  is,  through  terhis  of  the  order  of 

Jk.  JL 

X  -  X*  =  V2  cos  ^  In  tan  ^  -  .3767747 
It  2t  4 

.  1  1,  ,  ^  ^  •  *V>  ,  1  ®®®2 /,  tip\  .  .2691589 

“  2 


+  _2(*  +  >  ec«?  -  cos’?)  + 
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4.  Connection  between  the  Initial  Conditions  for  the  Solutions  for  the 
Center  and  for  the  Edge  of  a  Large  Drop 

An  expression  giving  the  drop  shape  determining  parameter  Ho  as  & 
function  of  the  equatorial  radius  of  large  drops  was  obtained  by  Laplace.* 
Use  of  the  asymptotic  expansion  Eq.  (15)  transforms  Eki.  (9)  to 


tan  ^ 


Hoe^ 

t\/2X 


(63) 


E'or  large  values  of  X  and  small  values  of  ip,  this  approaches 

In  ^  =  \/2  X  In  ffo  —  i  In  t\/2  X  (54) 


while  E}q.  (44)  approaches 

X  -  X,  =  v^2  +  ^  In  ^  In  4  -  .3767747.  (55) 

A  ^ 


Upon  (‘limination  of  In  (p  from  Eqs.  (54)  and  (55),  and  substitution  of 
X 

In  X«  for  In  X,  since  — ►  1  as  X«  — »  <»,  there  is  obtained 

X* 

log  ^  =  .6141852  X.  -  1  log  X.  -  .2887127.  (56) 

Ho  2 

Similarly  by  using  Eq.  (47)  in  the  deduction  of  an  analog  to  Eq.  (55), 
Lord  Rayleigh  obtained  a  second  approximation 

log  ^  =  .6141852  X.  -  i  log  X.  -  .2887127  -  (57) 

Ho  4  Am 

The  equation  used  in  this  paper  is  Eq.  (3)  above,  which  was  obtained 
empirically  from  the  results  of  numerical  integrations  treated  to  have 
at  very  large  X«  the  limiting  form,  Eq.  (56). 

In  the  case  of  the  largest  drop  numerically  integrated,  (X*  =  4.9773, 
Ho  =  .004),  these  formulae  give,  respectively:  Ekj.  (56),  Ho  =  .003804; 
Eq.  (57),  Ho  =  .004024;  Eq.  (3),  Ho  “  .004000. 

5.  Comparison  of  the  Approximate  Formulae  with  the  Results  of 
Numerical  Integration 

The  adequacy  of  these  approximate  formulae  in  providing  a  method 
of  extending  to  larger  sized  drops  the  results  already  obtained  by  numeri¬ 
cal  integration  was  determined  by  direct  comparison  with  the  results 
for  the  largest  drop  numerically  integrated.  During  the  comparison 
it  was  found  that,  although  the  more  extended  formula,  Eq.  (52),  gave 
better  results  over  a  wide  range  of  in  the  limited  range  of  greatest 
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interest,  that  is,  the  range  not  covered  accurately  by  Eqs.  (23)  and  (24), 
the  following  formula,  which  is  obtained  from  Ek}.  (52)  by  dropping  the 

term  in  and  replacing  X  in  the  remaining  terms  by  its  approximate 

value  Xu,  gives  the  better  results. 


X  -  X,  =  V2  cos  I  +  ^In  tan  5  -  .3767747 


+  ^\t\n  tanr-lsin*r  + 


cos  ^  /  V 

1  - f(i  _  cos*n  +  .2691589 


A  comparison  between  values  calculated  from  Eq.  (58)  and  those  from 
Ekj.  (52)  is  presented  in  Table  I. 


TABLE  I 


t 

Tru«X 

Eq.(U) 

Diff. 

Eq.(M) 

DUr. 

46‘ 

4.9773 

4.9773 

.0000 

4.9773 

.0000 

.0000 

3fi 

4.9413 

4.9411 

.0002 

4.9412 

.0001 

.0001 

31 

4.9025 

4.9021 

.0004 

4.9022 

.0003 

.0001 

27 

4.8464 

4.8447 

.0007 

4.8449 

.0005 

.0002 

23 

4.7667 

4.7646* 

.0012 

4.7660 

.0007 

.0005 

19 

4.6566 

4.6647 

.0018 

4.6657 

.0008 

.0010 

16 

4.6064 

4.5037 

.0027 

4.6055 

.0009 

.0018 

11 

4.2933 

4.2894 

.0039 

4.2930 

.0003 

.0036 

8 

4.0632 

4.0683 

.0049 

4.0641 

-.0009 

.0058 

5 

3.7123 

3.7074 

.0049 

3.7166 

-.0043 

.0092 

3 

3.3228 

3.3219 

.0009 

3.3332 

-.0104 

.0113 

The  recommended  method  of  using  the  above  formulae  to  calculate  a  i 

meridian  is  the  following.  Choose  a  value  of  the  equatorial  radius  Xu. 

Calculate  the  corresponding  value  of  Ho  by  Eq.  (3).  Calculate  corre¬ 
sponding  values  of  X,  Y  and  Y'  up  to  T'  —  0.05  by  means  of  Eqs.  (8) 
and  (9),  and  continue  with  these  values  as  initial  conditions  to  greater 
values  of  Y'  by  means  of  Ekjs.  (23)  and  (24).  For  given  values  of  ^  Y' 
calculate  corresponding  values  of  X  and  Y  from  Eqs.  (58)  and  (41).  i 

E]£fect  a  smooth  jointure  of  the  two  solutions  Ekjs.  (23)  and  (24)  and 
Eqs.  (58)  and  (41)  at  the  point  at  which  they  cross.  Calculate  volumes 
by  the  usual  formula* 

Y  »  tX\Y  +  Ho)  -  irX  sin 


(59) 


TABLE  II 

■  Comparison  of  Approximate  Formulae  with  Numerical  Integration,  Ht  ~  O.OO40OO 
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Applied  in  this  way  the  approximate  formulae  will  be  good  to  about 
0.1%  for  all  values  of  Hn  <  0.004  (X*  >  5.0). 

0006 
4 

0  006 


0.004 


0002 


0000 


-0  002 

0  0  10  20  3  0  4  0  &0 

no  I  X 

Fio.  1.  Deviation  plot  of  the  differences  between  values  of  the  height  coordi¬ 
nate,  Y,  derived  from  numerical  integration  (N.I.)  and  values  given  by  the 
indicated  approximate  analytic  equation,  against  the  radial  coordinate  X,  of  a 
curve  of  shape  determining  parameter  Ht  »  0.004.  Curve  1,  N.I.  minus  Eq.  (8); 
Curve  2,  N.I.  minus  Eqs.  (8)  and  (23);  Curve  3,  N.I.  minus  Eqs.  (32)  and  (58); 
Curve  4,  N.I.  minus  Eqs.  (41)  and  (58);  Curve  5  is  obtained  by  joining  Curves  2 
and  4  smoothly  and  is  the  result  obtained  in  this  paper;  Curve  6  is  Eq.  (59)  (Lohn- 
stein’s  formula)  minus  N.I.  Rayleigh’s  formula  is  obtained  by  joining  Curves 
1  and  3  smoothly. 


FIG.  2  X 

Fio.  2.  Plot  of  the  meridian  curve  of  a  drop  of  shape  determining  parameter 
Hi  >■  0.004,  height  coordinate  Y  against  radial  coordinate  X. 

A  comparison  of  the  approximate  formulae  with  the  exact  numerical 
integration  is  given  in  Table  II  and  Fig.  1  for  the  case  Ht,  =  0.004. 
Also  included  in  Fig.  1  an*  the  approximate  formulae  hitherto  commonly 
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used.  Rayleigh’s  formula*  is  a  combination  of  Eqs.  (8),  (58)  and  tht; 
first  two  integrated  terms  of  Eq.  (32).  Ix>hnstein’8  formula*  is 


->/2  +  \/2-miK‘  + 


V2, _ _ _ ial _ 1(60) 


where  mi  *  0.8.  In  each  case  the  difference  between  the  value  given  by 
numerical  integration  and  the  value  given  by  the  appropriate  approxi¬ 
mate  formula  is  plotted  against  the  value  of  the  radial  coordinate  X. 
The  actual  meridian  curve,  Y  plotted  against  X,  is  given  in  Fig.  2  for 
the  case  Ho  =  0.(X)4. 


6.  Summary 

’  Approximate  analytic  methods  are  given  for  integrating,  in  the  case  of 
very  large  drops,  Laplace’s  differential  equation  for  the  equilibrium 
meridian  of  a  fluid  drop  of  axial  symmetry  in  a  gravitational  field. 

The  solution  is  given  in  two  parts,  one  for  the  center  and  one  for  the 
edge  of  the  drop. 

For  the  center  of  the  drop: 


Y  +  Ho  =  Holoi\/2X) 


For  the  edge  of  the  drop: 


(8) 

(23) 


(F -I- //,)*=  2  sin*  I 


^  (41) 


2/,  zA  V2 

ZV  ■  ~2)l~X 


COS  ^  /  cos*  ^ 

.  _ 2  .  _ 2 

X*  ^  2  X* 


X  —  Xm  ™  y/2  cos  ^  -h  In  tan  j  —  . 

It  It  4 


Z7677A7 


^  (58) 


cos  ^  /  V 

1  In  tan  ?  +  i  mn*  I  +  ^  —  (l  -  cm'  l)  -  .2691589 
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The  initial  cunditiuiiH  fur  the  two  parts  of  the  solution  an*  conneeted 
by  the  following  relation, 

log  1  =  .614185  -  .5  log  X*  -  .288713  -  (3) 

«o  A«  Xu 

The  formulae  are  shown  by  comparison  with  the  exact  results  of 
numerical  integration  to  be  good  to  0.1%  for  all  drops  of  equatorial 
radius  greater  than  5.0. 
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THE  CHARACTERIZATION  OF  FLAT  RIEMANN  SPACES 
AS  A  BOUNDARY  VALUE  PROBLEM 

Bt  T.  Y.  Thomas 


It  is  well  known  that  the  Riemann-Einstein  equations  obtained  by 
equating  to  zero  the  contracted  curvature  tensor  of  a  Riemann  space 
(Bag  —  0)  are  in  some  sense  an  analogue  of  the  Laplace  differential 
equation.  This  raises  the  question  as  to  whether  the  equations  Bag  =  0 
together  with  the  assignment  of  the  fundamental  metric  tensor  over  a 
suitably  defined  closed  hypersurface  will  result  in  the  determination  of 
this  tensor  in  the  interior  of  the  hypersurface.  If  one  demands  more 
specifically  the  unique  determination  of  the  components  of  the  metric 
tensor  rather  than  the  determination  of  this  tensor  as  such  restrictions 
must,  of  course,  be  imposed  on  the  admissable  coordinate  systems.  We 
have  not  here  treated  the  general  problem  but  have  restricted  ourselves 
to  those  boundary  values  of  the  metric  tensor  which  are  appropriate  to 
a  flat  Riemann  space.  It  has  been  proved  (Theorem  I)  that  if  the 
components  of  the  metric  tensor  have  the  Euclidean  boundary  values 
6g  there  is  one,  and  only, one,  solution  of  the  equations  Bag  =  0  with 
respect  to  which  the  coordinates  will  be  normal.  An  invariant  formula¬ 
tion  (Theorem  II)  of  this  problem  has  then  been  given,  i.e.,  it  has  been 
shown  how  a  flat  Riemann  space  can  be  characterized  by  the  equations 
Bag  =  0  and  the  metric  tensor  over  a  closed  hypersurface  independently 
of  the  coordinate  systems  employed. 

We  first  derive  a  formula  for  the  (n  —  1)  dimensional  volume  of  a 
sphere  in  a  general  n(^2)  dimensional  Riemann  space  which  has  ap¬ 
plication  in  the  proof  of  the  above  theorems. 

1.  Volume  of  a  small  sphere  in  a  general  Riemann  space 

» 

Consider  a  Riemann  space  R  of  class  CT  and  dimensionality  n(^  2). 
By  this  is  meant  more  fully  that  the  fundamental  metric  tensor  of  Ria 
positive  definite  and  has  components  gag  which  are  functions  of  class 
(T,  the  allowable  coordinate  transformations  in  the  space  being  of  class 
We  consider  that  R  may  in  particular  be  an  analytic  Riemann 
space  in  which  case  both  the  components  gag  and  the  allowable  co¬ 
ordinate  transformations  are  analytic.  Exact  requirements  on  the  class 
of  R  will  appear  in  the  following  discussion. 
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Let  us  denote  by  ^(i‘,  •  •  •  ,  i")  a  function  of  class  C‘  such  that 
^  =  0  defines  a  regular  hypersurface  F  in  R.  We  shall  suppose  more¬ 
over  that  F  can  be  covered  by  a  finite  number  of  (n  —  1)  dimensional 
coordinate  neighborhoods  which  are  related  among  themselves  by  trans¬ 
formations  of  class  C‘  and  such  that  if  u‘,  •  •  •  ,  u"“‘  are  the  coordinates 
of  an  arbitrary  one  of  these  neighborhoods  there  exist  functions 
•  •  •  ,  u"“‘)  of  class  C‘  such  that  x“  =  fiu)  represents  F  para¬ 
metrically  in  the  space  R.  It  will  be  convenient  to  assume  in  the  fol¬ 
lowing  that  Greek  indices  have  the  range  1,  •  •  •  ,  n  while  Latin  indices 
have  the  range  1,  •  •  •  ,  n  —  1  and  that  both  types  of  indices  are  to  be 
summed  over  their  respective  ranges  in  accordance  with  the  usual 
convention. 

To  define  the  (n  —  1)  dimensional  volume  of  F  we  consider  first  the 
fundamental  metric  tensor  of  F,  the  components  yaiu)  of  which  are 
given  directly  in  terms  of  the  derivatives  of  the  functions /*(u)  by  what 
are  undoubtedly  well  known  equations.  In  the  determination  of  the 
volume  we  are  however  not  concerned  primarily  with  the  quantities 
fa  but  rather  with  the  determinant  |  7</ 1  which  is  given  by 


1 

n 

. .  ^ 

dx‘ 

dx* 

dx’' 

9tt* 

du' 

du' 

. 

dx* 

dx” 

du*-' 

du"-* 

9u"“‘ 

where  the  •  •  ■  ,  in  this  determinant  are  the  contravariant  com¬ 
ponents  of  the  vector  whose  covariant  components  are 


dtp 

* 

y ''  djf  dx' 

The  volume  of  the  hypersurface  F  is  then  defined  by  the  integral 

(1.2)  Vra 

If  the  hypersurface  F  under  consideration  is  contained  in  a  single  x 
coordinate  system  and  if  the  value  of  the  determinant  whose  square 
appears  in  (1.1)  is  the  same  as  the  value  of  this  determinant  under  the 


CHARACTERIZATION  OF  FLAT  RIEMANN  SPACES 


249 


hypothesis  that  F  is  a  hypersurface  in  the  Euclidean  space  then  the 
volume  is  given  by 

(1.3)  ^  VI  Qaa  I 

where  da  denotes  the  ICuclidean  element  of  volume  of  the  hypersurface 
F,  i.e.,  the  volume  of  the  hypersurface  F,  considered  as  a  hypersurface 
of  the  Riemann  space  R,  is  equal  to  the  ordinary  integral  of  the  function 
VT^I  over  F. 

We  wish  to  apply  the  above  general  considerations  to  the  particular 
case  of  what  we  shall  call  a  “small  sphere”  with  center  at  a  point  P  of 
R.  To  introduce  such  a  sphere  let  P  be  an  arbitrary  point  of  R  and 
denote  by  ,  y"  the  coordinates  of  a  system  of  normal  coordinates 

with  origin  at  P.  Normal  coordinates  have  been  showm  to  be  defined 
in  a  Riemann  space  of  class  C'  with  r  ^  2,  the  transformation  from  the 
general  x  coordinate  system  to  the  normal  coordinate  system  being  of 
class  In  the  case  of  an  analytic  Riemann  space  the  transforma¬ 

tion  to  normal  coordinates  is  analytic.  For  r  finite  the  assumption 
r  ^  2,  sufificient  to  insure  the  existence  of  the  normal  coordinates,  will 
therefore  be  made.  We  suppose  the  normal  coordinate  .system  to  be 
normalized  to  the  extent  that  the  components  haaiy)  of  the  fundamental 
metric  tensor  have  the  values  Sg  at  the  origin.  Within  a  sufficiently 
small  neighborhood  U{P)  the  arithmetic  i)oints  (y‘,  •  •  •  ,  y")  will  be  in 
(1.1)  correspondence  with  the  points  of  R.  If  {  is  an  arbitrary  unit 
vector  at  P  and  p  is  a  sufficiently  small  positive  number  the  set  of 
all  points  given  by  y*  *  {"p  will  lie  within  the  neighborhood  t/(P). 
We  call  S,  a  small  sphere  of  radius  p,  the  center  being  the  point  P.  The 
existence  of  evidently  implies  the  existence  of  all  spheres  S,  having 
their  centers  at  the  point  P  provided  that  »j  <  p.  The  adjective  “small” 
in  the  designation  of  these  spheres  arises  from  the  fact  that  our  con¬ 
sideration  has  been  limited  by  the  extent  of  the  neighborhood  U{P). 

The  above  sphere  S,  is  defined  by  the  equations 

(1.4)  t  y‘y'  -p'-o 

■-1 

relative  to  the  normal  coordinate  system.  The  sphere  S,  is  a  h3rper- 
surface  in  R  satisfying  the  above  general  conditions  for  hypersurfaces 
F.  The  above  function  ip  when  taken  with  respect  to  the  y  coordinates 
is  identical  with  the  left  member  of  (1.4)  and  hence  is  analytic.  If  R 
is  an  analytic  Riemann  space  p  will  likewise  be  analytic  when  taken 
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with  reference  to  a  general  x  coordinate  system  but  not  necessarily  for 
the  case  of  a  Riemann  space  of  class  C'  with  r  finite.  In  this  latter  case 
tp  will  be  of  class  C'~^  with  respect  to  the  coordinates  of  an  arbitrary 
allowable  coordinate  system,  i.e.,  of  class  C‘  in  view  of  the  above  con¬ 
dition  r  ^  2.  It  is  possible  to  define  a  single  system  of  coordinates 
«*,•••,  u"“‘  which  will  cover  the  sphere  S,  writh  the  exception  of  one 
point.  Elach  of  the  coordinates  u‘,  •  •  •  ,  of  this  system  has  the 
range  —  «  to  -|-  <»  and  the  corresponding  parametric  representation 
of  S,  is 


(1.5) 


y  = 


2pu* 


k-l 


->0 

1  +  E  w*«‘ 

t-1 


To  an  arbitrary  set  of  values  of  there  is  determined  by 

(1.5)  a  set  of  values  of  •  •  •  ,  y"  which  satisfy  (1.4)  and  conversely 
to  each  set  of  values  of  •  •  •  ,  y"  satisfying  (1.4)  with  the  exception 
of  the  set  (0,  •  •  •  ,  0,  1)  there  corresponds  a  unique  set  of  values  of 
u*,  .  •  •  ,  ti""*.  We  can  introduce  another  system  of  coordinates  analo- 
gou.s  to  the  above  coordinates  u‘,  •  •  •  ,  which  will  contain  the  ex¬ 
ceptional  point  and  thus  cover  S,  by  two  coordinate  systems.  The 
coordinate  transformations  relating  these  two  systems  will  be  of  class 
C*  as  wrill  likewise  be  the  corresponding  parametric  representation  of  S, 
with  respect  to  an  arbitrary  x  coordinate  system.  Hence  the  aboVv. 
general  requirements  are  satisfied  for  the  sphere  S,  (hypersurface)  with 
the  result  that  the  volume  of  is  given  by  an  integral  analogous  to 
(1.2).  In  the  determination  of  this  volume  we  may  confine  ourselves 
to  the  above  coordinate  .system  •  •  •  ,  on  since  this  covers 
S,  with  the  exception  of  a  single  point. 

Using  the  representation  (1.5)  of  the  determinant  whose  square 
appears  in  the  right  member  of  (1.1)  has  the  value 

'  r  2p  1"-* 
l  +  i:u*u* 


and  hence  the  formula  (1.3)  can  be  used  in  the  determination  of  the 
volume  of  S, .  Put  A  =  •%/ 1  h^iy)  \  where  the  hapiy)  are  the  compo¬ 
nents  of  the  fundamental  metric  tensor  of  in  the  normal  coordinate 
system.  Assuming  R  analytic  the  function  A  admits  a  power  series 
expansion  about  the  origin  of  the  normal  coordinates.  Thus 


A  =  1  +  A(0)^y*/  -I-  A(0)^y*y^y‘^  . 
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Take  p  so  small  that  S,  and  its  interior  lie  entirely  within  the  domain 
of  convergence  of  this  series.  Denoting  by  Ea  the  Euclidean  sphere  of 
radius  a  the  formula  (1.3)  yields 

Volume  of  S  =  f  do  +  ^  f  MO)afiy“y^ do 

Jm,  2!  Jm, 

hlw  +  •  •  • . 

The  first  term  of  this  series  for  the  volume  of  <8,  is  the  volume  of  the 
Euclidean  sphere  of  radius  p.  The  m  th  term,  namely 

(1.6)  1  A(0).^...,j/V  •••  y*do 

vanishes  if  m  is  an  odd  integer  since  then  the  integrand  has  opposite 
algebraic  values  at  diagonally  opposite  points  on  E, . 

Now  consider  the  Euclidean  spheres  Ei  and  E,  with  centers  at  the 
origin  of  the  Euclidean  space  which  we  suppK)se  referred  to  a  system  of 
rectangular  cartesian  coordinates.  Let  be  the  coordinates  of  an 
arbitrary  point  on  Ei  and  y“  the  coordinates  of  an  arbitrary  point  on 
E^ .  Then  the  relation  =  {“p  establishes  a  (1,  1)  correspondence 
between  Et  and  E^ .  If  do  and  dri  denote  the  elements  of  volume  on 
E^  and  Ei  respectively  do  — »  p"~‘  dri  as  the  result  of  the  above  corre¬ 
spondence.  Thus  the  integral  (1.6)  becomes  where 

As  so  defined  the  quantities  Km  are  absolute  invariants  of  the  Riemann 
space  R.  Hence 

(1.7)  Volume  of  S,  =  p"“‘IXo  +  Ktp'  +  Ktp*  +  •  ■  •], 

where  Ko  is  the  volume  of  the  Euclidean  sphere  of  unit  radius. 

If  R  is  of  class  (T  with  r  finite  the  function  My)  is  of  class  Cr~*.  For 
r  ^  4  we  therefore  have 

My)  =  1  +  ^^MO)afy“y^  +  •••  +  g^A(0)«...Ty*  •••  y^ 

(r  -  2)!^^^^^*- 

where  0  is  a  variable  which  may  depend  on  the  y“  and  such  that 
0  <  0  <  1.  Owing  to  the  continuity  of  the  partial  derivatives  of 


i 
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A(y)  of  order  r  —  2  we  may  unite 

M9y)a---yi  —  A(0)«...y«  + 

where  the  e’s  approach  zero  as  the  y“  — »  0.  Making  this  substitution 
into  the  last  term  of  the  above  expression  for  A{y)  and  then  proceeding 
as  in  the  derivation  of  the  formula  (1.7)  we  now  obtain 

(1.8)  Volume  of  *=  p"  '[/Co  ■{”  Ktf^  ”r  •  •  •  H”  Kr—tp  *  “b  ci)(p)p  *], 

where  o)(p)  — >  0  as  p  — »  0.  In  the  particular  cases  r  =  2  and  r  =  3  the 
above  formula  becomes 

(1.9)  Volume  of  Sp  =  p"“‘(iiCo  -f  w(p)l. 

2.  Determination  of  the  invariants  Kt  and  Kt 

It  will  be  sufficient  for  our  purpose  to  obtain  a  partial  determination 
of  the  invariants  Kt  and  Ki  by  which  these  are  expressed  in  terms  of 
the  volume  Ko  of  an  (n  —  1)  dimensional  Euclidean  sphere  of  unit 
radius.  Let  us  denote  the  (n  —  1)  dimensional  volume  (surface  volume) 
of  the  Euclidean  sphere  E,  by  2p  so  that  »  Kq  and  let  us  denote 
by  Fp  the  n  dimensional  volume  enclosed  by  E, .  Then 

(2.1)  Vr  =  jf'spdp  = 

since  2p  is  given  by  the  first  term  in  the  right  member  of  (1.8).  By 
Green’s  theorem  we  now  have 

(2.2)  A(0)«flI/“/ dff  =  p  ^  ^[A(0).fly“]di;  =  p 

where  I,  denotes  the  interior  of  E, .  The  above  form  of  the  parenthesis 
expression  in  this  equation  arises  from  the  fact  that  the  calculation  has 
been  made  in  a  Euclidean  space  referred  to  rectangular  cartesian  co¬ 
ordinates.  Since  this*  expression  must  be  an  absolute  invariant  it  will 
in  general  coordinates  have  the  form 

g"'*A(0)^  _  _1 

Vra  3  ’ 

where  B  is  the  (scalar)  Gaussian  curvature  of  R.  Hence  taking  p  =  1  in 

(2.2)  and  using  (2.1)  it  follows  that 

(2.3)  Kt^~Ko. 

on 

Thus  Kt  it  ‘proportional  to  the  Gaussian  curvature  of  R. 
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In  a  similar  manner  we  can  determine  the  invariant  Ki .  By  Green’s 
theorem 


•'*1  Jii  1-1  9ir 

=  3  [g  A(0)^j/V]rft-  =  3  g  A(0).wyV)d<r]dp, 

»  3  j[‘  p  [  A(0)..„]  V,  dp,  [by  (2.2)1, 

=  A(0).,^]  I*  p"^* dp,  [by  (2.1)1. 

Hence 


(2.4) 


^4 


r  g°^g"*A(o).^, 

L8n(n  -4-  2)vT^J  ” 


We  shall  be  concerned  particularly  in  this  paper  with  Riemann  spaces 
of  constant  mean  zero  curvature,  i.e.,  spaces  R  over  which  the  system 
of  differential  equations  Bap  =  0  is  satisfied  where  the  are  the 
components  of  the  contracted  curvature  tensor.  In  such  a  space 

(7“Va(^.^,  =  -9. 

•  vra  15’ 

so  that  (2.4)  becomes 


(2.5)  ' 


QKo 

120n(n  +  2)  ’ 


where  Q  is  the  quadratic  curvature*  of  R.  Hence  in  a  Riemann  space 
of  constant  mean  zero  curvature  the  invariant  Ka  is  proportional  to  the 
quadratic  curvature. 


3.  Order  of  flatness  at  a  point 

Denoting  as  above  by  S,  a  small  sphere  of  radius  p  in  a  Riemann 
space  R  having  its  center  at  an  arbitrary  (but  fixed)  point  P  ol  R  and 
by  the  n  —  1  dimensional  Euclidean  sphere  of  radius  p  let  us  now 
define  a  function  a(p)  by 


(  \  _  Volume  of  , 

“  VdWoTB, 

>  T.  Y.  Thomas,  New  theorems  on  Riemann-Einstein  spaces,  Recueil  Math^ma- 
tique,  Moscow,  1938,  pp.  331-340. 
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From  (1.9)  it  follows  that  a(p)  — »  0  as  p  — »  0  for  any  Riemann  space 
of  class  C*,  a  result  which  we  shall  express  by  saying  that  a  Riemann 
apace  of  class  C*  is  Euclidean  at  any  point.  To  describe  the  nature  of 

at  a  point  P  more  precisely  in  terms  of  the  behavior  of  the  function 
a(p)  we  lay  down  the  following  definition:  A  Riemann  space  R  will  be 
said  to  be  flat  to  the  order  m  ala  point  P  if  a{p)  —*0  as  p"'*'*  when  p  — » 0 
where  m  is  a  positive  integer. 

The  order  of  flatness  of  an  analytic  Riemann  space  is  immediately 
determined  from  the  coeflicients  K  in  the  formula  (1.7).  Thus  an 
analytic  space  R  is  flat  to  the  order  1  at  a  point  P  if,  and  only  if,  the 
Gaussian  curvature  does  not  vanish  at  P  and  it  is  flat  to  the  order  3 
at  a  point  P  if,  and  only  if,  the  Gaussian  curvature  vanishes  while  the 
invariant  Ka  ^  0  a,t  P.  In  particular  an  analytic  Riemann  space  of 
constant  mean  zero  curvature  is  flat  to  the  order  3  at  a  point  P  if,  and 
only  if,  the  quadratic  curvature  (and  hence  the  curvature  tensor)  does 
not  vanish  at  P  and  it  will  be  flat  to  the  order  5  if,  and  only  if,  Q  =  0 
while  Kt  9^  0  at  P.  Hence  an  analytic  Riemann  space  R  which  is  not 
flat  to  the  order  3  at  any  point  is  locally  flat  in  the  sense  that  the  curvature 
tensor  vanishes  over  R.  Analogous  remarks  can  be  made  on  the  basis 
of  the  formula  (1.8)  for  the  case  of  a  non-analytic  Riemann  space. 

It  would  be  of  interest  to  obtain  an  expression  for  the  general  invariant 
Km  analogous  to  the  above  formula  for  Kt  and  on  the  basis  of  this  to 
discuss  the  significance  of  the  various  orders  of  flatness  in  a  general 
Riemann  space.  Such  questions  have  been  answered  in  a  large  measure 
by  the  above  remarks  for  the  case  of  a  Riemann  space  of  constant  mean 
zero  curvature  with  which  we  shall  be  concerned  entirely  in  the  fol¬ 
lowing  discussion. 


4.  The  boundary  value  theorem 

Let  Af  be  a  manifold'  homeomorphic  to  the  n  dimensional  number 
space  and  let  y\  •  •  •  ,  w"  denote  the  coordinates  of  a  system  of  coordi¬ 
nates  covering  M.  We  shall  consider  a  hyjjersurface  2  in  which 
satisfies  the  following  requirements. 

(A).  X  is  a  closed  regular  hypersurface  in  M  defined  by  an  equation 
of  the  form  ip{y)  =  0  where  ^  is  a  function  of  class  C*.  The  hypersurface 
2  divides  the  manifold  M  into  two  mutually  exclusive  regions,  a  finite 
region  I,  called  the  interior  of  2,  and  an  exterior  region  E.  The  region 
I  contains  the  origin  of  they  coordinate  system.  Any  point  P  of  the  interior 
I  can  be  reached  from  the  origin  by  an  arithmetic  straight  line  without 
encountering  the  hypersurface  2. 
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Denote  by  A  a  Riemann  metric  tensor  defined  in  /  and  on  the  bound¬ 
ary  S.  We  shall  suppose  that  this  tensor  satisfies  the  following  con¬ 
tinuity  and  differentiability  conditions. 

(B).  The  components  hagiy)  are  of  class  C*  in  I  and  continuous  on  2. 

It  will  furthermore  be  assumed  that  the  y*s  are  normal  coordinates  • 
based  on  the  above  metric  tensor  h  so  that  in  the  region  I  (and  hence 
on  the  boundary  2)  we  have  the  following  identical  relations 

(4.1)  Kg{y)yV  =  [A.,(0)  =  s;]. 

Note  here  that  we  assume  that  the  A«fl(0)  have  the  values  Sg  as  was  done 
in  the  preceding  discussion.  In  the  following  the  statement  that  the 
y’a  are  normal  coordinates  will  be  equivalent  to  the  statement  that  the 
equations  (4.1)  are  satisfied.  Since  the  y’s  are  normal  coordinates  the 
geodesics  through  the  origin  are  identical  with  the  arithmetic  straight 
lines  y“  =  through  the  origin  and  as  such  can  be  continued  in 
either  direction  until  the  hypersurface  2  is  reached.  In  the  equations 
we  take  the  to  be  the  components  of  a  unit  vector  at  the 
origin.  Then  the  parameter  8(^  0)  is  the  arc  length  along  the  geodesic 
from  the  origin  to  the  point  P  having  as  its  coordinates  the  y“  appearing 
in  the  left  member  of  the  above  equations  of  the  geodesic.  By  the 
assumption  A  any  point  P  of  I  can  be  reached  by  a  geodesic  from  the 
origin  without  encountering  the  hyijersurface  2. 

On  the  basis  of  the  tenSor  h  we  can  define  a  small  sphere  of  radius 
p  having  its  center  at  the  origin  of  the  y  coordinate  system  and  since 
the  y’a  are  normal  coordinates  the  sphere  is  given  by  the  equation 
fl  =  p*  where 

(4.2)  n  =  2  y"y“- 

m-i 

Denote  by  I,  the  interior  of  S,  and  suppose  that  p  is  so  small  that  I, 
together  with  its  boundary  Sp  lies  entirely  in  the  region  I. 

Let  us  now  consider  a  function  4>{y)  =*  O'  where  p  =  (2  —  n)/2. 
Denoting  by  4'.og  the  components  of  the  second  covariant  derivative  of 
^  we  can  deduce  on  the  basis  of  a  simple  calculation  involving  the 
equation  of  definition  of  U,  namely  (4.2),  and  the  equations  (4.1)  char¬ 
acterizing  the  y’a  as  normal  coordinates  that 

(4.3) 

where  H  stands  for  the  determinant  |  Kig  |.  The  hypothesis  A  on  the 
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hypersurface  2  and  the  assumption  B  are  sufficient  for  the  application 
of  Green’s  theorem  in  consequence  of  which  we  have 

(4.4)  f  h"^}l/,afldv  =  f  h“^iPm^,fidT  —  f  k“^Qa^,fidT. 

Jl^lp  J  Z 

The  quantities  appearing  in  this  equation  are  the  ordinary  partial 
derivatives  of  the  function  The  tpa  are  the  components  of  a  unit 
vector  normal  to  S  and  directed  from  the  interior  region  I  into  the 
exterior  region  E.  The  Q«  are  the  components  of  a  unit  vector  normal 
to  Sp  and  directed  into  the  region  I.  Since  we  are  at  liberty  to  change 
the  algebraic  sign  of  the  function  ip  defining  the  hypersurface  2  we  may 
suppose  this  sign  so  chosen  that  ^  is  negative  in  the  region  I  and  positive 
in  the  exterior  region  E.  Then  the  (p„  are  defined  by  the  formula  in 
§1  and  the  Qa  are  given  by  an  analogous  formula.  Using  (4.1)  and 
(4.2)  we  find  that 

(4.5)  n.  =  (onS,), 

P 

and  making  this  substitution  into  the  integrand  of  the  second  integral 
in  the  right  member  of  (4.4)  we  readily  deduce 

(4.6)  /  =  (2  -  n)^,, 

Ja,  p*  * 

where  1,  is  the  volume  of  the  sphere  S, .  Similarly 

(4.7)  h“^tpm4f,fdT  =  2p  dr. 

Now  by  (1.9)  we  see  that  — »  /Co  as  p  — »  0.  Hence  letting  p 

approach  zero  in  (4.4)  and  using  the  above  relations  (4.6)  and  (4.7)  we 
have 

(4.8)  ^  Qr^<p,y“dT  +  (n  -  2)K.>. 

The  above  requirements  on  the  metric  tensor  h  will  be  satisfied  if 
hmpiy)  =  ifi  .  But  under  this  condition  H  ^  I  and  hence  the  integrand 
in  the  left  member  of  (4.8)  vanishes  by  (4.3).  Hence  the  integral  in 
the  left  member  of  (4.8)  must  vanish  and  we  are  led  to  the  condition 

(4.9)  2p  +  (»J  -  2)Ko  =  0. 

Now  if  this  equation  is  satisfied  whenever  hafiy)  =  Sp  it  must  likewise 
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be  satisfied  if  Sp  over  the  surface  Z  since  the  value  of  the  integral 
appearing  in  the  equation  is  independent  of  the  behavior  of  the  func¬ 
tions  hapiy)  except  on  Z.  We  state  this  observation  in  the  following 
Lemma.  If  h^(y)  =  dp  over  the  hypermrface  2  the  relation  (4.9)  is 
satisfied. 

Now  suppose  that  the  condition  of  the  above  lemma  is  satisfied. 
Then  from  (4.3),  (4.8)  and  (4.9)  we  have 

(4. 10)  f  «■"'*  y“ dv  =  0. 

Ji  dy" 

We  now  add  a  further  condition  on  the  quantities  hap{y),  namely  that 
these  quantities  satisfy  the  system  of  differential  equations  Bap  =  0 
where  the  Bap  are  the  components  of  the  contracted  curvature  tensor. 
But  under  this  condition  it  has  been  shown  that’ 

(4.11)  ^  -  r  Wds, 

ds  Jq 

where  s  denotes  arc  length  measured  along  an  arbitrary  geodesic  issuing 
from  the  origin  and 

(4.12)  If  =  A" 

2  ds  ds 

Since  W  ^  0  it  follows  from  (4.11)  that  d  log  ff/ds  ^  0  and  hence 
the  integrand  in  (4.10)  does  not  change  its  algebraic  sign.  Hence  this 
integrand  must  vanish  identically  in  I  (excluding  the  origin  where  it 
is  not  strictly  defined)  and  from  this  it  follows  that  H  =  1  in  /  and  on 
the  hypersurface  2.  Turning  now  to  the  equation  (4.11)  this  becomes 

(4.13)  |*Wds  =  0. 

But  since  W  ^  0  it  follows  from  (4.13)  that  W  =  0  everywhere  in  I. 
Knowing  that  dhap/ds  vanishes  at  the  origin  since  the  y’s  are  normal 
coordinates  we  can  conclude  the  further  result  from  (4.12)  that  dhap/ds 
vanishes  along  any  geodesic  issuing  from  the  origin.  Hence  hapiy)  = 
ip  in  I. 

Theorem  I.  Let  X  be  a  hypersurface  which  satisfies  the  assumptions 
A  and  let  h  be  a  Riemann  metric  tensor  defined  on  2  and  in  its  interior  I 
and  satisfying  the  continuity  and  differentiability  conditions  B.  Then 
there  is  one  and  only  one  set  of  quantities  hap  constituting  the  components  of 
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a  tensor  h,  namely  those  given  by  ha$  =  5^  in  /  -f  2,  such  that  (1)  the 
coordinates  are  normal  in  the  region  I,  (2)  the  system  of  differential  equa¬ 
tions  Ba0  =  0  is  satisfied  in  I  by  the  components  has  and  (3)  the  components 
hag  assume  the  values  6^  on  the  boundary  Z. 

5.  Characterization  of  locally  flat  spaces  by  the  volumes  of  small  spheres 

Let  Rhea  Riemann  space  of  class  C*  and  S,  a  small  sphere  of  radius  r 
having  its  center  at  an  arbitrary  point  P  of  R.  Introduce  normal  coor¬ 
dinates  y“  with  origin  at  P.  Then  the  transformation  x  —*  y  will  be 
of  class  C*  and  hence  the  components  hasiy)  of  the  fundamental  metric 
tensor  of  R  with  resp)ect  to  the  normal  coordinate  system  will  be  of 
class  C*. 

Identifying  Sr  with  the  hypersurface  2  of  the  preceding  section  we 
see  that  the  assumption  A  is  satisfied.  Also  conditions  B  are  satisfied 
by  the  comjwnents  hasiy)  of  the  fundamental  metric  tensor.  Hence  we 
can  proceed  as  in  the  preceding  section.  Under  the  present  assumption 
that  the  hypersurface  2  is  the  sphere  Sr  the  equation  (4.8)  becomes 

(5.1)  h‘‘<‘yl>,asdv  =  (n  -  2) 

where  I  denotes  the  interior  of  Sr .  Let  us  now  make  the  assumption 
that  the  volume  of  S,  is  equal  to  the  volume  of  a  Euclidean  sphere  of  0 
the  same  radius  r.  Then  the  right  member  of  (5.1)  vanishes  and  we 
arrive  at  the  equation  (4.10).  Under  the  further  assumption  that 
=  0  over  R  it  therefore  follows  as  in  the  preceding  discussion  that 
the  components  hasiy)  are  constant  in  the  region  I.  Hence  the  curva¬ 
ture  tensor  of  R  must  vanish  in  the  interior  of  the  sphere  S, .  We  state 
this  result  in  the  following 

Theorem  II.  If  R  is  a  Riemann  space  of  constant  mean  zero  curvature 
and  of  doss  C*  and  if  the  volume  of  a  small  sphere  S,  of  radius  r  in  R  is 
equal  to  the  volume  of  a  Euclidean  sphere  of  the  same  radius  r  then  the 
curvature  tensor  of  R  vanishes  identically  in  the  region  interior  to  Sr . 

If  every  point  of  the  above  space  R  is  the  center  of  such  a  sphere  Sr 
(or  if  R  admits  a  covering  by  the  regions  interior  to  such  spheres)  then 
the  curvature  tensor  vanishes  over  R,  i.e.,  the  space  R  is  locally  flat.  In 
the  case  of  a  connected  analytic  Riemann  space  the  vanishing  of  the 
curvature  tensor  in  any  region  implies  the  vanishing  of  this  tensor  over 
the  space.  Hence  the  above  theorem  admits  the  following  corollary. 

Corollary.  If  R  is  a  connected  analytic  Riemann  space  of  constant 
mean  zero  curvature  and  if  there  exists  in  R  a  small  sphere  Sr  of  radius  r 
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having  a  volume  equal  to  the  volume  of  the  Euclidean  sphere  of  the  same 
radius  r  then  R  is  loccdly  flat. 

Remark.  If  Ktm  =  0  for  all  m  ^  1  at  a  point  P  then  all  small  spheres 
Sp  having  their  centers  at  P  have  the  same  volume  as  the  corresponding 
Euclidean  spheres.  Hence  a  connected  analytic  Riemann  space  of  con¬ 
stant  mean  zero  curvature  is  locally  flat  if  at  any  point  P  the  invariants 
Ktm  =  0  for  all  m  ^  1. 
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COMBINATORIAL  TOPOLOGY  OF  POLYHEDRA 
Bt  S.  L.  Gbbitzer* 

Introduction.  Modem  Topology  may  be  considered  to  have  begun 
with  the  attempt  by  Euler  to  classify  polyhedra  which  led  to  the  deriva¬ 
tion  of  the  formula  expressing  the  relation  existing  among  the  vertices, 
edges,  and  faces  of  a  polyhedron  of  characteristic  k  =  2.‘  Further  in¬ 
vestigation  of  polyhedra  has  been  directed  toward  the  derivation  of 
generalizations  of  Euler’s  formula  applicable  to  generalized  polyhedra, 
to  the  examination  of  special  types  of  polyhedra,  and  to  the  derivation 
of  properties  of  2-complexes  from  special  polyhedra  called  simplicial 
subdivisions. 

Non-homeomorphic  polyhedra  are  non-isomorphic,  and  there  exist 
well-known  methods  of  distinguishing  among  non-homeomorphic  poly¬ 
hedra.  However,  little  has  been  done  in  the  way  of  distinguishing 
among  homeomorphic  non-isomorphic  polyhedra.  Euler  himself  had 
found  that  the  number  of  vertices,  edges,  and  faces  did  not  serve  to 
determine  a  polyhedron  of  characteristic  A:  =  2  uniquely.* 

Classification  of  polyhedra  has  since  been  attempted  in  various  other 
ways,  but  the  most  fruitful  appears  to  be  that  of  Dehn.* 

For  polyhedra  of  characteristic  A:  =  2,  he  derived  canonic  symbolic 
forms,  making  it  possible  to  compare  polyhedra  by  comparing  these 
forms.  The  purpose  of  this  paper  is  to  extend  this  method  to  polyhedra 
of  arbitrary  characteristic  and  orientability.  The  point  of  view  will  be 
that  of  Combinatorial  Topology,  since  the  discussion  lends  itself  most 
readily  to  the  use  of  combinatorial  methods. 

The  work  will  be  divided  into  five  sections.  Section  I  will  contain  a 

*  The  author  wishes  to  express  his  gratitude  to  Professor  P.  A.  Smith,  at  whose 
suggestion  this  paper  was  begun,  and  whose  patient  criticism,  helpful  suggestions, 
and  inspiring  guidance  made  its  completion  possible. 

‘  SteinitZ'Rademacher,  Vorlesungen  Uber  die  Theorie  dcr  Polyeder,  p.  9,  state 
that  this  formula  was  first  derived  by  Descartes. 

*  The  figures  (Plate  1,  page  261)  illustrate  two  polyhedra,  each  of  which  has 
one  pentagonal,  three  quadrangular,  and  three  triangular  faces,  six  vertices 
with  three  edges  on  each,  and  two  vertices  with  four  edges  on  each,  but  which 
are  not  isomorphic.  (Steinitz-Rademacher,  loc.  cit.,  p.  9.) 

'  Dehn,  M.  t^r  Kombinatorische  Topologie.  Acta  Mathematica,  1936, 
pp.  124-168. 
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new  approach  to  two-dimensional  manifolds.  An  intuitive  explanation 
may  not  be  amiss.  Let  C  be  a  closed  2-complex  such  that  the  boundary 
of  every  2-cell  is  connected,  and  let  cuts  be  made  along  all  of  its  1-cells. 
It  will  fall  apart  into  pieces  which  are  2-celis.  The  boundary  of  every 
piece  will  be  a  simple  circuit,  the  elements  of  which  will  be  called 
0-frontiers  and  l-frontiers.  If  C  be  re-constructed  by  putting  the  pieces 
together  again,  the  l-frontiers  will  be  contiguous  in  pairs,  forming  the 
1-cells  of  C,  and  the  0-frontiers  will  be  contiguous  in  sets,  forming  the 
0-cells  of  C.  The  topological  development  of  Section  I  will  be  in  terms 
of  the  concept  of  frontiers.  This  development  leads  to  a  very  general 
definition  for  a  polyhedron.  It  admits  as  a  polyhedron,  for  example, 
a  sphere  with  a  tree  on  it. 


Platk  1  (See  footnote  2) 

Sections  II,  III,  and  IV  deal  with  symbolic  methods  of  studying  the 
structural  properties  of  polyhedra.  In  Section  V,  examples  will  be 
given,  and  applications  made  to  the  study  of  n-points,  triangulations, 
and  the  related  mapping  problems. 

Section  I 

1.  Duotopes.  Our  first  step  must  be  to  define  a  polyhedron.  To  do 
this,  we  make  use  of  an  object  T)  which  will  be  called  a  duotope.  This 
will  consist  of  undefined  elements  called  O-frontiers  and  l-frontiers, 
together  with  two  undefined  symmetric  relations— incidence  and  con¬ 
tiguity.  We  make  the  following  assumptions: 

D.O — The  number  of  t-fron tiers  (t  =»  0,  1)  is  finite. 

T).l — Every  i-fronder  is  incident  to  either  one  or  two  (1  —  f)-frontiers. 
(i  =  0,  1).  If  a  and  b  are  incident,  we  write  a: 6. 
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D.2 — Every  O-frontier  is  contiguous  with  at  least  one  other  0-frontier. 
If  X  and  y  are  contiguous,  we  write  xXy.  A  O-frontier  is  con¬ 
tiguous  with  itself. 

®.3— Every  1-frontier  is  contiguous  with  exactly  one  other  1-frontier. 
5).4— If  X,  y  are  l-frontiers,  and  a,  b,  c,  d  are  0-frontiers,  such  that  x\y, 
a:x:b,  and  c'.yld,  then  either  a\c  and  b\d,  or  a\d  and  b\c. 

D.5— D  is  irreducible  with  respect  to  !l).l,  D.2,  I).3,  D.4. 

The  O-frontiers  and  l-frontiers  fall  into  a  finite  number  of  sets  of 
contiguous  elements.  We  shall  denote  by  (a,-  =  1,  •  •  •  ,  A:<)  the 
elements  of  the  t-th  set  of  mutually  contiguous  O-frontiers,  and  by 

,  «*  the  j-th  set  of  mutually  contiguous  l-frontiers.  Thus  contiguous 
elements  will  have  identical  superscripts. 

Def.  1.  An  t-frontier  of  type  1  is  incident  with  two  (1  —  i)-fron tiers 
of  type  1.  An  t-frontier  of  type  2  is  incident  with  one  (1  —  t)-frontier 
of  type  2.  (t  =  0,  1).  Frontiers  of  different  type  are  not  incident. 

A  symbol  of  the  form  ]  a6  •  •  •  d  |  containing  three  or  more  elements 
will  be  called  a  cycle.  A  symbol  of  the  form  (o6  •  •  •  d)  containing  three 
or  more  elements  will  be  called  an  oriented  cycle.  The  two  oriented 
cycles  (a6  •  •  •  d)  and  (d  •  •  •  6a)  will  be  called  opposites  of  each  other. 
Two  oriented  cycles  are  to  be  regarded  as  identical  when  one  is  a  cyclic 
permutation  of  the  other.  Two  cycles  are  to  be  regarded  as  identical 
provided  that  the  corresponding  oriented  cycles  are  either  identical  or 
opposites  of  each  other. 

Def.  2.  A  cycle  of  the  form  such  that  (a)  each  v,  «, 

is  of  type  1,  (b)  ^  and  (c)  will  be  called  a  trace  of 

type  1 .  A  symbol  of  the  form  such  that  v,  a’  are  of  type  2,  and 
such  that  will  be  called  a  trace  of  type  2* 

Theorem  1 : 1.  The  elements  of  a  duotope  fall  in  a  unique  manner  into 
traces,  no  txoo  of  which  have  an  element  in  common. 

Proof:  It  will  be  sufficient  to  prove  that  every  O-frontier  and  1-frontier 
belongs  to  at  least  one  trace,  and  that  two  traces  are  identical  or  else 
have  no  element  in  common.  Let  us  examine  the  t-frontiers  of  type  1. 
If  we  start  with  any  element,  v*  for  instance,  then,  from  Def.  1,‘  we 
must  have  a  sequence  v\  s\  i/*,  ■  •  •  in  which  each  element  is  incident 
with  those  on  either  side  of  it.  The  number  of  elements  being  finite, 
V*  must  appear  again  incident  with  its  second  frontier.  Consequently, 
there  must  occur  Furthermore,  from  Def.  l,k  ^  i, 

etc.  Hence  •••«")  is  a  trace.  Starting  with  an  element  which 

*  The  Bubscripts  have  been  omitted  here  for  the  aake  of  clarity.  However, 
each  element  ia  aaaumed  to  have  an  arbitrary  but  fixed  aubecript. 

‘See  note  4. 


COMBINATORIAL  TOPOLOGY  OF  POLYHEDRA 


263 


does  not  appear  in  this  trace,  we  can,  in  a  similar  manner,  derive  a 
second  trace.  This  process  can  be  continued  until  every  element  has 
been  used  in  a  trace. 

We  now  prove  that  the  traces  just  derived  are  distinct.  Let  traces 
I  and  II  contain  the  same  element,  say  v\  Then  from  Def.  1,  trace  I 
contains  «"  such  that  and  trace  II  contains  s',  s’  .such  that 

s':t>*:s’.  From  J).!,  it  follows  that  either  s"  =  s'  and  s"  =  s’,  or 
s’"  =  s’  and  s"  =  s'.  Thus  if  two  traces  have  one  element  in  common, 
then  the  elements  on  either  side  of  it  in  both  traces  are  also  identical. 
Consequently  it  follows  that  two  traces  with  one  element  in  common 
have  all  elements  in  common,  and  are  either  identical  or  opposites  of 
each  other,  and  that  two  traces  with  one  element  of  one  distinct  from 
every  element  of  the  other  have  no  elements  in  common.  From  the 
method  used  in  deriving  the  traces,  however,  two  traces  must  have  one 
element  of  one  distinct  from  every  element  of  the  other.  Hence  traces 
which  are  opposites  of  each  other  cannot  occur.  Therefore  the  theorem 
is  true  for  traces  of  type  1. 

From  Def.  1,  every  t-f rentier  of  type  2  is  incident  with  one  (1  —  *)- 
frontier  of  type  2,  and  from  Def.  2,  every  pair  of  incident  elements  of 
type  2  forms  a  trace.  Hence  the  t-frontiers  of  type  2  form  a  set  of 
traces  of  type  2,  no  two  of  which  have  an  element  in  common,  and 
including  every  element  of  type  2.  Finally,  no  element  of  type  2  can 
occur  in  a  trace  of  type  I  and  vice  versa,  from  Def.  1. 

Cor.  1.  Every  element  of  I)  occurs  exactly  once  in  the  set  of  its  traces. 

2.  Cells  and  Complexes.  Def.  3.  The  totality  of  contiguous  0-fron- 
tiers  (oi  =  1,  •  •  •  ,  ki)  will  be  called  a  (0,  !D)-cell  and  denoted  by  v\ 
The  two  contiguous  1-fron tiers  «{  and  sj  will  be  called  a  (1,  ®)-cell  and 
denoted  by  s*.  Every  trace  will  be  called  a  (2,  I))-cell. 

Def.  4.  A  set  of  (0,  ®)-cells  will  be  called  a  (0,  !D)-complex;  a  set  of 
(0,  !C)-cell8  and  (1,  !D)-cells  will  be  called  a  (1,  !l))-complex;  a  set  of 
(0,  !l))-cells,  (1,  !D)-cells,  and  (2,  ®)-cell8  will  be  called  a  (2,  !D)-complex. 

Def.  5.  If  for  at  least  one  value  of  a  and  one  value  of  n,  we 
will  say  that  the  corresponding  (1,  ®)-cell  s*  and  (0,  I))-cell  v”  are 
incident,  and  write 

Def.  6.  An  ordered  set  v’*,  s’\  •  •  •  ,  v'",  s’'*,  v**  such  that  :»*•■*■* 
will  be  called  a  chain  connecting  r**  and  v**.  If  v*"  *  t>’‘,  the  cycle 
I  v*'s”  •  •  •  v*'*s’’*  I  will  be  called  a  circuit. 

Def.  7.  If,  in  a  (1, 1))-complex,  there  exists  a  chain  connecting  every 
pair  of  (0,  ®)-cells,  then  the  (1,  ®)-complex  will  be  called  connected. 

Def.  8.  A  connected  (1,  I))-complex  containing  no  circuits  is  a  tree. 
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Def.  9.  Consider  the  (0,  ®)-cell8  and  (1,  J))-cell8  associated  with  the 
elements  of  a  (2,  !r))-cell  E.  They  form  a  circuit  which  will  be  called 
the  boundary  of  E. 

Theorem  1:2.  Every  (1,  l^)-ceU  occurs  as  part  of  a  boundary  exactly 
twice. 

Proof:  Let  s*  =  («1 ,  sj)  be  a  (1,  !D)-cell.  From  Theorem  1:1,  «{  and 
Ss  occur  either  both  in  one  trace  or  one  in  each  of  two  distinct  traces. 
Hence  from  Def.  9,  s'  will,  in  the  first  case,  appear  twice  in  one  boundarj”, 
or,  in  the  second  case,  appear  once  in  each  of  two  distinct  boundaries. 
From  Theorem  1:1,  Cor.  1,  it  cannot  appear  again. 

From  Def.  3-9,  it  follows  that  a  duotope  is  abstractly  equivalent  to  a 
2-complex.  From  now  on,  we  shall  omit  the  “D,”  and  speak  of  the 
O-cells,  1-cells,  and  2-cells  of  a  duotope,  and  of  the  0-complex,  1-complex, 
and  2-complex  formed  by  these  cells. 

Theorem  1:3.  A  l-ceU  is  incident  with  at  most  two  O-cells. 

Proof:  Let  s'  =  («{ ,  sj).  Then,  from  D.l,  there  can  exist  at  most 
four  distinct  0-frontiers  vZ  ,  Vf  ,  Vy  ,  vi  such  that  vZ-si'.Vf  and  Vy'.St'.vt . 
From  D.4,  m  =  p,  n  =  q,  or  m  =  q,  n  =  p.  Hence  the  four  0-frontiers 
can  occur  in  at  most  two  O-cells.  From  Def.  5,  s'  is  incident  with  at 
most  two  O-cells. 

Theorem  1:4.  The  l-complex  Ci  consisting  of  the  O-cells  and  l-cells 
of  a  duotope  is  connected. 

Proof:  Let  v*  be  an  arbitrary  0-cell,  and  C(  the  maximal  connected 
sub-complex  of  Ci  which  contains  v'.  Suppose  that  €[  does  not  contain 
the  0-cell  t»".  Let  D'  consist  of  the  O-frontiers  and  l-frontiers  asso¬ 
ciated  with  ci ,  and  T)  of  the  0-frontiers  and  l-frontiers  associated 
with  Cl . 

If  V*  is  an  element  of  Ci ,  then  since  Ci  is  maximal,  the  associated 
0-frontiers  Va^  (a,  =  !,•••,  ki)  are  all  elements  of  T'.  If  s’  is  an 
element  of  Ci ,  then  «1  and  sj  are  both  elements  of  T)'.  Hence  the  ele¬ 
ments  of  !D'  satisfy  assumptions  !D.2  and  !D.3. 

Let  vt  be  an  element  of  Then  it  is  an  element  of  T).  Hence 
there  is  at  least  one  1-frontier  si  incident  with  it.  From  Def.  5, 

Since  Ci  is  maximal,  s*  is  an  element  of  Ci .  Therefore  si  is  an  element 
of  T)'.  Again,  let  si,  be  an  element  of  D'.  Then  it  is  an  element  of  T). 
Hence  there  is  at  least  one  0-frontier  v’  incident  with  it.  From  Def.  5, 
s’:v'.  Since  C'l  is  maximal,  v*  is  an  element  of  Ci .  Therefore  vt  is  an 
element  of  Hence  the  elements  of  D'  satisfy  assumption  !D.l. 

Finally,  let  s*  =  («{ ,  «j)  be  an  element  of  Ci .  Then  and  are 
elements  of  T>.  Hence  there  exist  0-frontiers  v’„  ,  vi ,  vi, ,  vl  such  that 
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,  Vff'.ailvt,  and  Va^Vf,  t>*  .  From  Def.  5,  and  v*  are  incident 

with  «*.  Since  C[  is  maximal,  and  t>*  are  elements  of  C[ .  Therefore 
the  O^rontiers  are  elements  of  D'.  Hence  the  elements  of  3)'  satisfy 
assumption  T).4. 

If  C'l  does  not  contain  r",  then  D'  does  not  contain  the  0-frontiers  r,, 
(a,  =  1,  . . .  ,  A,).  Hence  D'  is  a  proper  sub-set  of  3)  which  is  itself 
a  duo  tope.  This  means  that  3)  is  reducible  with  respect  to  3).l,  3).2, 
35.3,  D.4,  which  contradicts  D.5.  Therefore  Cj  contains  v",  and  is 
identical  with  Ci .  Since  Cj  is  connected,  then  Ci  is  connected. 

Theorem  1:5.  The  totality  of  l-frontiers  corresponding  to  the  1-ceUs 
incident  with  a  O-ceU  v'  =  v*,.  (o,-  =  1,  •  •  •  ,  hi)  can  be  arranged  in  a 
finite  number  of  distinct  cycles  |  •  •  •  si’s**  |  sxich  that  or 

=  «l 

Proof:  Let  «j"  be  a  1-frontier  of  type  1.  Since  s'^iv',  there  exists 
0-frontier  o*  of  type  1  such  that  .  Since  rj,  is  of  type  1,  there  is  a 
second  1-frontier  incident  with  it.  Let  this  be  Then 

If  is  a  1 -frontier  of  type  2,  let  be  identical  with  sj”.  In  either 
case,  the  element  following  is  fixed.  Also,  in  either  case,  let 
be  that  1-frontier  which  is  contiguous  with  This  element  is  also 

uniquely  determined.  Since  the  number  of  elements  is  finite,  an  ele¬ 
ment  Si'  must  be  reached  such  that  Hence  |  •  •  •  sl"si*  | 

is  a  cycle  fulfilling  the  required  conditions.  If  this  cycle  does  not  con¬ 
tain  ail  the  l-frontiers  incident  with  v*,  we  can,  in  the  same  manner, 
start  with  an  element  which  does  not  occur  in  it  and  derive  a  second 
cycle.  This  process  can  be  continued  until  every  1-frontier  occurs  in 
one  of  the  cycles.  Since  one  element  of  a  cycle  uniquely  determines 
the  other  elements  of  the  cycle,  it  follows  that  all  these  cycles  are  dis¬ 
tinct.  Since  the  number  of  elements  is  finite,  the  number  of  cycles  is 
finite. 

Def.  10.  Corresponding  to  every  cycle  |  •  •  •  8l*8j"  1  there  is  a 

cycle  I  8*'8‘‘  •  •  •  8**  I  consisting  of  the  1-cells  corresponding  to  the  l-fron¬ 
tiers.  Every  such  cycle  will  be  called  a  star  on  the  0-cell  v*. 

35.6.  A  duotope  which  has  only  one  star  on  each  of  its  0-cells  will  be 
called  a  polyhedron.* 

Theorem  1:6.  If  a  2-complex  P  satisfies  assumptions  T).l,  2,  3,  4,  6, 
and  if  the  associated  1-complex  is  connected,  then  D.5  is  also  satisfied. 

Proof :  Suppose  the  contrary.  Since  the  number  of  elements  in  P  is 
finite,  there  will  be  a  proper  sub-set  P*  of  P  which  satisfies  D.l,  2,  3,  4, 

*  It  can  be  readily  veriSed  that  this  definition  of  a  polyhedron  is  abstractly 
equivalent  to  that  of  Reidemeister — Kombinatorische  Topologie,  p.  129. 
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and  which  is  irreducible.  Let  the  1-complex  associated  with  P'  be 
denoted  by  C'.  From  Def.  3,  every  0-cell  of  P'  corresponds  to  a  0-cell 
of  P,  and  similarly  for  the  1-cells  of  P'.  By  hypothesis,  P'  satisfies  D.6. 

Since  C  is  connected,  P'  and  P  —  P'  must  have  0-cells  in  common, 
and  may  have  1-cells  in  common.  Let  =  («1 ,  «*)  be  an  element  of  C'. 
From  !I).3,  «i ,  «s  must  both  be  associated  with  a  1-cell  of  P'.  Hence 
cannot  be  an  element  of  P  —  P'.  Consequently,  P  and  P  —  P'  can 
have  only  O-cells  in  common.  Let  v*  be  such  a  0-cell.  From  D.l  and 
Def.  5,  there  exist  l-cells  s“,  such  that  both  are  incident  with  v*,  and 
such  that  «“  is  an  element  of  P',  while  is  an  element  of  P  —  P'. 
Hence  «“  and  cannot  be  in  the  same  star  of  v*.  This  contradicts  the 
hypothesis  that  !D.6  is  satisfied.  Hence  T).5  must  be  satisfied,  and  P 
be  a  duotope. 

Cor.  P  is  a  'polyhedron. 

Def.  11.  Consider  cycle  |  •••«"!  such  that  two  successive  ele¬ 

ments  are  incident  with  contiguous  O-frontiers.  Such  a  cycle  will  be 
called  a  path  on  the  duotope. 

3.  Trees.  We  have  already  defined  a  tree  on  a  polyhedron.  We  now 
give  a  proof  of  a  very  important  theorem  concerning  trees. 

Theorem  1:7.  It  is  always  possible  to  choose,  from  among  the  O-cells 
and  \-cells  of  a  polyhedron,  a  tree  which  contains  all  the  O-cells. 

Proof:  Since  the  O-cells  and  1-cells  form  a  connected  1-complex,  there 
exists  a  chain  connecting  O-cells  t;‘  and  v*.  This  chain,  iBi ,  is  a  tree. 
Now  suppose  that  there  is  a  tree  ®<_i  which  contains  O-cells  v\  •  •  •  ,  v*. 
Consider  a  chain  joining  v*  to  v*"*^*.  If  this  chain  has  a  0-cell  in 
common  with  iBt-i ,  then  that  portion  of  the  chain  joining  to  v’  can 
be  removed,  leaving  a  chain  in  $,-i  joining  v'  to  v’  plus  a  chain  joining 
to  v*'*'*.  If  this  new  chain  contains  a  0-cell  v‘  in  common  with  ©<-1 , 
then  the  removal  of  that  portion  of  the  chain  joining  v’  to  v‘  leaves  a 
chain  in  the  tree  joining  t;‘  to  v‘  plus  a  chain  joining  v*  to  v’’*'*.  After 
a  finite  number  of  su(!h  operations,  however,  a  1-complex  is  left  which 
consists  of  the  tree  9,-i  plus  a  chain  joining  just  one  of  its  O-cells  to 
Hence  this  new  complex  is  a  tree.  Call  it  contains  all 

the  O-cells  of  iBt-i  plus  one  added  0-cell.  This  implies  that,  from  any 
tree  consisting  of  O-cells  and  1-cells  of  a  polyhedron,  but  not  containing 
all  the  O-cells,  a  new  tree  can  be  obtained  containing  one  more.  Conse¬ 
quently,  starting  from  $1 ,  which  certainly  exists,  it  is  possible  to  add 
O-cells  one  by  one  until  a  tree  is  reached  containing  all  the  O-cells.^ 


’  Kombinatorische  Topologie — Reidetneiater,  pp.  103-104. 
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In  the  future  we  will  call  the  O-cells,  l-cells,  and  2-cell8  of  a  polyhedron 
its  vertices,  edges,  and  faces  respectively. 

4.  Orientation.  Def.  11.  The  chain  (Oir^)  will  be  called  an  ori¬ 
ented  1-frontier;  will  be  called  its  opposite. 

It  follows  that  every  trace  falls  into  a  set  of  oriented  1-frontiers. 

Def.  12.  Let  (v«sirj)  and  (f'sjri)  be  oriented  1-frontiers.  If 
and  VfiXvy,  then  «{  and  are  discordant  with  each  other.  If  Vaivy  and 
»  then  and  «j  are  concordant  with  each  other. 

Def.  13.  If  the  traces  of  a  polyhedron  can  be  so  chosen  as  to  make 
every  pair  of  contiguous  1-frontiers  discordant  with  each  other,  then 
the  polyhedron  will  be  called  orientable.  A  polyhedron  is  either  orien- 
table  or  non-orientable. 

We  end  this  section  with  some  results  from  2-dimen8ional  Combina¬ 
torial  Topology  which  will  be  used  later.  First,  it  is  known  that  for  a 
tree  with  Oo  vertices  and  oi  edges,  Oo  —  Oi  =  1 .  Hence  for  the  tree 
of  Theorem  1:6,  n  =  oo  —  1.  It  is  also  known  that  for  a  polyhedron 
with  Oo  vertices,  Oi  edges,  and  Oj  faces,  oo  —  at  +  =  k.  The  constant 

k  is  called  the  characteristic.  If  k  is  known  for  a  polyhedron,  and  if 
it  is  known  whether  the  polyhedron  is  orientable  or  not,  then  the  topo¬ 
logical  character  of  the  polyhedron  is  completely  determined. 

Section  n 

1.  Introduction.  Consider  an  arrangement  of  the  symbols  1,  1,  2, 

*i  *1  •» 

2,  •  •  •  ,  m,  m,  and  ,  2i ,  Zj ,  z* ,  •  •  •  ,  z„  ,  z«  where  «,  is  either  a  plus  or 
minus  sign.  This  will  be  called  an  arrangement  of  type  (m,  n).  An 
arrangement  of  the  first  set  of  83Tnbol8  alone  will  be  said  to  be  of  type 
(m,  0),  and  an  arrangement  of  the  second  set  of  symbols  alone  will  be 
said  to  be  of  type  (0,  n).  Let  the  arrangement  of  these  symbols  be 
subject  to  the  restriction  that  the  pair  of  symbols  t,  i  are  not  separated 
by  the  pair  j,  j.  (t,  j  =  1,  •  •  •  ,  m  i  j).  Such  an  arrangement  will 
be  called  a  monomial.  The  symbols  t,  i  will  be  called  mates,  and  the 

same  will  be  true  for  the  symbols  z, ,  z,  . 

The  purpose  of  this  section  is  to  associate,  with  every  monomial  t, 
a  unique  polyhedron  P(t),  in  such  a  manner  that  the  structure  of  P{r) 
will  be  derivable  from  t,  and  to  deduce  some  of  the  more  interesting 
properties  of  monomials. 

2.  Arrangements  of  type  (m,  0).  We  shall  first  note  some  of  the 
effects  of  the  restriction  on  the  form  of  the  monomial  t.  It  is  obvious 
that  a  direct  or  reverse  cyclic  permutation  of  a  monomial  is  a  monomial. 
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Def.  14.  Two  monomials  will  be  called  equivalent  if  they  are  equiva¬ 
lent  when  considered  as  cycles.  Equivalent  monomials  will  be  denoted 
by  the  same  symbol. 

Let  X  be  a  monomial,  and  let  x  be  the  monomial  obtained  from  x  by 
suppressing  all  the  z’s.  Then  x  is  of  type  (m,  0). 

Lemma  1.  Every  x  is  of  the  form  iAiB,  where  A  is  either  null  or  con¬ 
tains  an  even  number  of  elements,  and  the  same  is  true  for  B.  If  a  symbol 
occurs  in  A  {or  B),  its  mate  also  occurs  in  A  {or  B). 

Proof :  Suppose  that  A  contains  an  odd  number  of  elements.  Then 
there  exists  at  least  one  element  j  in  A  without  its  mate.  This  mate 
must  appear  in  B.  Hence  i,  i  separate  j,  j,  which  is  impossible. 

Starting  with  a  given  monomial  x,  we  derive  an  arrangement  f  i  of  a 
sub-set  of  symbols  from  it  according  to  the  following  process:  Consider 
X  to  be  a  cycle  with  a  definitely  chosen  orientation.  A  symbol  and  its 
mate  will  be  considered  as  distinct  elements.  I^et  any  element  i  of  x 
be  the  first  element  of  xi .  Then  the  next  element  of  xi  will  be  the 
successor  in  x  of  the  mate  of  t.  In  general,  if  A:  is  an  element  of  fi , 
then  the  next  element  of  xi  will  be  the  successor  in  x  of  the  mate  of  k. 
Since  the  number  of  elements  in  x  is  finite,  an  element  m  must  be 
reached  such  that  the  successor  of  its  mate  in  x  has  already  been  chosen. 
We  shall  define  xi  as  being  [t  •  •  •  m\. 

If  xi  does  not  contain  every  element  of  x,  we  start  with  an  element 
not  in  xi  and  derive  a  second  arrangement  x* .  If  xi ,  x*  taken  together 
do  not  contain  all  the  elements  of  x,  we  start  with  an  element  contained 
in  neither  and  derive  a  third  arrangement  xi .  Let  this  process  be  con¬ 
tinued  until  arrangements  xj ,  xj ,  •  •  •  ,  Xp  have  been  derived  such  that 
every  element  of  x  occurs  in  at  least  one  of  them.  Each  x<  {i  = 
1 ,  •  ••  ,  p)  will  be  called  a  pinnule. 

Theorem  2.1.  The  successor  in  x  of  the  mate  of  the  last  element  of  a 
pinnule  x«  is  the  first  element  of  x«  . 

Proof:  Let  Xa  =  [t  •  •  •  jA:  •  •  •  m].  From  the  description  of  the  process 
used  in  deriving  x*  ,  tfie  .successor  of  the  mate  of  the  last  element  of  #•«  , 
namely  m,  is  an  element  of  x*  .  Suppose  it  to  be  A:  ^  t.  Since  k  is 
the  successor  in  x  of  the  mate  of  j,  A:  is  at  the  same  time  the  successor 
of  two  elements  of  x,  which  is  impossible. 

Theorem  2.2.  x*  ,  xj  have  no  elements  in  common,  if  a  9^  0. 

Proof:  We  may  suppose  that  a  <  0.  Suppose  that  #■«  and  rg  have 
an  element  i  in  common.  From  the  method  used  in  deriving  it,  vg  has 
at  least  one  element  distinct  from  every  element  of  .  Let  #«  =* 
{ij  •  •  •  m)  and  fg  =  {ik  •••/»)  where  j,  k  are  distinct  (although  they 
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may  be  mates).  From  the  form  of  and  ftp  ,  it  follows  that  j  and  k 
are  the  successors  of  the  mate  of  one  and  the  same  i.  Hence  j  and  k 
are  both  successors  of  one  and  the  same  element  of  x,  which  is  im¬ 
possible. 

Lemma  2.  Let  it  =  iAiB  =  i'Ai”B,  where  i*  is  the  first  element  of  a 
pinnule  t«  ,  and  i”  is  its  matef  Then  aU  the  other  elements  of  ita  are 
contained  in  B. 

Proof ;  Since  is  the  first  element  of  x„ ,  the  second  element  is  the 
successor  in  x  of  i",  and  is  therefore  in  B.  Suppose  now  than  A  con¬ 
tains  elements  of  x.  .  In  the  derivation  of  fa  ,  let  x'  be  the  last  element 
to  come  from  B,  and  let  x”  be  its  mate.  Since  the  successor  of  x”  is 
in  A,  x"  itself  is  in  A.  Hence  t',  i"  separate  i',  x" ,  which  is  impossible. 

Theorem  2.3.  A  pinnule  does  not  contain  an  element  and  its  mate. 

Proof:  Let  x  =  i'Ai''B,  where  i'  stands  for  the  first  element  of  fa  • 
From  Lemma  2,  all  the  other  elements  of  x«  must  be  contained  in  B. 
Since  i"  is  not  in  B,  it  cannot  appear  in  fa  . 

Theorem  2.4.  f^  cannot  contain  the  mates  of  two  elements  of  fa  . 

(a  /8). 

Proof:  Let  x«  contain  the  two  elements  i,  j.  From  Lemma  1,  we 
may  write  f  =  i'Ai"Bj'Cj”D.  With  the  notation  chosen  in  this  man¬ 
ner,  i'  must  appear  in  fa  ,  from  Lemma  2.  Hence  i"  must  appear 
in  ff  ,  from  Theorem  2:3.  Therefore  all  the  other  elements  of  x^  must 
be  contained  in  A,  from  Lemma  2.  Since  neither  f  nor  j”  are  con¬ 
tained  in  A,  neither  can  be  contained  in  ff . 

Theorem  2.5.  Every  element  of  f  occurs  once,  and  exactly  once,  among 
the  elements  of  the  pinnules  xi  •  •  •  Xp  . 

Proof:  By  construction,  every  element  of  f  occurs  in  at  least  one 
pinnule.  From  Theorem  2.2,  no  element  can  occur  in  more  than  one 
pinnule.  From  Theorem  2.3,  an  element  can  occur  only  once  in  any 
one  pinnule.  Hence  every  element  of  x  occurs  once,  and  only  once, 
among  the  elements  of  fi  •  •  •  fp. 

Lemma  3.  If  x«,  is  a  pinnule  derived  from  f,  there  exist  pinnules 
fat  ,•••  ,  ifa,  such  that  fai+i  contains  the  mate  of  an  element  of  fat 
(t  =*  1,  . . .  ,  g  -  1). 

Proof:  Let  x«,  contain  the  element  i\  Choose  as  fat  the  pinnule 
containing  i",  and  these  two  pinnules  satisfy  the  required  condition. 
If  fat  contains  element  x'  9^  i',  i",  choose  as  Xa,  the  pinnule  containing 
x".  Then  these  three  pinnules  satisfy  the  required  condition.  Con- 

'  We  will  frequently  find  it  helpful  to  distinguish  between  an  element  and  its 
mate  by  the  use  of  superscripts  as  indicated. 
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tinue  in  the  same  manner  to  choose  pinnules  f.,  ,  f’.i ,  etc.  Since  the 
number  of  pinnules  is  finite,  there  must  exist  a  pinnule  such  that 
,  •  •  •  ,  is  of  the  required  form,  and  such  that  there  does  not  exist 
a  pinnule  not  already  chosen  which  contains  the  mate  of  an  element 
of  . 

Theorem  2.6.  Let  •  •  •  fa,  {q  >  2)  be  pinnules  of  f  such  that 
contains  the  mate  of  an  element  of  fai{i=‘  1,  •  •  •  ,  ?  —  1).  Then 
does  not  contain  the  mate  of  an  element  of  . 

Proof:  First,  every  pinnule  except  possibly  and  contains  at 
least  two  elements,  since  it  contains  the  mate  x"  of  an  element  x'  of 
the  preceding  pinnule  and  also  the  mate  y"  of  an  element  y'  of  the 
succeeding  pinnule.  From  Theorems  2.2  and  2.3,  x"  and  y”  are  distinct. 
In  particular,  fa,  will  contain  two  distinct  elements,  say  t,  j. 

Ix't  f  =  i'Ai"Bj'Cj"D.  With  the  nutation  chosen  in  this  manner, 
fa,  must  contain  i',  j'.  For  if  fa,  contained  i",  then  from  Lt*mma  2, 
all  the  other  elements  of  fa,  would  have  to  be  in  ^4,  and  since  neither 
f  nor  j”  are  in  A ,  neither  could  be  in  fa,  •  Similarly,  if  fa,  contained 
j”,  then  from  Lemma  2,  all  the  other  elements  of  fa,  would  have  to 
be  in  C,  and  since  neither  i'  nor  i"  are  in  C,  neither  could  be  in  fa,  . 
Finally,  let  us  assume  that  fa,  contains  t"  and  contains/'.  From 
I^emma  2,  the  other  elements  of  fa,  are  all  in  A ,  and  the  other  elements 
of  fa,  are  all  in  C. 

From  I^emma  1,  if  an  element  is  contained  in  C,  its  mate  is  also  con¬ 
tained  in  C.  I.«t  x"  be  the  last  element  of  C  and  x'  its  mate.  From 
Theorem  2.5,  x'  can  occur  in  only  one  pinnule.  But  this  pinnule  also 
contains  the  successor  of  x",  namely  j".  Hence  this  pinnule  must  be 
fa,  .  Now  let  c'  ^  x'  be  an  element  of  C,  and  c"  its  mate.  Since 
c"  x",  the  successor  of  c"  is  also  in  C.  Hence  if  pinnule  fa,  (i  ^  3) 
contains  c',  then  the  successor  of  c'  in  fa/  will  also  be  in  C,  and  the 
same  will  be  true  for  every  element  of  fa,  .  Since  fa,  contains  the 
mate  of  an  element  of  ir„, ,  not/',  fa,  contains  one  element  of  C.  Hence 
ever>'  element  of  fa,  is  in  C.  In  a  similar  manner,  it  follows  that 
fa, ,  •  •  •  ,  fa,  contain  only  elements  of  C.  Consequently,  from  I.emma 
1,  fa,  cannot  contain  an  element  whose  mate  is  in  fa,  . 

Ijemma  4.  The,  successor  of  an  element  in  f  is  the  successor  of  the  mate 
of  that  element  in  a  pinnule  fa  . 

Proof:  I^et  f  »  i'Ai"j'B.  Then  there  exists  pinnule  fa  “  (//  •  •  •  )• 
C'onversely,  if  #,  »»  (  •  •  •  t'/  •  •  •  )>  then  /  must  be  the  successor  of  the 
mate  of  t'  in  f.  Hence  /  is  the  successor  of  t"  in  t. 
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3.  The  Tree  Associated  with  f.  We  shall  now  associate  a  unique 
tree  with  a  given  monomial  #.  Let  »  be  of  type  (m,  0).  Let  every 
(2A:  +  l)-et  element  (A  =  0,  —  l)be  marked  with  a  single 

prime,  and  every  other  element  with  a  double  prime.  From  Lemma  1 , 
an  element  and  its  mate  will  thereby  receive  distinct  markings.  I^et 
pinnules  ,•••,#,  be  derived  from  f,  and  let  ja  be  the  number  of 
elements  in  #•«*  (a  =  1,  •  •  •  ,  p). 

We  now  introduce  2m  l-frontiers  sj ,  «j  (t  =  1,  •  •  •  ,  m)  and  2m  0-fron- 
tiers  (a  =  1,  •  •  •  ,  p;  j  =  1,  •  •  •  ,ia).  Assign  to  the  elements  i',  i" 
of  f  the  l-frontiers  «i ,  «*  napectively,  and  let  (i  =  1,  •  •  •  ,  m). 
Let  j'  be  an  arbitrary  element  of  odd  rank  of  f  and  i”  its  predecessor, 
and  let  #  »»  Ai*Bi”j'C.  From  Lemma  4,  there  exists  a  pinnule»ira  = 
(  . . .  i'j'  . . .  ).  If  j'  is  the  r-th  element  of  ,  let  sj  and  «i  be  incident 
with  Vt  .  Similarly,  if  j"  is  an  arbitrary  element  of  even  rank  of  if  and  k' 
its  predecessor,  and  if  j”  is  the  r-th  element  of  pinnule  fn ,  let  «j  and  «* 
be  incident  with  t/l .  Also,  let  the  O-frontiers  v"  {j  =  1,  •••  ,j«)  be 
mutually  contiguous.  The  l-frontiers  associated  with  two  successive 
elements  of  if  are  thus  incident  with  the  .same  0-frontier,  and  the 
l-frontiers  as.sociated  with  the  elements  of  any  one  pinnule  are  incident 
with  contiguous  O-frontiers. 

It  is  obvious  that  the  O-frontiers  and  l-frontiers  satisfy  a.s.sumptions 
D.l,  I).2,  IT.S.  Suppose  that  if  =  •  •  •  a'V6"  •  •  •  cV'd'  •  •  •  .  Consider 
the  pinnules  if*  =  (i'd'  •  •  •  )  and  if/j  =  •  •  •  )•  From  the  method 

of  association  and  f rom  Lemma  4,  we  find  v" :  «i :  e*  and  ef :  sj :  e?  .  There¬ 
fore  assumption  T).4  is  satisfied.  The  frontiers  constitute  a  1-complex, 
33(if).  (Def.  3,  4).  This  is  connected.  For,  let  e“,  be  any  two 
0-cells,  and  consider  the  associated  elements  v“  ,vf  .  There  exist  1-fron- 
tiers  »i  and  «}  corresponding  to  t',  f  of  if  respectively,  and  such  that 
«{:vr  and  si:ei .  I^et  if  =  i'Aj'B.  A  given  element  of  if  and  its  suc¬ 
cessor  are  both  associated  with  l-frontiers  which  are  incident  with  the 
same  0-frontier.  From  Def.  5,  the  corresponding  1-cells  are  incident 
with  the  same  0-cell.  C’onsequently  the  1-cells  and  0-cells  corresponding 
to  i'Aj'  form  a  chain  connecting  v“  and  (Def.  6).  Since  the  0-cells 
v“,  are  arbitrarily  chosen,  i0(if)  is  connected. 

Theorem  2:7.  (if)  is  a  tree. 

Proof :  I.et  if«  *  where  n  =  ja  ,  be  a  pinnule  derived 

from  f .  Associated  with  successive  elements  it-i ,  it  of  f„  ,  there  exist 

*  From  the  method  of  construction  of  the  pinnules,  all  the  elements  of  any 
one  pinnule  have  one  prime,  or  all  have  two  primes. 
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l-frontiers  «i’’  and  0-frontier  vt  such  that  (r  = 

1,  •  •  •  ,  n;  *  «J*).  Hence  the  l-frontiers  corresponding  to  the  ele¬ 
ments  of  fa  ,  together  with  their  mates,  can  be  arranged  in  a  sequence 
I  sl'sj*  •  •  •  I  such  that  Therefore,  from  Def.  10,  the 

corresponding  cycle  1  |  forms  a  star  on  r“.  There  is  one  such 

star  associated  with  every  pinnule  derived  from  f. 

From  Theorem  2:3,  every  1-cell  of  33(t)  is  incident  with  two  distinct 
0-cells.  Hence  ©(t)  contains  no  loops  consisting  of  single  1-cells. 
From  Theorem  2:4,  two  1 -cells  incident  with  one  0-cell  cannot  both  be 
incident  with  a  second  0-cell  as  well.  Hence  ©(ir)  does  not  contain 
circuits  consisting  of  two  1-cells.  From  Theorem  2:6,  three  or  more 
stars  ©(#)  forming  a  connected  1-complex  cannot  contain  0-cells  and 
1-cells  which  form  a  circuit.  Consequently  ©(ir)  is  a  connected  1-com- 
plex  containing  no  circuits,  or  a  tree. 

Incidentally,  it  follows  from  the  previous  discussion  that  the  0-fron¬ 
tiers  and  l-frontiers  associated  with  the  elements  of  f  form  a  polyhedron 
which  we  shall  denote  by  P(f). 

4.  The  Polyhedron  P(t).  We  shall  now  associate  a  unique  poly¬ 
hedron  P(t)  with  a  given  monomial  r.  Let  t  be  of  type  (m,  n),  and 
let  ,  •  •  •  ,  Tp  be  the  pinnules  derived  from  f.  We  may  write  r  = 

i'Aif'At  •••  where  the  expressions  At,  which  we  shall  call 

« 

clusters,  are  null  or  contain  only  z’s.  Let  Za  be  an  arbitrary  z-element 

0 

of  T,  where  5  =  0  or  6  =  «»  ,  and  Zo  s  Za  .  Let  u{a,  S)  be  the  number 

I 

of  z’s  in  T  which  lie  between  i'  and  Zo .  We  shall  let  k{a,  5)  = 
{2m  -|-  1)  +  u{a,  6). 

We  now  introduce  2(m  -f  n)  l-frontiers  «{ ,  «j ,  (t  =  1,  •  •  •  ,  m  -f  n) 
and  2(ni  -f-  n)  0-frontiers  vf  ,  {a  =  1,  •  •  •  ,  p)  where  the  values  of  j 
will  be  specified  presently.  Assign  to  the  elements  t',  i"  of  r  the 

l-frontiers  s{ ,  «*  respectively,  {i  =  !,•••,  m),  and  let  «ijsj .  Assign 

•< 

to  the  elements  z< ,  z,-  of  x  the  l-frontiers  respectively,  (t  = 

1,  •••  ,  n),  and  let  If  p  is  the  r“*  element  of  pinnule  x«, 

then  the  l-frontiers  associated  with  p  and  its  successor  in  x  are  to  be 

I 

incident  with  v"  (r  =  1,  •  •  •  ,ja).  If  Za  is  an  arbitrary  z-element  of  x, 
A,  the  cluster  which  contains  it,  and  if  the  predecessor  of  the  first 

*•  Sec.  2.3,  par.  1. 

**  See  Theorem  2:7. 
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element  of  A,  is  an  element  of  pinnule  ,  then,  if  5  is  positive,  (nega- 

t 

tive),  let  the  1 -frontiers  associated  with  the  mate  of  Za  and  with  the 

I 

successor  (predecessor)  of  z«  in  t  be  incident  with 

We  observe  that,  in  any  pinnule  ,  r  ranges  from  1  to  ,  and  that 

P 

=  2m.  Since,  in  addition,  two  elements  of  t  which  are  in  ir 

a*l 

cannot  occupy  the  same  position  in  the  same  pinnule,  the  1-frontier 
associated  with  every  element  of  f  is  incident  with  a  unique  0-frontier. 
From  the  definition  of  k{a,  6),  it  is  seen  that  k{a,  6)  ^  k(a',  5')  when 
a  ^  a',  or  S  ^  S',  or  both.  Hence  k{a,  S)  takes  on  2n  distinct  values. 
These  values  are  greater  than  2m  and,  in  fact,  include  all  the  integers 
from  2m  -|-  1  to  2(m  +  n)  inclusive.  Therefore  the  construction  assigns 
incidence  relations  involving  each  of  the  2(m  -f-  n)  0-frontiers.  More¬ 
over,  each  Vr  is  incident  with  exactly  two  1-frontiers,  and  each 
is  incident  with  at  most  two  1-frontiers — namely,  those  associated  with 

I  t 

the  mate  of  z«  and  with  the  successor  or  predecessor  of  z.  in  t.  These 
may  be  identical.  Let  the  O-frontiers  and  1-frontiers  thus  associated 
with  the  elements  of  x  be  denoted  by  P(t).  We  have  shown  in  what 
precedes  that  assumptions  “r.!,  35.2,  T).3  are  satisfied  by  the  elements 
.  ofP(T). 

•  Lemma  5:  The  elements  of  P(x)  satisfy  T.4. 

f  *  •. 

Proof :  Let  Za  be  an  arbitrary  z-element  of  r,  and  \ei  Za  t  At ,  Za  e  Au  • 
We  may  write  x  =  •  •  •  xAt  •  •  •  yAu  •  •  •  ,  where  say,  x  t  y  t 
Hence,  by  construction,  s?''^:r*(a.o)  and  Jt't («.€,)  • 

Let  the  successor  (predecessor)  of  Za  be  Zh{zb),  and  the  successor 

(predecessor)  of  z*  be  zZizt).  Then  and 

Therefore  or  *7^* 

and  v7(,.o):«7^:v*(e.-)  or  e7(..o):«7'^:v*(c.o) .  If  <  =  «,  then  x  =  y 

*« 

and  a  =  p.  If  Za  is  the  successor  (predecessor)  of  Zo ,  then  k{a,  ta)  = 
k(b,  —  )[A:(a,  «„)  =  k(b,  0)],  and  87^  and  »*(«.,.)  are  of  type  two.“  Hence 
assumption  !3).4  is  satisfied  in  this  case.  In  a  similar  manner,  35.4  can 

be  shown  to  be  satisfied  when  either  z,  or  Za  or  both  are  successors  of 
elements  of  x,  and  for  an  element  of  x  and  its  mate. 

Theorem  2:8.  P(x)  is  a  polyhedron. 


Sec.  1.1,  par.  2. 
•»  Del.  1. 
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Proof:  First,  the  1-complex  C(t)  associated  with  P(ir)  has,  by  con¬ 
struction,  the  same  0-cells  as  has  33(ir),  while  the  1-cells  of  33(t)  are  in 
C(r).  Since  ^(f)  is  connected  C(r)  is  connected. 

I.«t  T  =  i'Aif'Atk'At  •  •  •  p"Ajm ,  and  consider  the  auxiliary  mono¬ 
mials  Ti ,  Tj ,  •  •  •  ,  Ttm  ,  where  t*  is  derived  from  t  by  suppressing  the 
clusters  Ai+i,  •••  ,  Atm  .  Hence  xi  se  f  and  x*.,  *  x.  In  xi ,  let 

III 

A\  =  zjih  •  •  •  2* ,  and  let  i'  be  in  pinnule  x,  =  (t'  •  •  •  ).  By  con¬ 
struction,  the  0-frontiers  and  l-frontiers  associated  with  t'  and  the  ele¬ 
ments  of  A I  can  be  arranged  in  the  form  •  •  •  where 

the  2r*'*  element  and  the  2r  -|-  !•*  element  (r  =  1,  2,  •  •  •  )  are  incident 
with  the  same  0-frontier  or  are  identical.  Therefore  the  associated 
l-cells  . .  •  belong  to  the  same  star  on  0-cell  v“.^* 

From  Theorem  2:7,  the  l-cells  associated  with  the  elements  of  Xa 
form  part  of  the  .same  star.  Hence  the  l-cells  associated  with  the  ele¬ 
ments  of  Ai  and  x*  form  part  of  one  and  the  same  star.  Consequently 
the  number  of  stars  in  P(xi)  Is  the  same  as  the  number  of  stars  in  P(x). 
In  a  similar  manner,  it  can  be  shown  that  P(x,)  has  the  same  number 
of  stars  as  has  P(x<_i).  By  construction,  the  number  of  stars  in  P(x) 
is  p.  Hence  P(xi),  P(irt),  •  •  •  ,  P(x*„)  have  p  stars.  Therefore 
P(x)  [=  P(xtm)],  which  has  p  O-cells,  has  p  stars.  Consequently  there 
can  be  but  one  star  on  each  0-cell.  From  Theorem  1:6,  P(x)  is  a 
polyhedron. 

Since  neither  cyclic  permutation  of  the  monomial  x,  nor  x  and  the 
pinnules  derived  from  it,  nor  interchanges  of  suKscripts  or  superscripts 
affect  the  essential  uniqueness  of  the  relations  of  incidence  and  con¬ 
tiguity  existing  among  the  O-frontiers  and  l-frontiers,  P(x)  is  essen¬ 
tially  unique. 


Section  HI 

1.  Introduction.  In  the  previous  section  it  has  been  shown  that  a 
monomial  x  determines^  unique  polyhedron  P(x).  In  this  section,  we 
shall,  given  a  polyhedron  P,  show  how  a  monomial  w  may  be  determined 
from  it  such  that  P(w)  ^  P. 

2.  The  traces  of  P(x).  Starting  with  a  given  monomial  x,  we  derive 
an  arrangement  fli(x)  of  a  sub-set  of  symbols  from  it  according  to  the 
following  process:  Consider  x  to  be  a  definitely  oriented  cycle,  and  let  a 
s3mibol  and  its  mate  be  regarded  as  distinct  elements.  I.«t  any  element 


“  Def.  10. 
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«i  of  T  be  selected  as  the  first  element  of  0i(ir).  If  Si  is  an  element  of  f, 
then  the  second  element  St  of  ®i(ir)  is  to  be  the  successor  of  Si  in  t.  If  «i 
is  a  z-element,  and  if  Si  and  its  mate  have  like  (opposite)  signs,  then  Sj 
is  to  be  the  successor  (predecessor)  of  the  mate  of  Si  in  t.  If  is  a 
“successor,”’*  then  Sj  in  di{r)  is  selected  in  the  same  manner  as  was  «j  . 
If  «*  is  a  “predecessor,”  then  we  interchange  the  words  “predecessor” 
and  “successor”  in  the  above  rule  in  defining  s* .  We  continue  in  the 
same  manner.  I.«t  be  the  first  element  such  that  s,+i  *  (i  <  n). 
Let  ®i(t)  =  «i«t  •  •  •  . 

From  Sec.  2,  par.  4,  the  1-frontiers  associated  with  two  successive 
elements  «, ,  Si+i  of  fli(T),  (t  =  1,  •  •  •  ,  n;  n  -|-  1  s  l)  are  incident  with 
the  same  0-frontier.  From  Def.  2,  therefore,  the  1-frontiers  associated 
with  the  elements  of  fli(T),  together  with  the  0-frontiers  incident  with 
them,  form  a  trace.  Starting  with  an  element  which  does  not  appear 
01  (t),  we  derive  a  second  trace  0j(t).  From  Theorem  1:1,  0i(t)  and 
0i(t)  have  no  elements  in  conunon.  Continuing  in  this  manner,  we 
derive  a  set  of  traces  0i(t),  •  •  •  ,  6p{r),  which,  from  Theorem  1:1,  are 
distinct,  and  which,  by  construction,  contain  among  their  elements  all 
the  elements  of  t. 

3.  The  expression  w.  Consider  now  a  polyhedron  P  with  oo  vertices 
and  Oi  edges.  On  it  select  a  tree  which  contains  all  the  vertices.’* 
Let  the  edges  contained  -in  the  tree,’^  (ao  —  1)  in  number  be  labeled 
with  the  numbers  1,  •  •  •  ,  Oo  —  1,  and  let  the  other  (oi  —  Oo  -f-  1)  edges 
be  labeled  with  the  distinct  symbols  z,-  (i  =  1,  •  •  •  ,  Oo  —  Oi  -f  1). 

We  now  derive  an  expression  w  from  P  according  to  the  following 
process:  Let  a  path  be  traced  on  P  passing  along  the  edges  forming  $ 
without  cutting  them  until  a  complete  circuit  has  been  made  aroxmd  ©. 
Since  every  z-edge  joins  two  0-cells  of  5B,  the  path  obviously  cuts  every 
such  edge  exactly  twice,  and  since  is  a  tree,  the  path  passes  along 
every  iib-edge  exactly  twice.  Record  in  the  order  encountered  every 
iB-edge  passed  along  and  every  z-edge  cut.  In  addition,  let  Z{  be  an 
edge  cut  while  passing  from  face  (a)  to  face  (6).  If  the  path  cuts  z< 
again  while  passing  from  face  (6)  to  face  (a),  place  positive  signs  above 
the  corresponding  elements  in  w.  If,  however,  the  path  cuts  z<  a  second 
time  while  passing  from  face  (a)  to  face  (b),  let  the  two  corresponding 
z-elements  in  w  have  opposite  signs  placed  above  them.  In  the  special 

"  I.e.,  if  it  is  the  successor  in  w  of  si  or  its  mate. 

••Theorem  1:7. 

•’  Sec.  1,  par.  4. 
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case  where  (a)  s  (6),  examine  the  relative  directions  of  the  path  with 
respect  to  the  edge  .  If  the  path  crosses  z,-  twice  in  the  same  direction, 
place  opposite  signs  above  the  corresponding  z-elements  in  w;  otherwise 
place  positive  signs  above  them.  Hence  u  is  a  signed  and  ordered 
expression. 

Theorem  3:1.  u  is  a  monomial. 

Proof:  By  construction,  every  element  of  u  has  a  mate.  We  must 
therefore  show  that  the  elements  t,  t  do  not  separate  the  elements  j,  j 
(*, ;  =  1,  •••  ,a<,  -  l;i  9^  j). 

This  is  obvious  when  the  tree  on  P  consists  of  a  single  1-cell.  Suppose 
therefore  that  we  have  a  tree  33*  containing  the  1-cells  1,  •  •  •  ,  A:,  and 
let  there  be  a  closed  path  around*  it.  (Since  the  z-edges  do  not  affect 
the  discussion,  we  may  disregard  them.)  Assume  also  that,  in  the 
corresponding  «,  the  elements  t,  i  do  not  separate  the  elements  j,  j. 
Let  the  1-cell  (fc  -|-  1)  be  added  to  33*  so  as  to  form  a  new  tree,  33*+i . 
The  path  around  ^*  will  cut  the  1-cell  (A:  -}-  1)  at  some  pwint.  How¬ 
ever,  by  taking  the  path  at  this  point  and  moving  it  toward  the  free 
end  of  {k  +  1),  we  can  stretch  it  until  it  no  longer  intersects  this  edge. 
The  new  path  will  now  pass  around  {k  -f  1),  For  the  new  tree  33*+i 
and  new  path, «  =  •  •  •  (A:  H-  1)(A:  -f  1)  •  •  •  .  Hence  elements  1, 1,  •  •  •  , 
{k  -h  1),  (A:  -}-  1)  do  not  separate  each  other  in  w.  Therefore  the 
theorem  follows  by  induction  on  k. 

4.  The  polyhedron  P(w).  Starting  with  a  polyhedron  P,  we  have 
derived  a  monomial  u.  We  now  show  that  P(w)  ^  P. 

Lemma  6:  P(w)  and  P  have  the  same  number  of  edges  and  vertices. 

Proof:  Let  (m  -f  1)  be  the  number  of  vertices  of  P,  and  (m  -1-  n) 
the  number  of  edges.  Then  the  tree  on  P  containing  all  the  vertices 
contains  m  edges.’*  Hence  u  will  contain  2m  numerical  elements  and 
2n  z-elements,  and  will  be  of  type  (m,  n).  Consequently  P(w)  must 
also  contain  (m  -1-  1)  vertices  and  (m  -1-  n)  edges. 

Theorem  3:2.  The  elements  of  P  and  Piw)  are  tn  1  —  1  incidence- 
preserving  correspondence. 

Proof:  Let  w  be  derived  from  P,  P(w)  be  derived  from  w,  and  let 
corresponding  0,  1,  and  2-cells  be  identically  labeled.  Let  «i  be  an 
element  of  w  and  si  its  successor.  Then  the  path  determining  w  must 
have  passed  along  a  face  of  P  from  the  edge  corresponding  to  «i  to  the 
edge  corresponding  to  st,  not  meeting  another  edge.  Hence  these  two 
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edges  must  form  successive  elements  of  the  boundary  of  a  face  of  P, 
and  be  incident  with  the  same  vertex. 

However,  from  Section  2,  par.  4,  «i  and  ,  being  successive  elements 
of  u,  are  associated  with  successive  edges  of  a  face  of  P(io).  These 
edges  are  therefore  incident  with  the  same  vertex.  Since  this  is  true 
for  all  the  elements  of  w,  it  follows  that  the  1-complexes  on  P  and  P(w) 
are  isomorphic,  and  that  corresponding  1-cells  of  P  and  P(«)  are  incident 
with  corresponding  2-cells  of  P  and  P(w).‘* 

5.  Orientability.  If  P(t)  is  an  orientable  polyhedron,  then,  from 
Def.  12,  the  traces  can  be  so  oriented  as  to  give  every  pair  of  contiguous 
1-frontiers  discordant  orientations.  Let  P(t)  be  so  oriented,  and  let  33 
be  a  maximal  tree  on  it.  The  1-frontiers  which  constitute  the  tree  will 
be  called  ©-frontiers,  and  the  1-frontiers  which  constitute  z-lines  will 
be  called  z-frontiers.  If  a  path  passes  along  a  ©-frontier  in  a  direction 
concordant  (discordant)  with  its  orientation,  we  shall  say  that  the  path 
and  the  ©-frontier  are  concordant  (discordant).  If  the  path  meets  a 
z-frontier,  and  if,  at  the  point  of  junction,  the  orientation  of  the  z-frontier 
is  in  the  direction  away  from  (toward)  the  tree,  we  shiall  say  that  the 
path  and  the  z-frontier  are  concordant  (discordant)  at  the  point  of 
junction. 

^  Lemma  7 :  If  P(t)  is  orientable,  then  a  path  concordant  with  one  ^-fron- 

0  tier  is  concordant  with  all  the  ^frontiers. 

Proof ;  Let  i,  j  be  successive  ©-frontiers  met  by  the  path,  and  let  the 
number  of  z-lines  met  by  the  path  in  passing  from  i  to  j  be  m.  Hence 
the  path,  in  passing  from  i  to  j,  cuts  2»n  z-frontiers.  These  occur  in 
discordantly  oriented  contiguous  pairs.  Therefore  if  the  path  is  con¬ 
cordant  with  the  first  of  these,  it  will  be  discordant  with  the  last,  and 
concordant  with  j.  But  it  is  obvious  that  if  the  path  is  concordant 
with  t,  it  must  be  concordant  with  the  first  of  the  z-frontiers.  Hence  a 
path  concordant  with  i  is  concordant  with  j.  Since  i  is  arbitrary,  the 
path  must  be  concordant  with  every  ©-frontier  if  it  is  concordant 
with  one. 

Theorem  3:3.  If  P(x)  is  orierdabU,  then  the  path  around  the  maximal 
tree  ©  cuts  every  z-line  in  two  opposite  directions. 

Proof :  Suppose  the  contrary,  and  let  the  path  cut  the  line  z,-  twice  in 
the  same  direction.  If  it  is  concordant  with  the  z-frontier  z\  when  it 

This  does  not  imply  that  P  and  P{ia)  are  isomorphic.  For  example,  if  w  — 
ZiZttiXt,  and  m'  ■■  XiXtX\it,  P(u)  and  P{<»')  are  in  1-1  incidence-preserving  corre¬ 
spondence,  but  Plu)  is  on  a  torus,  while  P(,u')  is  on  a  Klein  Bottle. 
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cutH  it  for  the  first  time,  it  must  be  discordant  with  it  when  it  cuts  it 
for  the  second  time.  Since  the  l-frontiers  of  P(ir)  occur  in  discordantly 
oriented  contiguous  pairs,  the  path  will  then  be  discordant  with  the 
first  S3-frontier  encountered  after  z,  has  been  cut  twice.  From  Lemma  7, 
this  is  impossible. 

Cor:  If  the,  path  does  not  cut  every  z-line  in  two  opposite  directions,  then 
P(t)  is  non-orientable. 

Theorem  3:4.  If  50  is  the  maximal  tree  on  P(r),  and  if  the  path  around 
3)  cuts  every  z-line  twice  in  opposite  directions,  then  P(r)  is  orientable. 

Proof :  Let  the  path  start  on  an  arbitrary  face  (a),  and  let  it  cross  to 
face  (6)  by  cutting  z-line  z,-  s  (z{ ,  zj).  Let  z{  c  (a),  zj  c  (6),  and  let  z\ 
and  z\  be  incident  with  the  same  0-frontier.  Give  (a)  an  orientation 
such  that  z\  and  the  path  are  concordant,  and  give  (b)  an  orientation 
such  that  Zi  and  z{  are  discordantly  oriented.  Since  the  path  must 
return  from  face  (6)  to  face  (o)  in  cutting  z,-  a  second  time,  it  must  then 
be  discordant  with  z\  and  hence  concordant  with  zi .  In  the  same 
manner,  it  can  be  shown  that  the  path  must  be  concordant  with  every 
1-frontier  of  (a^.  In  general,  a  path  concordant  with  one  l-frontier 
of  a  face  will  therefore  be  concordant  with  all  the  l-frontiers  of  that  face. 

Let  the  process  of  orienting  the  faces  as  above  be  continued  until  a 
face  (m)  is  reached  such  that  the  path,  after  cutting  the  1-cell  Zr  ® 
(zi ,  Zi),  enters  a  face  (n)  which  has  already  been  oriented.  Suppose  it 
to  be  so  oriented  that  z,  is  the  first  1-cell  such  that  z[  and  z*  are  con- 
cordantly  oriented.  Let  z\  c  (m),  zJ  c  (n),  and  let  zJ  be  the  next  element 
met  by  the  path  after  cutting  Zr .  Since  z,  is  the  first  1-cell  whose 
l-frontiers  are  concordantly  oriented,  it  follows  that  the  path  must  have 
been  concordant  with  zJ  when  it  cut  it  the  first  time.  Hence  it  must 
be  concordant  with  z\ .  At  the  same  time,  the  path  must  be  concordant 
with  z\ .  Therefore  it  will  be  concordant  with  zl  when  it  cuts  it  the 
second  time,  and  must  consequently  be  discordant  with  z\ .  Since  this 
is  a  contradiction,  z,  cannot  have  concordantly  oriented  l-frontiers.  In 
a  similar  manner,  it  can  be  shown  that  P(t)  cannot  have  1 -cells  whose 
l-frontiers  are  concordantly  oriented.  Hence  P(r)  has  only  discord¬ 
antly  oriented  l-frontiers,  and  is  orientable. 

Cor:  If  P{t)  is  non-orientable,  then  a  path  around  a  maximdl  tree  on  it 
must  cut  at  least  one  z-line  twice  in  the  same  direction. 

Theorem  3:5.  If  P  is  a  polyhedron  and  w  a  path  derived  from  it,  then 
P(u)  and  P  are  isomorphic. 

Proof:  From  Theorem  3:2,  P  and  P(w)  are  in  1-1  correspondence 
such  that  incidence  relations  are  preserved.  If  P  is  orientable,  u  con- 
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tains  no  negatively  signed  z-elements.  Hence,  from  Theorem  3:4,  P(«) 
is  orientable.  If  P  is  non-orientable,  u  contains  negatively  signed 
z-elements.  From  the  corollary  to  Theorem  3:3,  P(a>)  is  non-orientable. 
Since  P  and  P(«)  agree  with  respect  to  incidence  relations  and  orient- 
ability,  they  are  isomorphic. 

Theorem  3:6.  The  topological  character  of  P(t)  is  completely  deter¬ 
mined  when  r  is  given. 

Proof:  Let  t  be  of  type  (m,  n).  From  Lemma  6,  P(t)  will  have 
(m  -|-  1)  vertices  and  (m  -f  n)  edges.  From  Sec.  3,  par.  2,  the  number 
of  faces  in  P(x)  can  be  determined  from  x.  From  Theorems  3:3,  3:4, 
the  absence  or  presence  of  negatively  signed  z-elements  determines  the 
orientability  or  non-orientability  of  P(x).  Hence,  from  Sec.  1,  par.  4, 
the  topological  character  of  P(x)  is  completely  determined. 

Section  IV 

1.  Introduction.  It  has  been  shown  (Section  II)  that  a  monomial 
determines  a  unique  polyhedron.  A  method  has  also  been  described 
(Section  II)  whereby  a  monomial  u  can  be  derived  from  a  polyhedron 
P  such  that  P(«)  and  P  are  isomorphic.  However,  by  selecting  dif¬ 
ferent  maximal  trees  on  P,  it  is  usually  possible  to  derive  other  mono¬ 
mials  w',  a>",  •  •  •  which  are  not  equivalent,  and  such  that  P(w'),  P(w"),  •  •  • 
are  also  isomorphic  with  P.  Let  the  class  of  all  monomials  whose  de¬ 
rived  polyhedrons  are  isomorphic  be  denoted  by  n(«).  We  shall  define 
transformations  enabling  us  to  change  any  monomial  of  n(w)  into  any 
other  of  the  same  class. 

2.  Arcs  of  the  path.  In  what  follows,  it  will  be  necessary  to  make  use 
of  arcs  of  the  path  which  determines  w.  We  denote  the  pxwitively 
oriented  p)ath  by  fi.  Let  A  be  a  set  of  successive  elements  of  u.  We 
shall  also  denote  by  A  that  arc  of  Q  which  begins  on  the  edge  cor- 
respx)nding  to  the  first  element  of  A,  and  ends  on  the  edge  corresponding 
to  the  last  element  of  A .  The  arc  A  will  meet  the  edges  corresponding 
to  the  elements  of  A  in  the  same  order  in  which  the  symbols  occur  in 
A.  Let  A  consist  of  the  same  set  of  elements  of  <d  as  A,  but  in  reverse 
order  and  with  the  signs  of  all  the  z-elements  changed.  We  shall  also 
denote  by  A  the  arc  A  with  the  orientation  reversed. 

3.  Transformation  of  monomials.  Starting  with  a  polyhedron  P,  let 
a  monomial  be  derived  from  it  based  on  the  maximal  tree  iB.  The 
numerically  labeled  edges  of  P  form  the  tree  iB.  If  a  ^3-edge  i  and  a 
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2-€dge  Zj  be  relabeled  Zy  and  t  respectively,  the  new  set  of  numerically 
labeled  edges  may  or  may  not  form  a  new  tree.  In  the  case  where  a 
new  tree  is  formed,  we  shall  call  the  relabeling  of  the  edges  an  allowable 
interchange. 

Lemma  8:  Let  P  be  a  polyhedron,  and  u  a  monomial  derived  from  it 
based  on  the  maximal  tree  Sb.  A  necessary  and  sufficient  condition  that 

^line  i  and  z-line  Zy  admit  an  dUowabk  interchange  is  that  i,  i  separate 
*! 

Zj ,  Zj  in  w. 

•y 

Proof:  Suppose  instead  that  u  =  iAzjBzfiiD,  and  let  Zy  be  added  to 
the  tree  33.  From  the  nature  of  fi,  the  edges  corresponding  to  the  nu¬ 
merical  elements  contained  in  together  with  the  edge  Zy ,  will  form  a 
circuit  which  does  not  contain  the  edge  t.  Therefore,  if  t  be  made  a 
z-line,  the  33-edges  which  remain,  together  with  zy ,  still  include  a 
circuit,  and  so  do  not  form  a  tree.  Hence  the  condition  is  necessary. 

•y 

To  prove  sufficiency,  let  w  =  iAzjBiCzjD,  and  let  zy  be  added  to  the 
tree  33.  From  the  nature  of  Q,  the  edges  corresponding  to  the  nu¬ 
merical  elements  contained  once  in  BiC  (and  therefore  in  DiA),  together 
with  the  edge  Zy ,  form  a  simple  circuit  containing  the  edge  i.  Hence 
if  t  be  removed  from  this  circuit  and  made  a  z-line,  the  effect  will  be 
to  break  the  circuit,  and  form  a  tree. 

•y 

Theorem  4:1.  Let  u  =  iAziBiCz,D  be  a  monomial  derived  from  poly¬ 
hedron  P,  and  let  edges  i,  Zj  of  P  undergo  an  allowable  interchange.  Then 
fAc  monomial  <•»'  based  on  the  new  tree  on  P  wiU  have  the  form 

w'  =  iDzjCiBzjA  if  ey  is  positive,  and 
iCSiDiBzjA  if  tj  is  negative. 

Proof:  We  shall  derive  the  second  result;  the  derivation  of  the  first 
result  is  similar  in  method,  and  is  simpler,  in  that  no  reversals  of  arc 
are  necessary.  » 

The  (>ath  Q  which  determines  u  consists  of  the  four  arcs  iAzj ,  ZjBi, 
iClj ,  and  IjDi.  Let  (a)  and  (b)  be  the  faces  bounded  by  edge  t,  and 
(c)  and  (d)  the  faces  bounded  by  edge  zy .  Assume  that  arc  t'Azy 
begins  by  passing  along  i  in  face  (a),  and  eventually  emerges  from 
face  (c)  across  z, .  Since  e,  is  negative,  it  follows  that  arc  ZjBi  crosses 
Zy  into  face  (d),  and  eventually  passes  along  t  in  face  (b);  arc  tC2y 
begins  by  passing  along  i  in  face  (b),  and  eventually  emerges  from 
face  (c)  across  zy ;  arc  IjDi  crosses  Zy  into  face  (d)  and  eventually 
pas.ses  along  t  in  face  (a). 
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Let  edges  i,  Zj  undergo  an  allowable  interchange.  Then  the  four  arcs 
which  compose  0  become  ZjAi,  iBzj ,  zfii,  iDzj  respectively.  (We  will 
omit  the  signs  above  the  elements  Zj  for  the  moment.)  We  now  con¬ 
struct  a  new  path  O'  around  the  new  tree  on  P  by  making  the  following 
alterations  in  the  four  paths:  where  a  path  formerly  crossed  Zj  from  a 
given  face,  let  it  now  pass  along  the  relabeled  edge  in  that  face,  where 
a  path  formerly  began  by  crossing  Zj  into  a  given  face,  let  it  now  begin 
by  passing  along  the  relabeled  edge  in  that  face,  and  where  a  path 
formerly  passed  along  t  in  a  given  face,  let  it  now  emerge  from  that 
face  across  the  relabeled  edge. 

After  these  alterations  have  been  made, 

arc  iClj ,  which  begins  by  passing  along  i  in  face  (c)  and  eventually 
emerges  from  face  (b)  across  zy , 

arc  IjDi,  which  b^ins  by  crossing  zy  into  face  (a)  and  eventually 
passes  along  i  in  face  (d), 

arc  iBzj ,  which  begins  by  passing  along  i  in  face  (d)  and  eventually 
emerges  from  face  (b)  across  zy , 

arc  ZjAi,  which  begins  by  crossing  zy  into  face  (a)  and  eventually 
passes  along  t  in  face  (c) 

form,  in  the  order  named,  the  four  arcs  of  a  new  path  Q'  which  crosses 
the  new  z-line  and  passes  along  the  new  ^line  without  crossing  it. 
Since  fl'  is  identical  with  Q  except  at  the  new  z-line  and  new  iB-line,  it 
cuts  none  of  the  iB-lines,  and  is  therefore  a  path  around  the  new  tree. 
Finally,  fi'  cuts  the  new  edge  zy  twice  while  crossing  it  from  face  (b) 
to  face  (a).  Consequently,  the  new  monomial  has  the  form  «'  = 
iCijDiBziA. 


4.  Allowable  transformations.  The  transformations  defined  in  the 
previous  paragraph  will  be  called  allowable  transformations  of  type  1. 
In  addition,  let  the  z-lines  z<  and  zy  be  relabeled  Zy  and  z<  respectively. 
This  operation  has  no  effect  on  the  form  of  the  polyhedron  P,  and  will 
be  admitted  as  an  allowable  operation.  In  the  derived  monomial  w, 
the  subscripts  of  the  corresponding  z-symbols  will  be  interchanged. 
A  similar  result  holds  for  the  iB-lines  and  the  corresponding  ©-symbols 
in  w.  We  shall  call  an  interchange  of  the  subscripts  of  z-elements 
(©-elements)  of  a  monomial  an  allowable  transformation  of  type  2. 

Theorem  4:2.  If  u  and  u'  are  monomiah  of  the  same  doss  t{u), 
then  u  can  be  transformed  into  u'  by  a  finite  number  of  allowable  trans¬ 
formations. 

Proof :  If  u  and  w'  are  both  based  on  the  same  tree  on  P,  it  is  obviously 
possible  to  transform  w  into  u'  by  means  of  a  finite  number  of  allowable 
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transformations  of  type  2.  Suppose  that  u  is  based  on  a  tree  while  ui' 

is  based  on  a  tree  distinct  from  If  an  edge  of  P  which  is  in 
does  not  belong  to  $1,  it  must  be  a  z-line  on  Piu).  Add  it  to  the  tree 
and  a  circuit  is  produced  which  can  be  reduced  to  a  tree  by  removing 
an  edge  belonging  to  Hence,  from  Lemma  8,  it  is  possible  to  apply 
one  of  the  transformations  of  type  1.  There  results  a  monomial  wi 
based  on  the  tree  which  consists  of  $  with  one  of  its  edges  replaced 
by  an  edge  of  In  a  similar  manner,  we  can  successively  replace 
all  the  lines  of  $  by  lines  of  >6'  until  a  monomial  w.  is  derived  based 
on  the  tree  Then  w,  is  either  equivalent  to  «'  or  can  be  transformed 
to  u'  by  means  of  a  finite  number  of  transformations  of  type  2.  Since 
the  number  of  elements  in  w  is  finite,  a  finite  number  of  transformations 
will  be  sufficient. 

Theorem  4:3.  A  necessary  and  sufficient  condition  that  two  monomials 
represent  the  same  polyhedron  is  that  one  be  transformable  to  the  other  by 
means  of  a  finite  number  of  allowable  transformations. 

5.  Dual  polyhedra.  Let  the  dual  polyhedron  to  P(w),  defined  in  the 
usual  manner,"  be  denoted  by  P(Aw).  As  the  notation  indicated,  Au 
is  a  monomial,  and  is  derivable  from  u  directly.  We  give,  without 
proof,  the  transformation  by  means  of  which  this  can  be  effected.  It 
consists  of  the  following  three  operations,  which  are  applied  to  co  in  the 
order  given : 

1.  In  w,  replace  the  elements  i,  t  by  Zi ,  z.-  (i  =  !,•••,  m)  and  the 

•/  *i 

elements  z, ,  Z/  by  j,  j  {j  =  !,•••,  n).  The  resulting  expression, 
which  is  not  necessarily  a  monomial,  we  denote  by  w*. 

11.  If  o)*  =  iAlB,  replace  i,  i  hy  Zk  ,  h ,  where  k  is  distinct  from  the 
subscripts  of  the  other  z-elements  of  <a*.  There  results  the  ex¬ 
pression  <i»f  =  ZkAikB.  This  operation  is  to  be  repeated  with  wf 
if  this  contains  oppositely  signed  numerical  elements,  and  is  to  be 
repeated  until  an  expression  is  obtained  which  contains  no 
oppositely  signed  numerical  elements. 

III.  If  u*  =  iAjBiCjD,  then,  by  a  transformation  analogous  to  that  of 
Theorem  4:1,  we  write  a>*+i  =  ZpDz^CzpBzgA,  where  p,  q  are  to  be 
distinct  from  the  subscripts  of  the  other  z-elements  of  cot  •  This 
operation  is  to  be  repeated  with  cot+i  if  it  contains  pairs  of  nu¬ 
merical  elements  which  separate  each  other,  and  is  to  be  repeated 
until  an  expression  cot+m  is  obtained  such  that  in  it  no  pair  of 
numerical  elements  separates  another  pair. 

"  See,  for  example,  Reidemeister,  lex;,  cit.,  pp.  133-136. 
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The  expression  thus  derived  will  be  the  monomial  Aw  which  deter¬ 
mines  P(Aw).  If  P{u)  is  of  characteristic  k  =‘  2,  operation  I  alone  is 
sufficient  to  yield  Au.*‘ 

Section  IV 

1.  Introduction.  The  first  few  paragraphs  of  this  section  will  be 
devoted  to  some  simple  examples  of  monomials  and  their  derived 
polyhedrons.  The  remainder  of  the  section  with  deal  with  the  use  of 
*  monomials  in  the  study  of  n-points,  triangulated  manifolds,  and  the 
related  map-coloring  problem. 


2.  Examples.  A.  Letw  =  Izizil2zt2i23zizi3.  Sincew  isof  t}rpe  (3, 3), 
Oo  “  4,  Oi  =  6.  The  faces  are  (lzi3),  (ziZjZs),  (zjl2),  (zj23).  Hence 


a»  =  4,  and  k  ^  2.  P{u)  is  a  tetrahedron.  Figure  1  shows  P(w),  and 
the  path  which  determines  w. 

Let  edges  1,  Zi  of  P{u)  be  interchanged.  Then  u  =  l(0)zi(zj)l 
(2z*Z|23zi)zi(3).  Therefore  u'  =  13zi2ziZi23zalztZi .  Figure  2  shows 

We  next  find  the  dual  of  w. 

w  =  Izizjl2z9za23zizi3 
w*  =  Zil2ziZt23ziZa31za . 

Replacing  Za  by  Zi ,  Zi  by  Za  ,  Za  by  Za ,  and  making  a  cyclic  permutation, 
we  find  Aw  =  Izizal2zaza23zazi3  =  w.  Hence  P(w)  is  self-dual. 

B.  Let  w  =  lZ]Za2za2iZ421z42a2a .  Since  w  is  of  type  (2,  4),  oq  =  3, 
Oi  »  6.  The  faces  are  (IziZa),  (ziZaZa),  (za2z4),  (Z421).  Hence  oa  =  4, 

**  This  result  is  due  to  Dehn.  Loc.  cit. 
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and  A;  =  1.  Since  u  has  negatively  signed  elements,  P(w)  is  non- 
orientable.  Figure  3  shows  P(u),  on  the  projective  plane. 

Let  edges  1,  Zt  of  P(u)  be  interchanged.  Then  u  l(zi)tt(2ziiiZi2)l 
(Z4)it(l$)-  Therefore  «'  *  .  Figure  4  shows  P(a'). 

We  next  derive  the  dual  of  a,  as  follows: 

u  »  lziZp2z$liZi21Zil^t 

fa>r  »  Zil2z,3l4z,2i423 
(4  »  Zt2zi3l*2i32i2i2,i 
Au  =  Z(22i32tZi321zi2sl. 

Figure  5  shows  P(Au). 


C.  Let  w  =  lziZfZtlziZ4ZiZiZ4 .  Since  w  is  of  type  (1,  4),  oo  =  2,  ai  =  5. 
The  faces  are  (IZ1Z4),  (ziZiZtl),  (ziZaZi).  Hence  Ot  ^  3,  and  k  =  0. 
Since  u  has  no  n^atively  signed  elements,  P(w)  is  on  a  torus.  Figure  6 
shows  P(u). 

We  derive  the  dual  of  P(u)  as  follows: 

a>  —  IziZiZslziZiZiZtZi 

wf  Zil23zil4234 
0)1  zi34zizt4zi3zizt 
Ao)  =  zsl2zizt2ztlzizi . 


Figure  7  shows  P(Ao)). 
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3.  iST-points.  We  shall  define  an  n-p>oint  as  being  a  polyhedron  with  n 
vertices,  each  vertex  being  joined  to  the  others  by  exactly  one  edge. 

Hence  the  number  of  edges  must  be  .  Such  a  polyhedron 

will  be  denoted  by  P«  .  The  polyhedrons  P,  are  peculiarly  suited  for 


study  by  means  of  monomials  because  the  star  of  any  vertex  can  be 
chosen  as  a  maximal  tree.  Let  a  maximal  tree  be  thus  chosen.  Each 
of  the  other  vertices  will  therefore  have  (n  —  2)  z-lines  incident  with  it. 
By  suitably  labeling  the  SB-lines,  the  monomial  derived  from  P«  can 
be  made  to  take  the  form  u  =  lAil2A^  •  •  •  (n  —  l)A„_i(n  —  1), 
where  the  expressions  .4,-  (t  =  1,  •  •  •  ,  n  —  1)  each  contain  (n  —  2) 
elements. 
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It  will  be  useful  to  put  w  into  a  form  which  lends  itself  more  readily 
to  manipulation  by  1)  omitting  the  numerical  elements,  2)  writing  the  Ai 
in  order  in  a  column,  and  3)  using  only  the  subscripts  and  signs  of  the 
elements  in  the  resulting  rectangular  array.  There  will  result  a  form 
which  we  will  call  a  block.  The  blocks  for  P*  will  have  (n  —  1)  rows 
and  (n  —  2)  columns.  Moreover,  from  the  definition  of  ,  the  fol¬ 
lowing  restrictions  on  the  Ai  must  obviously  hold: 

a)  Ai  cannot  contain  an  element  and  its  mate. 

b)  Ai  and  Af  cannot  contain  two  elements  and  their  mates. 

Subject  only  to  these  restrictions,  the  z-elements  may  be  arbitrarily 
placed  in  the  block,  and  given  arbitrary  signs,  every  such  block  giving 
rise  to  an  n-point  Pn-  As  in  the  examples  given  in  this  section,  the 
characteristic  and  orientability  can  be  easily  determined  from  the  block. 

4.  Triangulations.  We  are  particularly  interested  in  the  case  where 
Pn  has  triangular  faces  only.  In  this  case,  Ot  =  Since  w 

is  of  type  [(n  —  1),  (n  —  l)(n  —  2)],  oo  =  n,  Oi  =  Hence 

A 

k  =  n  —  — If  this  equation  be  solved  for  n,  we 

St  O 

find  n*  —  7n  —  6k  =  0,  from  which  follows  n  *  ^(7  +  y/49  —  2Ak). 
This  is  a  special  case  of  the  Heawood  color  formula**  [n]  = 
i(7  +  \/49  —  24k)f  (where,  as  usual,  [n]  means  the  greatest  int^er 
in  n)  giving  an  upper  bound  to  the  number  of  colors  sufficient  to  color 
a  map  on  a  surface  of  characteristic  k,  and  therefore  for  the  number  of 
mutually  touching  regions  which  can  be  mapped  on  this  surface.  Conse¬ 
quently,  as  pointed  out  by  Franklin,**  if,  for  a  given  value  of  k,  the 
corresponding  can  be  produced,  the  map-coloring  problem  is  solved 
for  that  manifold  which  is  homeomorphic  with  P. . 

We  note  in  passing  th^t,  from  the  equation  n*  —  7n  —  6k  =  0,  we 
find  n*  —  7n  *  0  mod  6.  Therefore  n  *  0,  1  mod  3,  and  P,  cannot 
triangulate  a  manifold  when  n  =  5,  8,  11,  •  •  •  . 

Examples  of  orientable  polyhedrons  P,  ,  from  n  =  4  to  n  =  12,  have 
already  been  given  by  Heffter,**  and  the  corresponding  blocks  can  be 
easily  constructed.  For  example,  when  k  0,  then  n  =  7,  and  the 
block  for  Pt  takes  the  form 

**  P.  J.  Heawood.  Quarterly  Journal  of  Math.,  Vol.  24(1890),  p.  332. 

**  Ph.  Franklin.  Journal  of  Math,  and  Physics,  Vol.  13(1034),  p.  332. 

**  L.  Heffter.  Mathematische  Annalen,  Vol.  38(1801),  p.  477. 
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10 
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11 
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3 
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12 

10 

4 

4 

7 

13 

11 

5 

5 

8 

14 

12 

6 

6 

9 

15 

13 

1 

Since  columns  1,  5  must  be  fixed  in  form  if  the  lines  of  the  tree  on  P? 
are  to  bound  triangular  faces,  and  rows  1,  2  can  be  assumed  to  be  fixed 
because  of  the  restrictions  on  the  At ,  &  few  minutes  of  trial  are  sufii- 
cient  to  show  that  w  is  essentially  unique.  Hence  P?  is  a  triangulated 
torus,  (the  faces  being  found  by  means  of  the  method  given  in  Section 
III,  par.  2).  Hence  the  non-orien table  manifold  of  characteristic  k  = 
cannot  be  triangulated  by  a  7-point,  as  was  pointed  out  by  Franklin. 

Very  little  has  been  done  in  the  way  of  finding  non-orien  table  P, . 
We  shall  give  the  blocks  for  various  cases.  For  k  =  I,  the  block  for 
the  corresponding  Pe  is 


1 

2 

3 

4 

5 


6 

7 

8 
9 

10 


_9  2 

10  3 

6  4 

7  5 

8  1 


For  A:  =  0,  there  is  no  non-orientable  Pj .  We  give  the  block  for  a  P* 
on  a  Klein  Bottle. 


u  = 


I  1 
2 

3 

4 

5 


6 

7 

8 
9 

10 


_9  2 

10  3 

6  4 

7  5 

8  1 


The  Pt  for  A:  =  —  1,  the  Pt  for  k  =  —2,  and  the  P»  for  A:  =  —4  were  foimd 
by  Kagno,“  and  we  content  ourselves  by  giving  a  block  for  the  first 
of  these. 


jl 

7 

10 

14 

2 

2 

8 

11 

15 

3 

U)  = 

3 

9 

12 

10 

4 

4 

7 

13 

11 

5 

8 

14 

12 

6 

6 

9 

15 

13 

ij 

•*  Loc.  cit. 

**  I.  N.  Kagno.  Journal  of  Math,  and  Physics,  Vol.  14(1936),  p.  228. 
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The  method  used  in  deriving  these  blocks  does  not  apply  when 
k  ^  —3,  so  that  it  has  been  impossible  to  find  the  triangulation  P» 
which,  from  Heawood’s  formula,  should  exist  in  this  case.  It  is  the 
writer’s  opinion  that  no  such  P%  exists.  We  give,  instead,  the  block 
for  a  P% . 


11 

8 

18 

19 

14 

2 

i2 

9 

20 

21 

15 

3| 

10 

13 

8 

16 

4i 

=  4 

11 

14 

9 

17 

5\ 

i5 

12 

15 

10 

19 

6 

i6 

18 

16 

11 

21 

71 

|7 

20 

17 

12 

13 

ll 

From  Heawood’s  formula,  a  Pw  should  exist  which  is  a  triangulation 
of  a  manifold  of  characteristic  k  =  —5.  Wc  end  this  section  by  giving 
the  block  for  this  Pw  . 


1 

28 

34 

23 

14 

16 

27 

2 

2 

29 

35 

24 

15 

17 

19 

3 

3 

30 

36 

25 

16 

18 

20 

4 

4 

31 

28 

26 

17 

10 

21 

5 

0)  = 

5 

32 

29 

27 

18 

11 

22 

6 

6 

33 

30 

19 

10 

.  12 

23 

7 

7 

34 

31 

20 

11 

13 

24 

8 

8 

35 

32 

21 

12 

14 

25 

9 

9 

36 

33 

22 

13 

15 

26 

1 

From  the  existence  of  this  Pw ,  it  follows  that  every  map  on  a  non- 
orien table  surface  of  characteristic  k  —  —5  is  colorable  in  ten  colors. 
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